
Bartolomeo Stellato — Fall 2022

ORF522 – Linear and Nonlinear Optimization
23. The role of optimization



Difference of convex programming



<latexit sha1_base64="tQ+lPWu5s6AUXsJ3Df0jfO8JzRE="></latexit>

TPUPTPaL f0(x)� g0(x)

Z\IQLJ[ [V fi(x)� gi(x)  0, i = 1, . . . ,m

3

Difference of convex programming

<latexit sha1_base64="KtPSWLYIFx53Sb20E2xn6gHxEXA="></latexit>

^OLYL fi HUK gi HYL JVU]L_

Difference of 
convex functions

[On Functions Representable As A Difference Of Convex Functions, Hartman]

Very powerful 
it can represent any twice differentiable function

Hard
<latexit sha1_base64="2tIEKQDxAp8Wb1+E5xGemgd9alo="></latexit>

UVUJVU]L_ WYVISLT \USLZZ gi HYL HɉUL



Difference of convex programming
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<latexit sha1_base64="iOUaFO2vFZe04My+QGZBGDhNwtU="></latexit>

*VU]L_PM` f(x)� g(x)
<latexit sha1_base64="IT1p11UvVizXm5L7odhDmjnJvMw="></latexit>

f(x)− ĝ(x) = f(x)− g(xk)−∇g(xk)T (x− xk)

<latexit sha1_base64="TNNp1twYvqP34uD5K+zc6+q92lg="></latexit>

xk

<latexit sha1_base64="uZ0Gw6ImUn8ezactoqdu914fxv4="></latexit>

−g(x)

<latexit sha1_base64="h7Ke0yqd3fMkkVtB9iCTOi0Ecyw="></latexit>

−g(xk)−∇g(xk)T (x− xk)Convexification

Remarks

<latexit sha1_base64="Cj64/VSZKo+sjVbERSm/yUf6CPE="></latexit>

f(x)− g(x) ≤ f(x)− ĝ(x)

<latexit sha1_base64="X55MSlvltTtkED7T/QH1MlVWG3w="></latexit>

࠮ ;Y\L VIQLJ[P]L IL[[LY [OHU JVU]L_PÄLK VIQLJ[P]L

࠮ ;Y\L MLHZPISL ZL[ JVU[HPUZ JVU]L_PÄLK MLHZPISL ZL[ No trust region 
needed



Difference of convex programming
Iterations
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Convex-concave procedure

<latexit sha1_base64="PBFRGR+wI8DN6tf8Bm3DkcaQKV0="></latexit>

TPUPTPaL f0(x)� ĝ0(x)

Z\IQLJ[ [V fi(x)� ĝi(x)  0

<latexit sha1_base64="Cxa/PoK809IGNHTUn7jOKuFu4dM="></latexit>

�� *VU]L_PM`! MVYT ĝi(x) = gi(xk) +rgi(xk)T (x� xk) MVY i = 0, . . . ,m

�� :VS]L [V VI[HPU xk+1

Remarks
It always converges to a stationary point (it might be a maximum)

[Variations and extension of the convex–concave procedure, Lipp, Boyd]



Path planning example
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<latexit sha1_base64="JenZDzAVlGOOV/qAo+4fqyAdYBg="></latexit>

-PUK ZOVY[LZ[ WH[O JVUULJ[PUN a HUK b PU Rd

<latexit sha1_base64="/utfa21RPWF9X/PNNb6E+471g/U="></latexit>

(]VPK JPYJSLZ JLU[LYLK H[ cj ^P[O YHKP\Z rj ^P[O j = 1, . . . ,m

path lengths
obstacle 

constraints 
(not convex)

