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ORF522 – Linear and Nonlinear Optimization
20. Alternating Direction Method of Multipliers



Recap



Method of multipliers

3

<latexit sha1_base64="dNlbNDbGXhDc0n1FpN/pLPezVV0="></latexit>

TPUPTPaL f(x)

Z\IQLJ[ [V Ax = b
<latexit sha1_base64="YMUdWUlBoCFwjt0KDp70/giEk/w="></latexit>

L(x, y) = f(x) + yT (Ax− b)

Lagrangian

Dual problem
<latexit sha1_base64="W3zB8ZLPRmAyaLDYdW2wGextDGQ="></latexit>

TH_PTPaL g(y) = −(f∗(−AT y) + yT b)

Solve the dual with proximal point method
<latexit sha1_base64="pa15O5x+0aXSTxd9lzQI0gyd1RQ="></latexit>

yk+1 = Rt∂(−g)(y
k)

<latexit sha1_base64="yaYTr2rssB2DeRAFgCMDPi22ujg="></latexit>

T (y) = ∂(−g)
<latexit sha1_base64="I2rQuog2laeKv/aVHagaFOjm4c8="></latexit>

T (y) = b�Ax� ^OLYL x = argminz L(z, y)

Multiplier to residual map operator

<latexit sha1_base64="BOZghg/va4kYO9nZlXeltLOre9Q="></latexit>

;OLYLMVYL� @(�g)(y) = b�Ax, 0 2 @f(x) +AT y



Method of multipliers (augmented Lagrangian method)
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<latexit sha1_base64="ZcwIO+fjItsVRL9ZnwrWg+xnGg4="></latexit>

xk+1 2 argmin
x

Lt(x, y
k)

yk+1 = yk + t(Axk+1 � b)

<latexit sha1_base64="dNlbNDbGXhDc0n1FpN/pLPezVV0="></latexit>

TPUPTPaL f(x)

Z\IQLJ[ [V Ax = b

<latexit sha1_base64="W3zB8ZLPRmAyaLDYdW2wGextDGQ="></latexit>

TH_PTPaL g(y) = −(f∗(−AT y) + yT b)

Primal

Dual

<latexit sha1_base64="pa15O5x+0aXSTxd9lzQI0gyd1RQ="></latexit>

yk+1 = Rt∂(−g)(y
k)

Properties
<latexit sha1_base64="NPBIFU4a/nE48VIj3anv0Orwino="></latexit>

࠮ (S^H`Z JVU]LYNLZ ^P[O **7 f MVY HU` t > 0
࠮ 0M f L�ZTVV[O

f⇤ HUK g HYL µ�Z[YVUNS` JVU]L_
R@(�g) PZ H JVU[YHJ[PVU! SPULHY JVU]LYNLUJL

࠮ 0M f Z[YPJ[S` JVU]L_ �>�� [OLU argmin OHZ H \UPX\L ZVS\[PVU �2 ILJVTLZ =�
࠮ <ZLM\S ^OLU f L�ZTVV[O HUK A ZWHYZL

Iterates



Operator splitting
Main idea
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We would like to solve
<latexit sha1_base64="vqndtvFvwTwL/46bd01qLHxV/Tg="></latexit>

0 2 F (x)� F TH_PTHS TVUV[VUL

Split the operator
<latexit sha1_base64="6rQVFVh+MNf5k26cUXdQ8FBndPQ="></latexit>

F = A+B, A HUK B HYL TH_PTHS TVUV[VUL

Solve by evaluating
<latexit sha1_base64="ExPUikKhXjAZAJS5W+snzAjX5bs="></latexit>

RA = (I +A)�1

RB = (I +B)�1 or
<latexit sha1_base64="yCTwZbpPAjCZdSftEBsiFLKP6VI="></latexit>

CA = 2RA � I

CB = 2RB � I

<latexit sha1_base64="PWycfs3Op5PX+DS4LhxzBVdjces="></latexit>

<ZLM\S ^OLU RA HUK RB HYL JOLHWLY [OHU RF



Peaceman-Rachford and Douglas Rachford splitting
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Peaceman-Rachford splitting

