ORF522 - Linear and Nonlinear Optimization

13. Optimality conditions for nonlinear optimization
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Normal cone

For any set C' and point x € (', we define

Ne(z)={glg (y—2) <0, forallyeC}




Gradient

Derivative

If f(z): R™ — R™ continuously differentiable, we define
Df(x)ijzﬁg;(j), i=1...m j=1....n

Gradient Example

If f:R"™ — R, we define f(x)=(1/2)z" Px +q' z
Vf(z) = Df(x)" Vf(z) =Pz +q

First-order approximation

f(y) =~ f(x) +Vf(z) (y — )

(affine function of y)



Hessian

Hessian matrix (second derivative)
If f(x): R™ — R second-order differentiable, we define

0% f(x , .
va($)ZJ:8$fa($), ZZl,...,TTl, ]Il,...,ﬂ
1YL
Example
flx)=(1/2)xz' Px + ¢ =
Vif(z) =P

Yy 4
Second-order approximation

F) ~ f(2) + V@) (y =)+, (1/2)(y = )" W2 f @)y = 2) ¢ O (¢

(quadratic function of y)




Today'’s lecture
[Chapter 2 and 12, N and W][Chapter 4 and 5, B and V]

Optimality conditions for nonlinear optimization

) . C L : (X
Unconstrained optimization WA L)

 Constrained optimization
 KKT optimality conditions

 Convex constrained nonconvex optimization



Unconstrained optimization



First-order necessary conditions

Fermat’s Theorem




First-order necessary conditions

Fermat’s Theorem

Theorem
If £* Is a local optimizer for the continuously differentiable function f, then

Vix®)=0



First-order necessary condition

Proof (contraposition)

Assume that V f(z*) # 0. Define d = —V f(z*). Then,

Vi) d=—|Vf(z")]* <0
i
>0

10



First-order necessary condition

Proof (contraposition)

Assume that Vf(x*) # 0. Define d = —V f(x2*). Then,
Vi) d=—[[Vf(z")|* <0

Then, by Taylor approximation
f(@* +td) = (") + 1V f(2*) " d + o(t)

e~

<

10



First-order necessary condition

Proof (contraposition)

Assume that V f(z*) # 0. Define d = —V f(z*). Then, ﬁ > 0
Vi) d=—[Vf")]* <0

Then, by Taylor approximation
f(z* +td) = f(z*) +tV f(z*)"d + o(t)

y A =
KE(&’) v
With small enough ¢, we can find y = 2™ + td in the neighborhood of =* such
that fly) < f(z™)

10



Example: least-squares

minimize ||Ax — b5

f(x) = ||Az — b||5 = (Ax — b)T(f}x —b) =" AT Az — 227 ATb+ b7 b

_/_\

11



Example: least-squares

minimize ||Ax — b5
f(x)=||Az = b||5 = (Ax —b)" (Az —b) =2 A" Ax — 22" A" b+ b" b
ZAAK — 2Kb =9
First-order optimality condition
Vf(z)=2A"(Az —b) =0

[Matrix Cookbook, https://www2.imm.dtu.dk/pubdb/edoc/imm3274.pdf]

11



Example: least-squares

minimize ||Ax — b5

f(x)=||Az = b||5 = (Ax —b)" (Az —b) =2 A" Ax — 22" A" b+ b" b

First-order optimality condition Normal-equations (they always
- e e have
Vfi(z)=2A" (Az —b) =0 ' A" Az =A"b a solution)

[Matrix Cookbook, https://www?2.imm.dtu.dk/pubdb/edoc/imm3274.pdf] 11



Example: least-squares

minimize ||Ax — b5

f(x)=||Az = b||5 = (Ax —b)" (Az —b) =2 A" Ax — 22" A" b+ b" b

First-order optimality condition Normal-equations (they always
- e e have
Vfi(z)=2A" (Az —b) =0 ' A" Az =A"b a solution)