<latexit sha1_base64="LIoYGLYcG1EqCOm+Mm/34s9ctMU="></latexit>

TPUPTPaL L

Z\IQLJ[ [V x0 = a, xn = b

‖xi − xi−1‖2 ≤ L/n, i = 1, . . . , n

‖xi − cj‖2 ≥ rj , i = 1, . . . , n, j = 1, . . . ,m



<latexit sha1_base64="1Ug5fa1AwJrtONOaMOzBlWerlTs="></latexit>a

<latexit sha1_base64="O1FuWbcXIUZmOiWg2JhtYS3YgMk="></latexit>

b

Path planning example

7

<latexit sha1_base64="Wvt2sLffM5ayiew6V1lhjU6aXUY="></latexit>

+PTLUZPVU! d = 2
<latexit sha1_base64="99wpOsCVgQirh1LwU03iFr8HDAc="></latexit>

:[LWZ! n = 50

<latexit sha1_base64="TcP0q3t5QSlyI9bNkvBxgkbcmvQ="></latexit>

0[ JVU]LYNLZ PU 26 P[LYH[PVUZ �JVU]L_ WYVISLTZ�

[Disciplined Convex-Concave Programming, Shen, Diamond, Gu, Boyd]

<latexit sha1_base64="LIoYGLYcG1EqCOm+Mm/34s9ctMU="></latexit>

TPUPTPaL L

Z\IQLJ[ [V x0 = a, xn = b

‖xi − xi−1‖2 ≤ L/n, i = 1, . . . , n

‖xi − cj‖2 ≥ rj , i = 1, . . . , n, j = 1, . . . ,m



Today’s lecture
The role of optimization

• Geometry of optimization problems


• Solving optimization problems


• What’s left out there?


• The role of optimization

8



Basic use of optimization

9

Optimal decisions

Variables Objective Constraints

Decisions

The algorithm 
computes 

them for you

Mathematical 
language



Most optimization problems 
cannot be solved

10



Geometry of optimization problems



Linear optimization

12

TPUPTPaL cTx

Z\IQLJ[ [V Ax ≤ b

<latexit sha1_base64="UPvtrex6p4yaOxH9Gbcnr/uQ7VE="></latexit>

Ax ≤ b

<latexit sha1_base64="ZRhkbszLWVuWOFb8QIGL8a5FsiA="></latexit>

−c

<latexit sha1_base64="v2CH+OmaKXnJzyJgAQ3Umbc79yo="></latexit>

x!

<latexit sha1_base64="Xf4s8Xxn1VLrcVs2ZzPFTzHijSE="></latexit>

Optimal point properties
<latexit sha1_base64="cO/Zx8Rze5UnXivcFiEoPxPrAdk="></latexit>

࠮ ,_[YLTL WVPU[Z HYL VW[PTHS
࠮ 5LLK [V ZLHYJO VUS` IL[^LLU L_[YLTL WVPU[Z



Nonlinear optimization
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<latexit sha1_base64="5aw0staVTT113UfoAX+ZFrFrp8E="></latexit>

TPUPTPaL f(x)

Z\IQLJ[ [V x ∈ C

<latexit sha1_base64="VPTXx4sDMsSeo32r7JAPfWqfA+Y="></latexit>

C
<latexit sha1_base64="QiPUid2V0BA+ZILfK+Hc8Xq/Fzg="></latexit>

�rf(x)

Optimal point properties
<latexit sha1_base64="gHzg/5DnE55TZrb7jPkUbwJSUUw="></latexit>

࠮ (U` MLHZPISL WVPU[ JV\SK IL VW[PTHS
࠮ *HU OH]L THU` SVJHSS` VW[PTHS WVPU[Z



Fermat’s optimality conditions

14

<latexit sha1_base64="q4CojVMD2kXF7OIfulSDmz6cXQ4="></latexit>

0 ∈ ∂f(x) + IC(x)

<latexit sha1_base64="5aw0staVTT113UfoAX+ZFrFrp8E="></latexit>

TPUPTPaL f(x)

Z\IQLJ[ [V x ∈ C

Stationarity 
conditions

<latexit sha1_base64="CT/gHKm1XUFEQHSXdfbuvA1HRqI="></latexit>

−∇f(x) ∈ NC(x)