<latexit sha1_base64="lnvy5HxslkczzuoS1StohlTkW9c="></latexit>

0[ KVLZ UV[ JVU]LYNL PU NLULYHS �WYVK\J[ VM UVUL_WHUZP]L��
5LLK CA VY CB [V IL H JVU[YHJ[PVU

<latexit sha1_base64="W0vBIEC0cH5S7xEcsl4qe47dTZs="></latexit>

wk+1 = CACB(w
k)

Douglas-Rachford splitting (averaged iterations)

<latexit sha1_base64="Zd7hSXGjob1ea/TScODc9O1XMCQ="></latexit>

࠮ (S^H`Z JVU]LYNLZ ^OLU 0 2 A(x) +B(x) OHZ H ZVS\[PVU
࠮ 0M A VY B Z[YVUNS` TVUV[VUL HUK 3PWZJOP[a� [OLU CACB PZ
H JVU[YHJ[PVU! SPULHY JVU]LYNLUJL

࠮ ;OPZ TL[OVK [YHJLZ IHJR [V [OL � ��Z

<latexit sha1_base64="I/JAAB/h/ZFqBvipFvQBubsm80o="></latexit>

wk+1 = (1/2)(I + CACB)(w
k)



Douglas-Rachford splitting

7

Remarks
<latexit sha1_base64="FCbQN04kQqJu9G333Vpl66iZbAA="></latexit>

࠮ THU` ^H`Z [V YLHYYHUNL [OL +�9 HSNVYP[OT
࠮ ,X\P]HSLU[ [V THU` V[OLY HSNVYP[OTZ �WYV_PTHS WVPU[� :WPUNHYU»Z WHY[PHS
PU]LYZLZ� )YLNTHU P[LYH[P]L TL[OVKZ� L[J��

࠮ 5LLK ]LY` SP[[SL [V JVU]LYNL! A� B TH_PTHS TVUV[VUL
࠮ :WSP[[PUN A HUK B� ^L JHU \UJV\WSL HUK L]HS\H[L RA HUK RB ZLWHYH[LS`

Simplified iterations

running sum of 
residuals Interpretation as 

integral control<latexit sha1_base64="UTUS6YSCkpN86HqO0tD7llnwzkU="></latexit>

uk

<latexit sha1_base64="nbON1zmuadLEll4UiCuqSLYJdko="></latexit>

9LZPK\HS! xk+1 � zk+1<latexit sha1_base64="oljhzM0uC0PKxhT8yjbC67oEukg="></latexit>

xk+1 = RA(z
k � uk)

zk+1 = RB(x
k+1 + uk)

uk+1 = uk + xk+1 � zk+1



Today’s lecture

Alternating Direction Method of Multipliers 

• Alternating Direction Method of Multipliers as Douglas-Rachford splitting in 
Optimization


• Examples


• Distributed Optimization

8

[PMO][LSMO][PA][ADMM]



Alternating Direction Method of Multipliers



Douglas-Rachford splitting in optimization

10

<latexit sha1_base64="8qd/eqC5wxoqvIxGnpNSy8bhGa4="></latexit>

TPUPTPaL f(x) + g(x)

<latexit sha1_base64="LbYleEY3cgslLJTD1hJk6WJsFY4="></latexit>

0 2 @f(x) + @g(x)

Optimality conditions

Problem Problem

Optimality conditions

<latexit sha1_base64="2jd2+OwhRHiIz/wlW0kkNA+oB3w="></latexit>

TPUPTPaL �f(x) + �g(x)<latexit sha1_base64="wvViYufN/tt4+fGGMGl5K9sFiSg="></latexit>

:JHSPUN I` � > 0

<latexit sha1_base64="8zBqIXFi5tgoznFOnPl9nKT6jbY="></latexit>

0 2 �@f(x) + �@g(x)
<latexit sha1_base64="4cWQpgut/1Mp07zO/oHp7SGrxOM="></latexit>

A(x)
<latexit sha1_base64="nD6UZg8WNouDB2E1MK6oHgdGFIQ="></latexit>

B(x)