Explicit solution

v* = (AT A) 1 ATh = ATD (pseudoinverse)
N <

—

[Matrix Cookbook, https://www2.imm.dtu.dk/pubdb/edoc/imm3274.pdf] 11



First-order necessary condition Is not sufficient

f(x) =102%(1 — 2)* — x

Vf(z)=40z> — 60x* + 20z — 1

Ol
S—
_1 ‘ :
050 =025 000 035 050 0% 1,00 125 v Each local mm_lm_um/maX|mum
5 satisfies
_ Vf(z) =0
= 0
[>\
~h50  —0.25 0.'005 0.25 0.50 0.75 1.06 1.25 1.50

T 12



Second-order necessary condition

Theorem
If £* Is a local optimizer for the continuously differentiable function f, then

Vf(z*)=0 and V?f(z*) > 0 (positive semidefinite)

13



Second-order necessary condition

Theorem
If £* Is a local optimizer for the continuously differentiable function f, then

Vf(z*)=0 and V?f(z*) > 0 (positive semidefinite)

188 70

Proof
If Vf(x*) = 0, then the second-order approximation is

fla* +td) = +W+ t2(1/2)d" V2 f(z*)d + o(t?)

—f( ")+ 17 (1/2 >ngV2f< Loﬁl+o(t2>

13



Second-order necessary condition

Theorem
If £* Is a local optimizer for the continuously differentiable function f, then
Vf(z*)=0 and V?f(z*) > 0 (positive semidefinite)
C

S/

Proof
If Vf(x*) = 0, then the second-order approximation is

fla* +td) = f(a*) + ST d + t2(1/2)dT V2 f(2*)d + o(t?)

—f( )+ t7(1/2)d" V? f(z¥)d + o(t?)
£0y) > &S

To have a local minimum d* V? f(2*)d > 0 for any d

13



Least-squares continued

minimize ||Az — b||5
flx) =" A" Az — 22" A" b+ b'D

First-order optimality condition
Vf(z) =24" (Axz —b) =0

Explicit solution
v* = (ATA)"1ATh = ATb

14



Least-squares continued

minimize ||Az — b||5
flx) =" A" Az — 22" A" b+ b'D

First-order optimality condition
Vf(z) =24" (Axz —b) =0

Explicit solution
v* = (ATA)"1ATh = ATb

Second-order optimality condition

VZf(x) =24"A >0 (forany A)
— QIS MAhX

14



Example fixed

—0.50
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0.00
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1.00
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1.50

—0.50

—0.25

0.00

0.25

0.75

1.00

1.25
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f(x) =102%(1 — 2)* — x

Vf(z) =402° — 60x* + 20z — 1

V2 f(z) = 1202* — 1202 + 20

Converse counterexample? 15



Example fixed

f(x) =102%(1 — 2)* — x

050  —025 000 025  0.50 0.75 1.00 1.95 1.50

| __________________ ..................................... ......................... i Vf(x) — 4();53 — 6();52 + 20 — 1

50 —025 000 025 050 0.75 1.00 1.95 1.50

NN I N AR L V2 f(x) = 12022 — 1202 + 20

0.25 1.25 1.50

. . ? 15
naximum S o Converse counterexample



Second-order necessary condition is not sufficient

- / Cubic function
= 0 5 f(x)::;pg

10 ;
i \\\\\\\\\\\\\\\\\‘ é 4”’//////////////
§/ ) ——— N . ————— Vf($) — 3:1/,2
1073 —1.0 —0.5 0% 0.5 1.0 1.5
X
0 j
: s
El;/ 22_ ..................................................... ;___‘._____ ....................................................... va(x) _ 922

15 1.0 0.5 &0 0.5 1.0 1.5
- VX0 20

16



Second-order necessary condition is not sufficient

- / Cubic function
5 f(z) = o

z P
15 —1.0 —0.5 o; 0.5 1.0 1.5
10 5
§ O\ ______ e ‘ _—— {m{ Vf T) = 3:]32 COnditiOnS
> () satisfied
~75 —1.0 —0.5 00 0.5 1.0 1.5 (7f((0 — ()
N V2£(0)=0>0

