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ORF522 – Linear and Nonlinear Optimization
21. Acceleration schemes



Today’s lecture
[Chapter 3, COAC][Section 2.2, ILCO][Chapter 1, FMO]

First-order methods acceleration 

• Lower bounds


• Acceleration


• Interpretation and examples 

Recap of nonlinear optimization
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Lower bounds



Sublinear convergence rates
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Gradient descent Proximal gradient
<latexit sha1_base64="GtV+JyYNmUl69ROICE3Uuf+cK9g="></latexit>

xk+1 = proxtg(x
k − t∇f(xk))

<latexit sha1_base64="WyDpfevunCf0qIgECKKFWO2yEm0="></latexit>

xk+1 = xk − t∇f(xk)

<latexit sha1_base64="zRrY7SU3Sxfrvg5N0LtKs1KcqHE="></latexit>

-VY H JVU]L_ L�ZTVV[O M\UJ[PVU f ^L OH]L

<latexit sha1_base64="DbhaxdL5NyQrwaYtzSyFHoZFA6M="></latexit>

f(xk)− f(x!) ≤ ‖x0 − x!‖22
2tk

Convergence
<latexit sha1_base64="IfjSJOJZIBlvgtnncgMv8G8++vI="></latexit>

O(1/k)
<latexit sha1_base64="gOigpmv6gV/rQ9a15L+ZWsVCeYs="></latexit>

O(1/ε)
distance
iterations

Can we do better? Is there a lower bound?



Lower bounds
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First-order methods

<latexit sha1_base64="8MQsTG6YAqk6kTWy0SHreyNo4YM="></latexit>

xk+1 ∈ x0 + span{∇f(x0),∇f(x1), . . . ,∇f(xk)}

Any algorithm that selects

<latexit sha1_base64="/0xSXz4kvi7YjseUxH1QrHcT790="></latexit>

O(1/k2)distance
iterations <latexit sha1_base64="hY/oC0QWGz/qzFarIANsTK1JH1U="></latexit>

O(1/
√
ε)

Theorem (Nesterov ’83)

<latexit sha1_base64="N9qzQTSd7S1sS72kz45a0cwBQrc="></latexit>

f(xk)− f(x!) ≥ 3L

32(k + 1)2
‖x0 − x!‖2

<latexit sha1_base64="/gBObtEGySyax2IGD/0VrnzQfYw="></latexit>

-VY L]LY` PU[LNLY k  (n�1)/2� [OLYL L_PZ[ H JVU]L_ L�ZTVV[O M\UJ[PVU f Z\JO
[OH[� MVY HU` ÄYZ[�VYKLY TL[OVK



Lower bound proof
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<latexit sha1_base64="KpxeeGV0056hqVRgbn4qPWpKyFk="></latexit>

TPUPTPaL f(x) =
L

4

(
1

2
xTAx− eT1 x

)
<latexit sha1_base64="Tr0Dcqjf5WsEkriiinaTD6/h4dM="></latexit>

∇f(x) =
L

4
(Ax− e1)

Gil. Strang 
(MIT) 

“cupcake 
matrix”

<latexit sha1_base64="h0xk/789G7q/bvlmsvqBTNhdtpU="></latexit>
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, e1 = (1, 0, . . . , 0)

<latexit sha1_base64="DDnWrSL2eyzV8X/lryukKIugkdI="></latexit>

• f is convex and L-smooth
• x? is the optimizerwith x?

i = 1� i

n+ 1
(Solvesrf(x?) = 0!Ax? = e1)

• f(x?) =
L
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Lower bound proof
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Iterates

Upper bound
<latexit sha1_base64="+xGWRHRGCd8+hnyNfX0mWHCqA7s="></latexit>

f(xk) ≥ min
x∈span{∇f(x0),...,∇f(xk−1)}

f(x) = min
xk+1=···=xn=0

f(x) = −L

8

k

k + 1

<latexit sha1_base64="GGgDpLxpQSzaP9BE/n/97NH1+gY="></latexit>

f(xk)− f(x!)