Douglas-Rachford splitting Proximal operators
<latexit sha1_base64="OYVFsUpUNyqFjDoBRn2rKcgo+mI="></latexit>

xk+1 = R�@f (z
k � uk)

zk+1 = R�@g(x
k+1 + uk)

uk+1 = uk + xk+1 � zk+1

<latexit sha1_base64="nt6n0/GZ2/kyuwapf1FuYlA+gxY="></latexit>

xk+1 = prox�f (z
k � uk)

zk+1 = prox�g(x
k+1 + uk)

uk+1 = uk + xk+1 � zk+1



Alternating direction method of multipliers (ADMM)
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<latexit sha1_base64="3K0OrSH3RAcIOJzagZGb2cnB7HY="></latexit>

TPUPTPaL f(x) + g(x)

Proximal iterations ADMM iterations
<latexit sha1_base64="T0MQyaJNlsFk9UqwtERPCrk3ZPI="></latexit>

xk+1 = argmin
x

�
�f(x) + (1/2)kx� zk + ukk2

�

zk+1 = argmin
z

�
�g(z) + (1/2)kz � xk+1 � ukk2

�

uk+1 = uk + xk+1 � zk+1

<latexit sha1_base64="nt6n0/GZ2/kyuwapf1FuYlA+gxY="></latexit>

xk+1 = prox�f (z
k � uk)

zk+1 = prox�g(x
k+1 + uk)

uk+1 = uk + xk+1 � zk+1

Remarks
<latexit sha1_base64="wdwPUGz6TXqurW9EUvfEAQyX0wQ="></latexit>

࠮ 0[ ^VYRZ MVY HU` � > 0
࠮ ;OL JOVPJL VM � JHU NYLH[S` JOHUNL WLYMVYTHUJL
࠮ 0[ YLJLU[S` NHPULK H ^PKL WVW\SHYP[` PU ]HYPV\Z ÄLSKZ!
4HJOPUL 3LHYUPUN� 0THNPUN� *VU[YVS� -PUHUJL



ADMM and the Augmented Lagrangian

12

Augmented Lagrangian

<latexit sha1_base64="P+SxTC5kXl0AWqvaUYVnA+Y6tZw="></latexit>

TPUPTPaL f(x) + g(z)

Z\IQLJ[ [V Ax+Bz = c
(more generic form)

scaled  
dual variable

<latexit sha1_base64="d1IP6z+sq1Q4KOskWDhknTV0k/E="></latexit>

5V[L! t = 1/�

<latexit sha1_base64="iaJkLbcWPhMdA8E/WxicoM2WVCU="></latexit>

u = y/t

Rewritten ADMM iterations
<latexit sha1_base64="cTfV3ViZCEiahXsUh/xDRJtV9xQ="></latexit>

xk+1 = argmin
x

Lt(x, z
k, uk)

zk+1 = argmin
z

Lt(x
k+1, z, uk)

uk+1 = uk +Axk+1 +Bzk+1 � c

<latexit sha1_base64="66PT8//H3/BNztt2YqzF5qnLZtk=">AAAF83icbZTdbtMwFMdTWGGUr41dApLFPtSytaQVE9xMGuxmSAwNad0mLV3lJKetNcfObKek9XrNQ3CHuOWBeAjeATsrrEnx1cn//zvn+NiR/ZgSqVz3V+nW7YXynbuL9yr3Hzx89Hhp+cmx5IkIoB1wysWpjyVQwqCtiKJwGgvAkU/hxL/Ys/7JEIQknB2pUQydCPcZ6ZEAKyN1l772qmkNbWyifnVcQ5todH5UfZea4P0Y1V </latexit>

f(x) + g(z) + yT (Ax+Bz � c) + (t/2)kAx+Bz � ck2 =

= f(x) + g(z) + (t/2)kAx+Bz � c+ uk2 � (t/2)kuk2 = Lt(x, z, u)



Comparison with method of multipliers

13

Method of Multipliers

<latexit sha1_base64="MM6A8BM/6G2abm2aVTntcWexdRI="></latexit>

TPUPTPaL f(x)

Z\IQLJ[ [V Ax = b

<latexit sha1_base64="yJDqUknYhFdwNJSm03vkaTg2NK4="></latexit>

xk+1 2 argmin
x

Lt(x, y
k)

uk+1 = uk +Axk+1 � b

ADMM

<latexit sha1_base64="P+SxTC5kXl0AWqvaUYVnA+Y6tZw="></latexit>

TPUPTPaL f(x) + g(z)