;[; O ;___,____,_ ....................................................... sz(a?) — 61
—90- g
15 1.0 0.5 0.0 0.5 1.0 1.5
h

not local minimum 16



Second-order sufficient condition

Theorem
Let f be a continuously differentiable function. If ™ satisfies

Vf(z*) =0 and VZf(z*) >0
L )

then 2™ is a local minimum of f

17



Second-order sufficient condition

Theorem
Let f be a continuously differentiable function. If ™ satisfies

Vi) =0 and V2f(z*) =0  poHwe debiie
then 2™ is a local minimum of f g 6 3 > 0

Proof

If V2 f(2*) = 0, then 3\ > 0 such that d” V2 f(z*)d > \||d||2
C~ D / \

17



Second-order sufficient condition

Theorem
Let f be a continuously differentiable function. If ™ satisfies

Vf(z*) =0 and VZf(z*) >0

then 2™ is a local minimum of f

Proof
If V2f(z*) = 0, then 3\ > 0 such that d* V* f(x*)d > A[|d]|3

Then, if Vf(x*) = 0, in a neighborhood of z* we have

Fla +1d) = £ () +E1/2dT T2 @) d+ o) > £

— S —
45(3) <0

for any d

17



Examples

Cubic function
flz) =2 —— V3f(z) =6z

—  V7f(0)

= (

(does not satisfy
sufficient condition)

18



Examples

Cubic function

_ .3 2 _ 2 _ (does not satisfy
flw) =z Vi) =62 V7i(0) =0 sufficient condition)

Least-squares
flx) =2t AT Ax — 227 ATh + 0T —— Vif(z) =24"A 2o

2AT A = 0if A is full rank
(linear independent columns in A)

18



Constrained optimization



Feasible direction

minimize  f(x)
subjectto =z €{C| AX <)

Given xz € C, we call d a feasible direction at x if there exists ¢ > 0 such that
r+tde C, Vtel0,t]

F(x) is the set of all feasible directions at =

20



Feasible direction
minimize  f(x)
subjectto xzeC

Given xz € C, we call d a feasible direction at x if there exists ¢ > 0 such that
r+tde C, Vtel0,t]

F(x) is the set of all feasible directions at =

Examples 7

C={Ax=0b} — F(x)={d|Ad =0}
— {Az < b} :F(aj):{d\a;rdg() ifa;-ra;*:bi}
C = {gi(z) <0, (nonlinear)} = F(z)={d|Vgi(z)'d<0 ifg(z)=0}

20



First-order necessary optimality condition

All feasible directions do not decrease the cost

Theorem
minimize  f(x)

subjectto xzeC

If £* I1s a local minimum, then

Viz)'d>0  Vde F(z*
L—(\)/u ( )

21



First-order necessary optimality condition

All feasible directions do not decrease the cost

Theorem
minimize  f(x)

subjectto xzeC

If £* I1s a local minimum, then
Vf(z*)'d>0, Vde F(z*)

Fg) = 4R+ LLeA « 0 &)

\ Unconstrained case
4/ ) F(x*) = R", therefore Vf(z*) = 0

21



Descent direction

Given continuously differentiable f, we call d a descent direction at « if there
exists ¢ such that £9y) <)
flz+td) < f(z), Vie|0,1]

¢ /7

D(x) is the set of all descent directions

22



Descent direction

Given continuously differentiable f, we call d a descent direction at « if there

exists ¢t such that
flz+td) < f(z), Vie|0,1]