‖x0 − x!‖2 ≥ L

8

(
− k

k + 1
+

2k + 1

2k + 2

)
/

(
2k + 2

3

)
=

3L

32(k + 1)2

<latexit sha1_base64="vMUD8dQmX0P6w1wXqtnKFS3mJlA="></latexit>

-VY k ⇡ n/2 VY n = 2k + 1�

<latexit sha1_base64="Dom7jpmNQO3SIv8wTEjhFN+eRHY="></latexit>

0M x0 = 0 [OLU xk 2 span{rf(x0), . . . ,rf(xk�1)} = span{e1, . . . , ek}



Convergence rates

8Can we achieve the lower bound?
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Acceleration



Momentum
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Gradient descent
<latexit sha1_base64="28ik6HcQ72fS1cak5YICzck6OW4="></latexit>

x!
<latexit sha1_base64="WyDpfevunCf0qIgECKKFWO2yEm0="></latexit>

xk+1 = xk − t∇f(xk)

Adding momentum

<latexit sha1_base64="28ik6HcQ72fS1cak5YICzck6OW4="></latexit>

x!

<latexit sha1_base64="qTXSLQO+31AzqGPDB8iNUVTq/48="></latexit>

xk+1 = yk � trf(yk)

yk+1 = xk+1 + �k(x
k+1 � xk)

momentum



Nesterov momentum
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<latexit sha1_base64="da+s+SrcMuc7j8jyxgLPVYjOKs8="></latexit>

xk+1 = yk � trf(yk)

yk+1 = xk+1 +
k

k + 3
(xk+1 � xk)

Properties
<latexit sha1_base64="K6bA+4Ss06jWFlEZ1ATwHjpdH1Y="></latexit>

࠮ 6YPNPUHS 4VTLU[\T WYVWVZLK I` 5LZ[LYV] �»���
࠮ 5V SVUNLY H KLZJLU[ TL[OVK �P�L�� ^L JHU OH]L f(xk+1) > f(xk)�
࠮ :HTL JVTWSL_P[` WLY P[LYH[PVU HZ NYHKPLU[ KLZJLU[



Accelerated proximal gradient method
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<latexit sha1_base64="3K0OrSH3RAcIOJzagZGb2cnB7HY="></latexit>

TPUPTPaL f(x) + g(x)

<latexit sha1_base64="80Q3v1uCd6fm8tm9uWK/WC3VuYQ="></latexit>

f(x) JVU]L_ HUK ZTVV[O
g(x) JVU]L_ �TH` IL UV[ KPɈLYLU[PHISL�

Iterations
<latexit sha1_base64="nuMxEMlsTzeOr6TBpap1YbLIYbo="></latexit>

^OLYL y0 = x0 HUK �k+1 =
1 +

p
1 + 4�2

k

2

<latexit sha1_base64="6VEmZyMVnAQ8lfr5ihurPOOyvHc="></latexit>

5V[L! g(x) = 0 NP]LZ HJJLSLYH[LK NYHKPLU[ KLZJLU[

<latexit sha1_base64="9mwvIz04kDtIwDo2jVbBIT5nbkE="></latexit>

xk+1 = proxtg

�
yk � trf(yk)

�

yk+1 = xk+1 +
�k � 1

�k+1
(xk+1 � xk)



Proximal gradient and Nesterov weights
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<latexit sha1_base64="AW1cNtRm476I00W9Pci6eMA+Q34="></latexit>

λk+1 =
1 +

√
1 + 4λ2

k

2
<latexit sha1_base64="3c8fsZNXu0DYceUN/vOnH7J5plw="></latexit>

λ0 = 1

<latexit sha1_base64="qFeEVCqgLCeky5TZAGNhKDtx0dQ="></latexit>
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⇡ k
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HZ k ! 1
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Convergence rate for accelerated proximal gradient method
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<latexit sha1_base64="3K0OrSH3RAcIOJzagZGb2cnB7HY="></latexit>

TPUPTPaL f(x) + g(x)

Theorem
<latexit sha1_base64="XGlGbn5f5elTWeKmO36wOgSg98E="></latexit>

f(xk)− f(x!) ≤ 2‖x0 − x!‖2

t(k + 1)2

<latexit sha1_base64="Lu5LVJmk/oqquuDRImj6IJSiGvQ="></latexit>

f(x) JVU]L_ HUK L�ZTVV[O
g(x) JVU]L_ �TH` IL UV[ KPɈLYLU[PHISL�

Proof
[Thm 4.4, A Fast Iterative Shrinkage-Thresholding Algorithm for Linear Inverse Problems, Beck, Teboulle]