<latexit sha1_base64="VPTXx4sDMsSeo32r7JAPfWqfA+Y="></latexit>

C
<latexit sha1_base64="QiPUid2V0BA+ZILfK+Hc8Xq/Fzg="></latexit>

�rf(x)

<latexit sha1_base64="1QNdVV8qcxt2nAO/4dhBaDQdQmg="></latexit>

+PɈLYLU[PHISL f
JVU]L_ C

• Convex optimization 
(necessary and sufficient)


• Nonconvex optimization 
(necessary)

Properties



KKT optimality conditions
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<latexit sha1_base64="LbCcYX+Ngdk8Il9jTCOCP9Womxc="></latexit>

TPUPTPaL f(x)

Z\IQLJ[ [V gi(x)  0, i = 1, . . . ,m
<latexit sha1_base64="W4dwb9Gji/HE+XdmXBF6vsv5Ld0="></latexit>

rf(x?) +
mX

i=1

y?i rgi(x
?) = 0

y? � 0

gi(x
?)  0, i = 1, . . . ,m

y?i gi(x
?) = 0, i = 1, . . . ,m

stationarity 

dual feasibility
primal feasibility
complementary slackness

Remarks
<latexit sha1_base64="IM9k6+bOyYbMeIBqiZo7Z6Xh4MY="></latexit>

࠮ 9LX\PYL :SH[LY»Z JVUKP[PVUZ VY JVUZ[YHPU[ X\HSPÄJH[PVUZ �30*8�
࠮ *HU IL KLYP]LK MYVT -LYTH[»Z VW[PTHSP[`
࠮ 5LJLZZHY` HUK Z\ɉJPLU[ MVY JVU]L_ WYVISLTZ
࠮ 6US` ULJLZZHY` MVY UVUJVU]L_ WYVISLTZ

In practice

Search for  
KKT points



Certifying optimality
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Strong duality

• Linear optimization (unless primal and dual infeasible)

• Convex optimization (if Slater’s condition holds)

Dual function
<latexit sha1_base64="9R5aZmxr+lwWDgMExEF91tZheQM="></latexit>

g(y)

Properties
<latexit sha1_base64="sQiPQ4T1cNF7oFL8TJeGTz7ok9Y="></latexit>

࠮ 3V^LY IV\UK! g(y)  f(x), 8x, y
࠮ (S^H`Z �JVU]L_ �JVUJH]L�

Optimality gap
• Convex optimization without strong duality

• Nonconvex optimization

It provides a 
suboptimality  

certificate

<latexit sha1_base64="OkHY2JiWTYo0RgxAdQYFTJgC6y4="></latexit>

g(y!) = f(x!)



Solving optimization problems



Classical vs modern view

18

Classical view
• Linear optimization  

(zero curvature) is easy

• Nonlinear optimization  

(nonzero curvature) is hard

The classical view is wrong

<latexit sha1_base64="VPTXx4sDMsSeo32r7JAPfWqfA+Y="></latexit>

C

<latexit sha1_base64="QiPUid2V0BA+ZILfK+Hc8Xq/Fzg="></latexit>

�rf(x)

Correct view
• Convex optimization  

(nonnegative curvature) is easy

• Nonconvex optimization  

(negative curvature) is hard

<latexit sha1_base64="VPTXx4sDMsSeo32r7JAPfWqfA+Y="></latexit>

C
<latexit sha1_base64="QiPUid2V0BA+ZILfK+Hc8Xq/Fzg="></latexit>

�rf(x)



Numerical linear algebra

19

The core of optimization algorithms is linear systems solution
<latexit sha1_base64="UEIe6QaDhJMTvEUumgo9FQRCvkA="></latexit>