Z\IQLJ[ [V Ax+Bz = c

<latexit sha1_base64="cTfV3ViZCEiahXsUh/xDRJtV9xQ="></latexit>

xk+1 = argmin
x

Lt(x, z
k, uk)

zk+1 = argmin
z

Lt(x
k+1, z, uk)

uk+1 = uk +Axk+1 +Bzk+1 � c

Remarks
<latexit sha1_base64="hqEoTCnTT9glpf3RIL5vWJiwmL4="></latexit>

࠮ :HTL K\HS ]HYPHISL \WKH[L uk+1

࠮ (\NTLU[LK 3HNYHUNPHU KVLZ UV[ ZWSP[ f HUK g! argmin JHU IL L_WLUZP]L
࠮ (+44 ZWSP[Z f HUK g THRPUN Z[LWZ LHZPLY
࠮ >L JHU KLYP]L (+44 I` ZWSP[[PUN [OL K\HS Z\IKPɈLYLU[PHS VWLYH[VY
BWHNL ��� ( 7YPTLY VU 4VUV[VUL 6WLYH[VY 4L[OVKZD



Examples



Constrained optimization

15

<latexit sha1_base64="AYV+RpcOHD8LiFa3eVdRLpnFNKg="></latexit>

TPUPTPaL f(x)

Z\IQLJ[ [V x ∈ C

<latexit sha1_base64="ruXcpab5P7GpIFuOLAXOld399iE="></latexit>

g(x) = IC(x)

<latexit sha1_base64="nt6n0/GZ2/kyuwapf1FuYlA+gxY="></latexit>

xk+1 = prox�f (z
k � uk)

zk+1 = prox�g(x
k+1 + uk)

uk+1 = uk + xk+1 � zk+1

ADMM iterates
<latexit sha1_base64="sdYtyRs428bYN8zcua2myepReD0="></latexit>

xk+1 = prox�f (z
k � uk)

zk+1 = ⇧C(x
k+1 + uk)

uk+1 = uk + xk+1 � zk+1

<latexit sha1_base64="PJLsOAhAXZ/Ra1RVQYzCpYsX7B8="></latexit>

࠮ ,HZ` PM prox�f HUK ⇧C HYL LHZ`
࠮ 4HU` ^H`Z [V ZWSP[ �^L JHU PUJS\KL ZVTL JVUZ[YHPU[Z HSZV PU f �



Linear/Quadratic Optimization

16

<latexit sha1_base64="KASEfkrTzCFFw0ZPguu91XtSPCQ="></latexit>

TPUPTPaL (1/2)xTPx+ qTx

Z\IQLJ[ [V Ax = b

x ≥ 0

<latexit sha1_base64="ZnwtFapMQ4bssTYvHZ35m4q6RhU="></latexit>

A ∈ Rm×n

ADMM iterations
<latexit sha1_base64="ciB0LEEs2QVMDLWsaPuRZWFE01Y="></latexit>

xk+1 = argmin
{x|Ax=b}

�
�f(x) + (1/2)kx� zk + ukk2

�

zk+1 = (xk+1 + uk)+

uk+1 = uk + xk+1 � zk+1

<latexit sha1_base64="+EAs0szqXvrtof9d6fbmAmUHVOI="></latexit>

f(x) = (1/2)xTPx+ qTx

dom f = {x | Ax = b}

g(z) = IR+(z)



Linear/Quadratic Optimization
Rewriting prox

17

Equality constrained QP

Optimality conditions
<latexit sha1_base64="fce+KLPYPl7N5TxpabxgO9EyuBc="></latexit>[
λP + I AT

A 0

][
xk+1

ν

]
=

[
−λq + zk − uk

b

]