<latexit sha1_base64="snMQzIK4/XaEm6gIzhyvYWT44zI="></latexit>

;OL HJJLSLYH[LK WYV_PTHS NYHKPLU[ TL[OVK ^P[O Z[LW�ZPaL t  (1/L) ZH[PZÄLZ

Note
<latexit sha1_base64="WKL/8tWLHbMLVITzi+RrmWBJIbY="></latexit>

λk ≥ k + 2

2
HUK λ2

k+1 ≤ λk+1 − λ2
k

<latexit sha1_base64="IwDz0TSkXxqKsNDvOm79a/UPGT8="></latexit>

0[ ^VYRZ MVY HU` TVTLU[\T ^LPNO[Z (�k � 1)/�k+1 Z\JO [OH[



Convergence rate for accelerated proximal gradient method
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<latexit sha1_base64="XGlGbn5f5elTWeKmO36wOgSg98E="></latexit>

f(xk)− f(x!) ≤ 2‖x0 − x!‖2

t(k + 1)2

<latexit sha1_base64="QW9VSbWtUnbqrBgkZU/SPBpPRHY="></latexit>

࠮ )L[[LY P[LYH[PVU JVTWSL_P[` O(1/k2) �P�L� O(1/
p
✏)

࠮ -HZ[ PM prox L]HS\H[PVUZ HYL JOLHW

࠮ *HU»[ KV IL[[LY� �MYVT SV^LY IV\UK�

<latexit sha1_base64="3K0OrSH3RAcIOJzagZGb2cnB7HY="></latexit>

TPUPTPaL f(x) + g(x)

<latexit sha1_base64="Lu5LVJmk/oqquuDRImj6IJSiGvQ="></latexit>

f(x) JVU]L_ HUK L�ZTVV[O
g(x) JVU]L_ �TH` IL UV[ KPɈLYLU[PHISL�



Examples and interpretations



ODE interpretation
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<latexit sha1_base64="da+s+SrcMuc7j8jyxgLPVYjOKs8="></latexit>

xk+1 = yk � trf(yk)

yk+1 = xk+1 +
k

k + 3
(xk+1 � xk)

<latexit sha1_base64="nXHCANvJYXKhzDAEcLUdXSAaH1A="></latexit>

Ẍ(τ) +
3

τ
Ẋ(τ) +∇f(X(τ)) = 0

<latexit sha1_base64="gAhkUiDe12vEyiX7rAJiMMOYWAo="></latexit>

xk ≈ X(k
√
t) = X(τ)

<latexit sha1_base64="pa2SpMsHu4cRgKplR/nMfLbGP8c="></latexit>

t → 0
<latexit sha1_base64="7MhwhiBCpIklIWV59UHYLEbp6N8="></latexit>

−3

τ
Ẋ

Time-varying  
damping

<latexit sha1_base64="a6N0J/Kl4hSi4Ml9hw12pHOVTPs="></latexit>

−∇f(X)Spring

damping  
coefficient

[A Differential Equation for Modeling Nesterov’s Accelerated Gradient Method: Theory and Insights, Su, Boyd, Candes]

<latexit sha1_base64="32JE7gRfNjE+I4PcFzyHHE2bA7c="></latexit>

5V[L! 3 PZ [OL ZTHSSLZ[ JVUZ[HU[
[OH[ N\HYHU[LLZ O(1/⌧2) JVU]LYNLUJL

Nesterov acceleration



Example: Lasso without linear convergence
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<latexit sha1_base64="9tWD6vd4wqPKBdOXNCPJAw5yoko="></latexit>

f(x)
<latexit sha1_base64="5bvc1mron/a8QvF2Mu95ZLZueMs="></latexit>

g(x)

Proximal gradient descent 
(Iterative Shrinkage Thresholding Algorithm)

<latexit sha1_base64="1Qs5bm78a4XrF686jf1TF6elqJQ="></latexit>

TPUPTPaL (1/2)‖Ax− b‖22 + γ‖x‖1

<latexit sha1_base64="lEozlChZ8iJJumWHvM57nJvrJuo="></latexit>

xk+1 = Sγt

(
xk − tAT (Axk − b)