Ax = b

<latexit sha1_base64="C5hwWNsk+3Pmp1S4e/2igv+0IYI="></latexit>

@V\ UL]LY PU]LY[ A

Direct method
<latexit sha1_base64="VU9GFV+tWFtTZfJs7Y9fSV9Wj7w="></latexit>

�� -HJ[VY A = A1A2 . . . Ak PU ¸ZPTWSL¹ TH[YPJLZ �O(n3)�
�� *VTW\[L x = A

�1
k . . . A

�1
1 b I` ZVS]PUN k ¸LHZ`¹ SPULHY Z`Z[LTZ �O(n2)�

<latexit sha1_base64="hU7/OZ/uJQ896Xj7VPIta10le2E="></latexit>

4HPU ILULÄ[
MHJ[VYPaH[PVU JHU IL YL\ZLK

^P[O KPɈLYLU[ YPNO[�OHUK ZPKLZ b



Solving convex problems
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Simplex methods

• Tailored to LPs

• Exponential worst-case 

performance

• Up to 10,000 variables

Cheap iterations 
(rank-1 updates)

Second-order methods 
(e.g., interior-point)

• Up to ~10,000 variables

• Polynomial worst-case 

complexity

Expensive iterations 
(matrix factorizations)

First-order methods

• Up to 1B variables

• Several convergence rates

• Sensitive to data scaling

Cheap iterations 
(matrix prefactored)



Convex optimization solvers
Remarks

21

• No babysitting/initialization required


• Very reliable and efficient


• Can solve problems in milliseconds on embedded 
platforms


• Simplex and interior-point solvers are almost a 
technology


• First-order methods are more sensitive to data scaling 
but work in huge dimensions



First-order methods for large-scale convex optimization

22

• Gradient/subgradient method


• Forward-backward splitting (proximal algorithms)


• Accelerated forward-backward splitting


• Douglas-Rachford splitting (ADMM)


• Interior-point methods (not covered for convex)

Large-scale systems

• start with feasible method with cheapest per-iteration cost

• if too many iterations, transverse down the list

Per-iteration 
cost

Number of 
iterations



Methods for nonconvex optimization

23

Convex optimization algorithms: global and typically fast

• Local methods: fast but not global  
Need not find a global (or even feasible) solution.  
They cannot certify global optimality because  
KKT conditions are not sufficient. 

• Global methods: global but often slow 
They find a global solution and certify it. Global methods

Nonconvex optimization algorithms: must give up one, global or fast 

Heuristics



What’s left out there?



What we did not cover in nonlinear optimization

25

Second-order methods: High accuracy on small/medium-scale data
• Newton’s method

• Quasi-Newton (BFGS, L-BFGS)

• Interior-point methods for nonlinear optimization (IPOPT) 

Stochastic gradient methods
• Stochastic gradient descent

• Variance reduction methods

• Deep learning optimizers

Covered in  
ELE539: Optimization for Machine 

Learning

Optimization in data science
• Compressed sensing

• Low-rank matrix recovery

• Many more…

(was!) covered in 
ELE520: Mathematics of 

Data Science



What we did not cover in convex optimization?

26

More in details on convex analysis

Conic optimization
• Second-order cone programming

• Semidefinite programming 

• Sum-of-squares optimization

Convex relaxations of NP-hard problems

Covered in  
ORF523: Convex and Conic 

Optimization



The role of optimization



Optimization as a surrogate for real goal

28

Very often, optimization is not the actual goal

The goal usually comes from practical 
implementation (new data, real dynamics, etc.)