<latexit sha1_base64="jXpstQ+57k8GgTKflW++GN9c/Hw="></latexit>

࠮ :`TTL[YPJ� WVZZPIS` ZWHYZL� SPULHY Z`Z[LT O((n+m)3)
࠮ >L JHU MHJ[VY VUS` VUJL �P[ KVLZ UV[ KLWLUK VU [OL P[LYH[LZ�

<latexit sha1_base64="euNVFT9YP4Oofru2pqyh47gwIFo="></latexit>

xk+1 = HYNTPU (λ/2)xTPx+ λqTx+ (1/2)‖x− zk + uk‖2

Z\IQLJ[ [V Ax = b



Linear/Quadratic Optimization

18

<latexit sha1_base64="P0BVmuqPgvS+Af6bZrXyTihE6DM="></latexit>

�� xk+1 = :VS]L
"
�P + I AT

A 0

#"
xk+1

⌫

#
=

"
��q + zk � uk

b

#

�� zk+1 = (xk+1 + uk)+

�� uk+1 = uk + xk+1 � zk+1

<latexit sha1_base64="KASEfkrTzCFFw0ZPguu91XtSPCQ="></latexit>

TPUPTPaL (1/2)xTPx+ qTx

Z\IQLJ[ [V Ax = b

x ≥ 0

Iterations

Remarks
<latexit sha1_base64="ooTspLkZxE+YBQG+coXCmEoPa0w="></latexit>

• Cheap iterations (after factorization) O((n+m)2)
• Projection is just variables clipping
• Dual variables y = �u

• More sophisticated version
[OSQP: An Operator Splitting Solver for Quadratic Programs,
Stellato, Banjac, Goulart, Bemporad, Boyd]



Find point at the intersection of two sets

19

<latexit sha1_base64="J35LmCvK/RNfiw4qoyzFpARnLYw="></latexit>

ÄUK x

Z\IQLJ[ [V x ∈ C ∩D

<latexit sha1_base64="L5jNE1fQRkDtsKqaL5pKgdzHQVc="></latexit>

xk+1 = ⇧C(z
k � uk)

zk+1 = ⇧D(xk+1 + uk)

uk+1 = uk + xk+1 � zk+1

• Much more robust convergence than simple alternating projections

• Useful when projections are cheap

• Similar to Dykstra’s alternating projections 
• It can be used to solve optimization problems  

[Conic Optimization via Operator Splitting and Homogeneous Self-Dual 
Embedding, O’Donoghue, Chu, Parikh, Boyd]

Remarks



Matrix decomposition

20

<latexit sha1_base64="6RRb5pv5qKI3y2Huvz0vsLvCiPc="></latexit>

.P]LU M 2 Rm⇥n� JVUZPKLY [OL ZWHYZL � SV^ YHUR KLJVTWVZP[PVU
<latexit sha1_base64="UtNzB7nYfbfeuQQr2bPBRmBtEVE="></latexit>

TPUPTPaL ‖L‖∗ + γ‖S‖1
Z\IQLJ[ [V L+ S = M

<latexit sha1_base64="nW8IrrVIUna6yVdkxlLcBxJof3I="></latexit>

࠮ 5\JSLHY UVYT �SV^�YHUR�! kLk⇤ =
Pn

i=1 �i(L) �1�UVYT VU ZPUN\SHY ]HS\LZ�

࠮ ,SLTLU[^PZL 1�UVYT �ZWHYZL�! kSk1 =
P

i,j |Sij |

[Robust Principal Component Analysis?, Candes et al.]

ADMM Iterations
<latexit sha1_base64="vX7t5a51CsyqhWYQdxLcTrKXb24="></latexit>

Lk+1 = prox�k·k⇤(M � Sk�1 �W k)

Sk+1 = prox��k·k1
(M � Lk+1 +W k)

W k+1 = W k +M � Lk+1 � Sk+1



Matrix decomposition

21

Explicit iterations
<latexit sha1_base64="vX7t5a51CsyqhWYQdxLcTrKXb24="></latexit>

Lk+1 = prox�k·k⇤(M � Sk�1 �W k)

Sk+1 = prox��k·k1
(M � Lk+1 +W k)

W k+1 = W k +M � Lk+1 � Sk+1

<latexit sha1_base64="iJc6DaZoyH8K9B7wbh6czxqBxaY="></latexit>

Lk+1 = ST�(M � Sk�1 �W k)

Sk+1 = S��(M � Lk+1 +W k)

W k+1 = W k +M � Lk+1 � Sk+1

<latexit sha1_base64="0cawMNNNZsJ4SPnOfgFHiR1vc4s="></latexit>

:VM[ [OYLZOVSKPUN! S⌧ (Xi) = (1� ⌧/|Xi|)+Xi �^L ZH^ P[ PU SLJ[\YL ���

:PUN\SHY ]HS\L [OYLZOVSKPUN! ST⌧ (X) = U(⌃� ⌧I)+V T ^OLYL X = U⌃V T

Note it involves an SVD!