) ISTA

Accelerated proximal gradient descent 
(Fast Iterative Shrinkage Thresholding Algorithm)

FISTA

<latexit sha1_base64="PyqHJ93CnUn2VKNXsgjiuevXXro="></latexit>

xk+1 = S�t

�
yk � tAT (Ayk � b)

�

yk+1 = xk+1 +
�k � 1

�k+1
(xk+1 � xk)

[A Fast Iterative Shrinkage-Thresholding Algorithm for Linear Inverse Problems, Beck, Teboulle]



Example: Lasso without linear convergence
Fast Iterative Soft Thresholding Algorithm (FISTA)
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<latexit sha1_base64="1Qs5bm78a4XrF686jf1TF6elqJQ="></latexit>

TPUPTPaL (1/2)‖Ax− b‖22 + γ‖x‖1
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Example
randomly  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<latexit sha1_base64="DeCRiH9h7DUc4cbNtbQ8qgATWkE="></latexit>

A 2 R300⇥500

<latexit sha1_base64="GywuUa+Qz6Lim9gA0/vVbdii63M="></latexit>

) r2f = ATA ⌫ 0
<latexit sha1_base64="1PmXDlCX1ckJW+tosQJgv/nxbj8="></latexit>

) f UV[ Z[YVUNS` JVU]L_

FISTA is much faster

Typical rippling behavior 
(not a descent method)



Image deblurring
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<latexit sha1_base64="1Qs5bm78a4XrF686jf1TF6elqJQ="></latexit>

TPUPTPaL (1/2)‖Ax− b‖22 + γ‖x‖1
<latexit sha1_base64="2/FkcH8B3HvH3RtdpXqX0bL/z5E="></latexit>

x! YLJVUZ[Y\J[LK PTHNL
PU ^H]LSL[ IHZPZ �ZWHYZL�

[A Fast Iterative Shrinkage-Thresholding Algorithm for Linear Inverse Problems, Beck, Teboulle]
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original blurred and noisy

Figure 1. Deblurring of the cameraman.

5. Numerical examples. In this section we illustrate the performance of FISTA compared
to the basic ISTA and to the recent TWIST algorithm of [3]. Since our simulations consider
extremely ill-conditioned problems (the smallest eigenvalue of ATA is nearly zero, and the
maximum eigenvalue is 1), the TWIST method is not guaranteed to converge, and we thus
use the monotone version of TWIST termed MTWIST. The parameters for the MTWIST
method were chosen as suggested in [3, section 6] for extremely ill-conditioned problems. All
methods were used with a constant stepsize rule and applied to the l1 regularization problem
(1.3), that is, f(x) = ‖Ax − b‖2 and g(x) = λ‖x‖1.

In all the simulations we have performed, we observed that FISTA significantly outper-
formed ISTA with respect to the number of iterations required to achieve a given accuracy.
Similar conclusions can be made when compared with MTWIST. Below, we describe repre-
sentative examples and results from these simulations.

5.1. Example 1: The cameraman test image. All pixels of the original images described
in the examples were first scaled into the range between 0 and 1. In the first example we look
at the 256×256 cameraman test image. The image went through a Gaussian blur of size 9×9
and standard deviation 4 (applied by the MATLAB functions imfilter and fspecial) followed
by an additive zero-mean white Gaussian noise with standard deviation 10−3. The original
and observed images are given in Figure 1.

For these experiments we assume reflexive (Neumann) boundary conditions [22]. We
then tested ISTA, FISTA, and MTWIST for solving problem (1.3), where b represents the
(vectorized) observed image, and A = RW, where R is the matrix representing the blur
operator and W is the inverse of a three stage Haar wavelet transform. The regularization
parameter was chosen to be λ = 2e-5, and the initial image was the blurred image. The
Lipschitz constant was computable in this example (and those in what follows) since the
eigenvalues of the matrix ATA can be easily calculated using the two-dimensional cosine
transform [22]. Iterations 100 and 200 are described in Figure 2. The function value at
iteration k is denoted by Fk. The images produced by FISTA are of a better quality than
those created by ISTA and MTWIST. It is also clear that MTWIST gives better results than
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original blurred

198 AMIR BECK AND MARC TEBOULLE

ISTA: F100 = 5.44e-1 ISTA: F200 = 3.60e-1

MTWIST: F100 = 3.09e-1 MTWIST: F200 = 2.61e-1

FISTA: F100 = 2.40e-1 FISTA: F200 = 2.28e-1

Figure 2. Iterations of ISTA, MTWIST, and FISTA methods for deblurring of the cameraman.