Real goal is usually encoded (approximated) in cost/constraints



Optimization problems are just models

29

“All models are wrong, some are useful.”
— George Box

Implications
• Problem formulation does not need to be “accurate”

• Objective function and constraints “guide” the optimizer

• The model includes parameters to tune

We often do not need to solve most problems to extreme accuracy



Portfolio

30

<latexit sha1_base64="VogGWAwsF1JWbmXk/TsKJzzA+gY="></latexit>

TH_PTPaL µTx− γxTΣx

Z\IQLJ[ [V 1Tx = 1

x ≥ 0

Optimization problem

Goal 
Optimize backtesting performance 

Uncertain returns Backtesting performance 
(sum over all past realizations)<latexit sha1_base64="KwRoyzxP75U1HAp9L9rQiV2B9m8="></latexit>

pt YHUKVT ]HYPHISL!
TLHU µ� JV]HYPHUJL ⌃

<latexit sha1_base64="sEkwMnsFgzauI7eYIYMGb4gsSBU="></latexit>

࠮ ;V[HS YL[\YUZ
࠮ *\T\SH[P]L YPZR �X\HKYH[PJ [LYT�



Control
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Optimization problem 
(control policy)

Real dynamics

Goal: 
Optimize closed-loop performance 

<latexit sha1_base64="KbpPwEqUIt450sUlJZ/Z5A4Lp9Y="></latexit>

J =
∞∑

t=0

!(xt, ut)

Closed-loop 
performanceControl input

<latexit sha1_base64="MviP+yd+l0OFqP3LnONAqgIc9dk="></latexit>

ut = φ(xt)

<latexit sha1_base64="cE0S2ZkQrCoW5Phw8G61EvbBFzc="></latexit>

xt+1 = f(xt, ut, wt)
wt \UJLY[HPU[`

<latexit sha1_base64="rTabPi1XfMuaS3jfQ0lJGrKso2g="></latexit>

φ(x̄) = HYNTPU
u

T−1∑

t=0

"(xt, ut)

Z\IQLJ[ [V xt+1 = f(xt, ut)

x0 = x̄

xt ∈ X , ut ∈ U



Quadcopter control
Low accuracy works well

32

Quadcopter example
<latexit sha1_base64="oXqY088AICcRaPKKLxzG/jxKZ0E="></latexit>

3PULHYPaLK K`UHTPJZ xt+1 = Axt +But + wt

<latexit sha1_base64="cBN24A6XaWL9cTkWmL1RFQC+5mA="></latexit>

:PT\SH[LK K`UHTPJZ xt+1 = Axt +But + wt

Closed loop simulation
random variable 
(nonlinearities,  

disturbances, etc.)

<latexit sha1_base64="cxx/CLQMoXdN0E9DkVI7feFlEBo="></latexit>

xt ∈ [x, x], ut ∈ [u, u]

Input and state constraints

<latexit sha1_base64="2GPP8O7cXdY3IYdTO+Z/apVl6AM="></latexit>

.VHS! [YHJR [YHQLJ[VY` TPUPTPaL
X

t

kxt � xdes
t k22 + �kutk22

<latexit sha1_base64="oVZxmSLa/OKzFCmj//yBiZRCyN0="></latexit>

xt ∈ R12, ut ∈ R4



Quadcopter control
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Altitude reference tracking
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Control effort

Closed-loop behavior 
with OSQP solver

<latexit sha1_base64="xHa4wz46+7GsDQyAT05jPK6XAno="></latexit>

࠮ 3V^ HJJ\YHJ`! ✏ = 0.1
࠮ /PNO HJJ\YHJ`! ✏ = 0.0004



Model fitting
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<latexit sha1_base64="AOpVDujyMu6WgvcCHyHtzaHugig="></latexit>

Dtrain = {(xi, yi)}Ni=1

Training data Optimization problem

Goal 
Optimize test performance 

<latexit sha1_base64="tlblsp8H/G8utBwBrKatJ7FLB8A="></latexit>

Dtest = {(xi, yi)}Ni=1

Test data  
(unknown) Test performance 

<latexit sha1_base64="Q4aQtyG+MK01ND0Lw/Akd4li/8k="></latexit>

ftest(w) =
∑

(xi,yi)∈Dtest

!(yi, hw(xi))

<latexit sha1_base64="P6LJTqX6LvLdBr/5xV8+IrHi7XA="></latexit>

TPUPTPaL
w

ftrain(w) =
∑

(xi,yi)∈Dtrain

!(yi, hw(xi))