Matrix decomposition surveillance example

22
[Robust Principal Component Analysis?, Candes et al.](a) Original frames (b) Low-rank L̂ (c) Sparse Ŝ (d) Low-rank L̂ (e) Sparse Ŝ

Convex optimization (this work) Alternating minimization [47]

Figure 2: Background modeling from video. Three frames from a 200 frame video sequence
taken in an airport [31]. (a) Frames of original video M . (b)-(c) Low-rank L̂ and sparse
components Ŝ obtained by PCP, (d)-(e) competing approach based on alternating minimization
of an m-estimator [47]. PCP yields a much more appealing result despite using less prior
knowledge.

Figure 2 (d) and (e) compares the result obtained by Principal Component Pursuit to a state-of-
the-art technique from the computer vision literature, [47].12 That approach also aims at robustly
recovering a good low-rank approximation, but uses a more complicated, nonconvex m-estimator,
which incorporates a local scale estimate that implicitly exploits the spatial characteristics of natural
images. This leads to a highly nonconvex optimization, which is solved locally via alternating
minimization. Interestingly, despite using more prior information about the signal to be recovered,
this approach does not perform as well as the convex programming heuristic: notice the large
artifacts in the top and bottom rows of Figure 2 (d).

In Figure 3, we consider 250 frames of a sequence with several drastic illumination changes.
Here, the resolution is 168 ⇥ 120, and so M is a 20, 160 ⇥ 250 matrix. For simplicity, and to
illustrate the theoretical results obtained above, we again choose � = 1/

p
n1.13 For this example,

on the same 2.66 GHz Core 2 Duo machine, the algorithm requires a total of 561 iterations and 36
minutes to converge.

Figure 3 (a) shows three frames taken from the original video, while (b) and (c) show the
recovered low-rank and sparse components, respectively. Notice that the low-rank component
correctly identifies the main illuminations as background, while the sparse part corresponds to the

12We use the code package downloaded from http://www.salleurl.edu/~ftorre/papers/rpca/rpca.zip, modi-
fied to choose the rank of the approximation as suggested in [47].

13For this example, slightly more appealing results can actually be obtained by choosing larger � (say, 2/
p

n1).

25

<latexit sha1_base64="2s2VDOtE8fNjOGnAWjY3ByhCzRs="></latexit>

6YPNPUHS M
<latexit sha1_base64="U2fPUexBgT3PUjWVyafrPcKCs70="></latexit>

,Z[PTH[LK
:WHYZL Ŝ

<latexit sha1_base64="rr+O+gY+f0GVO0mlKxq3tZGRboY="></latexit>

,Z[PTH[LK
3V^�YHUR L̂



Distributed optimization



Consensus optimization

24

Goal solve

<latexit sha1_base64="sdYtyRs428bYN8zcua2myepReD0="></latexit>

xk+1 = prox�f (z
k � uk)

zk+1 = ⇧C(x
k+1 + uk)

uk+1 = uk + xk+1 � zk+1

Constrained ADMM

Rewrite as consensus problem
<latexit sha1_base64="K+hp2EOqXojqo1XXSldaJvft0YY="></latexit>

TPUPTPaL
N∑

i=1

fi(xi)

Z\IQLJ[ [V x ∈ C

<latexit sha1_base64="xTrtoGh949uW0xeFB7kU4nKmX98="></latexit>

C = {(x1, . . . , xN ) | x1 = x2 = · · · = xN}
Consensus set

<latexit sha1_base64="nViXqcpBG+KIA3NsSDEAnwOfmcA="></latexit>

xk+1
i = prox�fi(z

k � uk)

zk+1 = (1/N)
NX

i=1

(xk+1
i + uk

i )

uk+1
i = uk

i + xk+1
i � zk+1

separable

averaging

<latexit sha1_base64="R6DICvq4B3yVql4YSoKjylsqfqA="></latexit>

TPUPTPaL f(x) =
N∑

i=1

fi(x)