D(x) is the set of all descent directions

Remark

For all descent directions d at « we have Vf(x)TO} < 0

22



Necessary optimality condition idea

All feasible directions are not descent directions

There Is no feasible descent direction

If £* Is a local optimum, then
F(z*)ND(z*) =0

N

23



Nonlinear optimization with equality constraints

minimize  f(x)
subjectto Az =0

Theorem
If 2* is a local optimum, then 3y such that V f(z*) + ATy = 0

24



Nonlinear optimization with equality constraints

minimize  f(x)
subjectto Az =0

Theorem
If 2* is a local optimum, then 3y such that V f(z*) + ATy = 0

Proof A
Feasible directions Descent directions _C
F(z) ={d| Ad =0} D(xz)={d| Vf(x)'d <0}
F(z*) N D(z*) = () if and only if 3v such that A*v = V f(2*) (thm. of alternatives)
Let y = — | B ,
Y v C‘(ﬂ\ ZD Fif\f-af 2\ .

\) Ad=° |

7/7 v =C 24



Nonlinear optimization with equality constraints

minimize  f(x)
subjectto Az =0

Theorem
If 2* is a local optimum, then 3y such that V f(z*) + ATy = 0
A
Proof - e
Feasible directions / Descent directions
F(z) = {d | Ad = 0} D(z) = {d| Vf(z)Td < 0}
F(z*) N D(x*) = () if and only if 3v such that A" v = V f(2*) (thm. of alternatives)
Lety = —v N

([ 4
Q¥F) m

(perpendicular
to
hyperplane)

Interpretation
Vf(z*) € range(A") = null(4)- —— Vf(z*) L null(4)

24



Example: constrained least squares

minimize  ||Ax — b||3
subjectto Cx =d

flx) =" A" Az — 22" A" b+ b'D
Vf(z) =24" (Ax —b)
Optimality conditions
Feasibility Cz =d i
Optimality 24" (Ax —b)+C* 'y =0

25



Example: constrained least squares

minimize  ||Ax — b||3
subjectto Cx =d

flx) =" A" Az — 22" A" b+ b'D
Vf(z)=2A" (Az — b)
Optimality conditions

Feasibility Cz =d 2AT A T

Optimality 2A%(Az —b) 4+ C'y =0 C 0

2ATYH

Linear system solution

d

25



Necessary conditions for smooth nonlinear optimization

minimize  f(x)
subjectto g¢;(x) <0, i=1,...,m (9;(x) nonlinear)

20



Necessary conditions for smooth nonlinear optimization

minimize  f(x)
subjectto g;(x) <0, 2=1,....,m (9; () nonlinear)

Ax €0
Linearly independence constraint qualification (LICQ)

Given x and the set of active constraints A(z) = {¢ | ¢g;(z) = 0}, we say that
LICQ holds if and only if

{Vg;(x), 1€ A(x)} is linearly independent

iaaT e AW

20



Necessary conditions for smooth nonlinear optimization

minimize  f(x)
subjectto g;(x) <0, 2=1,....,m (9; () nonlinear)
Ax=b
Linearly independence constraint qualification (LICQ)

Given x and the set of active constraints A(z) = {¢ | ¢g;(z) = 0}, we say that
LICQ holds if and only if

{Vg;(x), 1€ A(x)} is linearly independent

Theorem
If * Is a local minimum and LICQ holds, then there exists y > 0 such that

Vf($*) + ZyZVg@(:E*) — () O;(ﬂ [ AT:‘ - o
1=1

yigi(z*) =0, i=1,...,m 26



Useful Lemma

Farkas lemmma variation

Given A, exactly one of the following statements is true
1. There exists an d with Ad < 0

2. There exists a u with ATuw =0, 11w =1,and u > 0

Let’s show they they are alternatives: ¢
We can write 1.as Bd <0, ¢''d >0 Adx2 £QO
where B= |A 1|,c=(0,...,0,1)and d = (d, ¢) z 70

5

/\

By Farkas lemma, we have the alternative B' u = ¢, u > 0, equivalent to 2. [l 27




Useful Lemma

Farkas lemmma variation

Given A, exactly one of the following statements is true
1. There exists an d with Ad < 0