Model fitting
Support vector machine (linear classification)

35

Linear classification

• given a set of points {v1, . . . , vN} with binary labels si ∈ {−1, 1}

• find hyperplane that strictly separates the two classes

aTvi + b > 0 if si = 1

aTvi + b < 0 if si = −1

homogeneous in a, b, hence equivalent to the linear inequalities (in a, b)

si(a
Tvi + b) ≥ 1, i = 1, . . . , N

Piecewise-linear optimization 2–20

.P]LU H ZL[ VM WVPU[Z {v1, . . . , vN} ^P[O IPUHY` SHILSZ si 2 {�1, 1}

<latexit sha1_base64="RUB8TCB648qmdsPN8gPZVvm5yk4="></latexit>

-PUK O`WLYWSHUL [OH[ Z[YPJ[S` ZLWHYH[LZ [OL [OV JSHZZLZ

<latexit sha1_base64="imXnjk6U3r5/Ggjx7pVJTfdmtnc="></latexit>

quadratic term 
(interpretation: 

maximum margin)

<latexit sha1_base64="dlJwxGlxh+7FuvU6El82Ozb9Yes="></latexit>

TPUPTPaL
∑N

i=1 max{0, 1− siνTi x}+ γ/2‖x‖22

aT vi + b > 0 if si = 1

aT vi + b < 0 if si = �1

<latexit sha1_base64="v9wdbkbnKZv+pMWRx1XZNKQFcqc="></latexit>

Equivalent to
<latexit sha1_base64="L2UDFCWEhxCte4s1esQCbKCc+Pw="></latexit>

si⌫
T
i x � 1

<latexit sha1_base64="I2LYJCayIbpUOCA973NjaDftpEs="></latexit>

⌫i = (vi, 1)

x = (a, b)

(homogeneous)



Consensus SVM

36

Operator splitting 
form

<latexit sha1_base64="6AX4hKZXE9S1KGz52Qk5nxYeIeg="></latexit>

TPUPTPaL
∑N

i=1 max{0, 1− siνTi x}+ γ/2‖z‖22
Z\IQLJ[ [V x = z

<latexit sha1_base64="BAJd9DkyeNSftuyPCCOPkQgBLwc="></latexit>

f
<latexit sha1_base64="QWnnWjc1bwb45ObzNoOC/Ms8UYs="></latexit>g

Worker loss
<latexit sha1_base64="W7Wr6ZoNtj53kxnW6zp8T9vqKrk="></latexit>

ZWSP[ HJYVZZ ^VYRLYZ j
^P[O ZHTWSLZ Dj

<latexit sha1_base64="UBrMTJ0kN4qeNq9dG9EjJzwijeQ="></latexit>

fj(x) =
∑

i∈Dj

max{0, 1− siν
T
i x}

Distributed model fitting ADMM
Local SVM

Averaging

<latexit sha1_base64="yAayTjpyxn7tXfUfnpBW6xPJL+k="></latexit>

xk+1
j = prox�fj (z

k � uk
j )

zk+1 =
N/�

1/� +N/�
(x̄k+1 + ūk+1)

uk+1
j = uk

j + xk+1
j � zk+1 Local update



k = 0 k = 10

k = 20 k = 40

Consensus SVM
Linear classification

37

Optimal consensus hyperplane 
on test set 

 after ~10 iterations

Dashed lines are local 
workers’ hyperplanes



Conclusions

In ORF522, we learned to:


• Model decision-making problems across different disciplines as 
mathematical optimization problems.


• Apply the most appropriate optimization tools when faced with a concrete 
problem.


• Implement optimization algorithms and prove their convergence. 

• Understand the limitations of optimization

38



Optimization cannot solve all our problems
It is just a mathematical model

39

Thank you!

Bartolomeo Stellato

But it can help us making better decisions