Distributed consensus optimization
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<latexit sha1_base64="nViXqcpBG+KIA3NsSDEAnwOfmcA="></latexit>

xk+1
i = prox�fi(z

k � uk)

zk+1 = (1/N)
NX

i=1

(xk+1
i + uk

i )

uk+1
i = uk

i + xk+1
i � zk+1

<latexit sha1_base64="2P9wHD2w31fj0P/Fc5QSnv6vSjU="></latexit>

zk+1 = x̄k+1 + ūkrewrite

average <latexit sha1_base64="X9uEucqKoKOrU9etJzhQWUYX+Pk="></latexit>

ūk+1 = ūk + x̄k+1 − zk+1

<latexit sha1_base64="Oq2F/njgl9Sc8JrRHURRyQYHAPU="></latexit>

)` JVTIPUPUN�
ūk+1 = 0

<latexit sha1_base64="VzcEKzCPedrZ/qcrgUo3byvXLpE="></latexit>

zk+1 = x̄k+1

Simplified distributed iterations

<latexit sha1_base64="GaED/aYt1P7m5oAHBv4kIR43DQo="></latexit>

࠮ -\SS` KPZ[YPI\[LK prox IL[^LLU WYVJLZZVYZ�JVYLZ�HNLU[Z
࠮ .H[OLY xi»Z [V JVTW\[L x̄� ^OPJO PZ [OLU ZJH[[LYLK

<latexit sha1_base64="4tazGp8BGRCiqh+Ho1v+xwywNw4="></latexit>

xk+1
i = prox�fi(x̄

k � uk
i )

uk+1
i = uk

i + xk+1
i � x̄k+1



Global exchange problem
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<latexit sha1_base64="N/OBWvqGPBwrYQENo2dTjyUA8MQ="></latexit>

TPUPTPaL
N∑

i=1

fi(xi)

Z\IQLJ[ [V
N∑

i=1

xi = 0

<latexit sha1_base64="eBszrl/313xEyju7CNmEaKrs4Pw="></latexit>

xi ∈ Rn

<latexit sha1_base64="RH9phkX5J5AMCJMd8LprmAOST8I="></latexit>

࠮ (xi)j ! X\HU[P[` VM JVTTVKP[` YLJLP]LK �> 0� VY JVU[YPI\[LK I` �< 0� HNLU[ i
࠮ fi! \[PSP[` M\UJ[PVU VM LHJO HNLU[
࠮ LX\PSPIYP\T JVUZ[YHPU[ �THYRL[ JSLHYPUN� ¸Z\WWS`¹ $ ¸KLTHUK¹

ADMM iterations
<latexit sha1_base64="yg8HddY6dUwoCUJXfhbFhuj5bbM="></latexit>

xk+1
i = prox�fi(x

k
i � x̄k � uk)

uk+1 = uk + x̄k+1

proximal exchange 
algrithm



Summary of ADMM
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Convergence

Applications

• [Proximal Algorithms, Parikh and Boyd]

• [Distributed Optimization and Statistical Learning via the Alternating Direction Method of Multipliers,          

     Boyd, Parikh, Chu, Peleato, Eckstein]

Surveys

Machine learning, control, finance, parallel computing, 
advertising, imaging, robotics, etc…

<latexit sha1_base64="xnnerNBi3l2fsDXhpkBa5f1c/ls="></latexit>

࠮ :SV^ [V JVU]LYNL [V OPNO HJJ\YHJ`
࠮ 0[ VM[LU JVU]LYNLZ [V TVKLZ[ HJJ\YHJ` PU H ML^ [LUZ VM P[LYH[PVUZ
࠮ :[LW ZPaL � �HSZV JHSSLK 1/⇢� JHU NYLH[S` PUÅ\LUJL JVU]LYNLUJL
࠮ 0M f VY g PZ Z[YVUNS` JVU]L_� P[ JVU]LYNLZ SPULHYS`



Alternating Direction Method of Multipliers (ADMM)

Today, we learned to:


• Rewrite Douglas-Rachford splitting for optimization problems: 
Alternating Directions Method of Multipliers (ADMM)


• Apply ADMM to various examples


• Derive distributed versions of ADMM
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Next lecture

• Acceleration schemes
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