2. There exists a u with ATuw =0, 11w =1,and u > 0

Proof
They cannot be both true (easy to show)

Let’s show they they are alternatives:
We can write 1.as Bd <0, c¢f'd> 0

where B = -A 1— ,c=(0,...,0,1) and d = (d, €)

By Farkas lemma, we have the alternative B’ u = ¢, u > 0, equivalent to 2. [l 27



Necessary conditions for smooth nonlinear optimization

Proof

Feasible directions Descent directions
F(x)={d Vg@-(af)Td <0, 1€ Ax)} D(x) = {d | Vf(a?)Td < 0}

28



Necessary conditions for smooth nonlinear optimization
Proof

Feasible directions Descent directions
F(x)={d Vg@-(a:)Td <0, 1€ Ax)} D(x) = {d | Vf(x)Td < 0}
Optimality condition Infeasible system

F@)nD@) =0 —— Ad<0, A=[Vf(z) Vgam.(@) ... Voaw. ()

28



Necessary conditions for smooth nonlinear optimization
Proof

Feasible directions Descent directions
F(z)={d| Vg (x)'d <0, ic Ax)} D(z)={d| Vf(x)ld < 0}
Optimality condition Infeasible system

Farkas lemma variation ——  3Ju>0suchthat A'u=0and1fu =1

28



Necessary conditions for smooth nonlinear optimization
Proof

Feasible directions Descent directions
F(z)={d| Vg (x)'d <0, ic Ax)} D(z)={d| Vf(x)ld < 0}
Optimality condition Infeasible system

Ju > 0 suchthat Alu=0and 11u =1

Farkas lemma variation

Therefore, icA(z*)

u>0, 1'u= 28



Necessary conditions for smooth nonlinear optimization
Proof (continued)

29



Necessary conditions for smooth nonlinear optimization
Proof (continued)

If up =0, then »  u;Vg;(z*) = 0 (LICQ violated).
- e A(x*) ALt ey *W/N“’"\

29



Necessary conditions for smooth nonlinear optimization
Proof (continued)

If up =0,then »  u;Vg;(z*) = 0 (LICQ violated).
ieA(x*)

Hence, ug > 0. Let’s define y = u/ug, obtaining V f(z*) + Z y;Vgi(z*) =
e A(x)

29



Necessary conditions for smooth nonlinear optimization
Proof (continued)

If up =0,then »  u;Vg;(z*) = 0 (LICQ violated).

| 20
iceA(x*) 4&'\/
Hence, ug > 0. Let’s define y = u/ug, obtaining V f(z*) + Z @Vgi(x*) — 0
1€ A(x)
Which can be rewritten as ~ Vf(2*) + » 4 Vgi(z*) =0 o
1=1




What happens if LICQ fails? 3

| I
Q/Qc—eﬂ %V&ﬂﬁk

. . 2.00
minimize  —ax5

subjectto z1 —2(1 —25)° <0
—XL1 — 2(1 — 332)3 S 0
x>0

1.75

1.50

1.257

= 1.001

0.75

0.50

r* = (0,1) 0.25

0-00=—5% 15 —1.0 0.5 0.0 0.5 1.0 1.5 2.0



Lagrangian function and duality



Lagrangian

minimize  f(x)
subjectto  g¢;(x) g

hii ()

P=1, " Optimal cost

.....7 f(x*) :p*

32



Lagrangian

minimize  f(x)
subjectto g¢g;(x) <0, 2=1,...,m

Optimal cost

fx®) =p”

Lagrange multipliers
gilr) <0 = y; >0

32



Lagrangian

minimize  f(x)
subjectto g¢g;(x) <0, 2=1,...,m

Lagrange multipliers

gilr) <0 = y; >0

Lagrangian

Optimal cost

fx®) =p”

32



Lagrangian
Interpretation

Lower bound

f(z) > L(x,y,v) for each feasible x

33



Interpretation

Lower bound

Proof

Lagrangian

f(z) > L(x,y,v) for each feasible x

m 9 p

<0 — ()