ISTA. The function value of FISTA was consistently lower than the function values of ISTA
and MTWIST. We also computed the function values produced after 1000 iterations for ISTA,
MTWIST, and FISTA which were, respectively, 2.45e-1, 2.31e-1, and 2.23e-1. Note that the
function value of ISTA after 1000 iterations, is still worse (that is, larger) than the function
value of FISTA after 100 iterations, and the function value of MTWIST after 1000 iterations
is worse than the function value of FISTA after 200 iterations.
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ISTA

FISTA

<latexit sha1_base64="KqJEIPhGyq7unTCjR3WJjJDK6/4="></latexit>

k = 100
<latexit sha1_base64="FkORDBj1TKCB6h4qvuhRrf3Wzkk="></latexit>

k = 200



More sophisticated accelerations
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[Fast Alternating Direction Optimization Methods, Goldstein, O’Donoghue, Setzer, Baraniuk]
Acceleration can also be applied also to ADMM

Improved 
convergence rate

<latexit sha1_base64="JkO8g1dFd0C/lSv2jOnyAxncf1k="></latexit>

O(1/k2)

Momentum with restarts  
(reset momentum when it makes 

small progress)

Other algorithms

Nonlinear acceleration

[Acceleration Methods, d'Aspremont, Scieur, Taylor]


(e.g., Anderson Acceleration)
Adaptively pick weights by solving 

a small optimization problem  
(usually least-squares)



Momentum intuition and much more

22
https://distill.pub/2017/momentum/

All deep learning optimization 
algorithms 

are based on  
Momentum/Acceleration: 

 
RMSprop, AdaGrad, Adam, etc.



Summary of nonlinear optimization



Nonlinear optimization
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Optimality conditions
<latexit sha1_base64="7KtSNryQuKKjmUlCX41JJR83QYk="></latexit>

࠮ 22; VW[PTHSP[` JVUKP[PVUZ
࠮ :\INYHKPLU[ VW[PTHSP[` JVUKP[PVUZ 0 2 @f(x?)

General 
Necessary

Convex 
Necessary and sufficient

First order methods: Moderate accuracy on Large-scale data
<latexit sha1_base64="Oz/fjpVD8DjNEXKa9wL3eUEBXLU="></latexit>

࠮ .YHKPLU[ KLZJLU[
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Convergence rates
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Typical rates 
(gradient descent, proximal gradient, ADMM, etc.)

<latexit sha1_base64="Y6rwDiAeZCsgE0t7RDLMWTuoqBU="></latexit>

࠮ L�ZTVV[OULZZ! O(1/k)� HJJLSLYH[LK O(1/k2)
࠮ µ�Z[YVUN JVU]L_P[`! O(log(1/k))
࠮ >L JHU HS^H`Z JVTIPUL SPUL ZLHYJO
࠮ *VU]LYNLUJL IV\UKZ \Z\HSS` PU [LYTZ VM JVZ[ M\UJ[PVU KPZ[HUJL

Operator theory
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First-order methods
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• Gradient/subgradient method


• Forward-backward splitting (proximal algorithms)


• Accelerated forward-backward splitting


• Douglas-Rachford splitting (ADMM)


• Interior-point methods (not covered)

Large-scale systems

• start with feasible method with cheapest per-iteration cost

• if too many iterations, transverse down the list

Per-iteration 
cost

Number of 
iterations



Acceleration in nonlinear optimization 

Today, we learned to:


• Derive lower bounds on cost optimality for first-order methods


• Accelerate first-order algorithms by adding momentum term


• Apply acceleration schemes to get the best possible convergence


• Select the appropriate algorithms to apply in large-scale optimization
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Next lecture

• Extensions and nonconvex optimization
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