33



Lagrangian
Interpretation

Lower bound

f(z) > L(x,y,v) for each feasible x

m ‘7,0 p
Proof L(x,y,v) = f(x)+ Zy{%(ﬂf) - Zvihi(ﬁ) < f(z)
i=1 i=1 I
<0 =)
g(y, V) = mlnlmlze L(x,y,v)

Dual function

dom g = {(y, )\g(y, )> —00}

/\—

33



Lagrange dual problem

Finding the best lower bound

Always concave (-convex) problem

maximize g(y,v)
subjectto y >0

g: ¢

——

Lower bound condition always
holds

Dual problem

d* = max min L(z,y,v)
y>0,v T

Weak duality
d* S p*

34



Stationarity condition

minimize  f(x)

m p
subjectto g¢g;(x) <0, 2=1,...,m L(x,y,v) = f(x) + Zyzgz(aﬁ) - szhz(az)
hi(x) =0, 1=1,...,p = =

Min-max formulation
p* =min max L(z,y,v) (minimize unconstrained version)

Stationarity condition on the Lagrangian

P
V.L(z,y,v ) + ZyZVg@ )+ Y v Vhi(z) =
= 35



KKT necessary conditions for optimality

minimize  f(x)
subject tO[ﬂgi(m) <0,7i=1,...,m
=0, |

hz(l‘) iZl,...,p
Theorem
If * Is a local minimizer and LICQ holds, then there exists y*, v* such that
m P
Vi) + ) yiVgi(z*)+ > viVhi(z*) =0 stationarity
i=1" < J i=1
>0 dual feasibility
dgi(x*)éov i:17°°'7m/ .
@) =0, i=1,....p Jprlmal feasibility
vy gi(x*) =0, 1=1,...,m complementary slackness

36



Strong duality theorem

minimize  f(x)
subject to  g;(x) <0,
— 0,

Theorem

el

g:(z) <0, (for all affine g;)
gi:(x) <0, (forall non-affine g;)
hi(x) =0, 1=1,...,p

then p* = d* (strong duality holds)

i=1,...
i=1,...

o 1T

y P

If the problem Is convex and there exists at least a}gtrictly feasible}, l.e.,

Slater’s condition

37



Strong duality theorem

minimize  f(x)
subjectto g¢g;(x) <0, i=1,....,m

hi(x) =0, 1=1,...,p
Theorem

If the pr\oblem IS convex and there exists at least a strictly feasible z, i.e.,
gi;(x) <0, (forall affine g;)

gi(x) <0, (forall non-affine g;) Slater’s condition
hz(x):(), iZl,...,p
then p* = d* (strong duality holds)

Remarks

 For nonconvex optimization, we need harder conditions
* (Generalizes LP conditions [Lecture 7]

37



KKT for convex problems

Always sufficient
For x*, y*, v* that satisfy the P§KT conditions

x*7 y*v*

)

flx®) = f(x")+ > yigi(x™)+ > vihi(xz™) = L(
r N é J E 2

= Q = Q

38



KKT for convex problems

Always sufficient
For x>, y™, v™ that satisfy the KKT conditions

f( _I_Zy@gz _I_Z *h @ cone™

+Zijgz +Z v Vh;(x = gy~ v L(xz™,y",v") [Convexity]

fconvex, dlﬁerentlable —> |V f(x) =0 <= =z is a global min|

38



KKT for convex problems

Always sufficient
For :c*, y* V> that satisfy the KKT conditions

* *x Kk ?* = CL%
f(x* ) + Zyz gi(xz™) + Z hi ( Yy )
) + Zy:ng ) + Z v Vh;(x = g(y*,v") = L(z",y",v") [Convexity]

fconvex, dn‘ferentuable —> |V f(x) =0 <= =z is a global min|

Therefore, f(xz*) = g(y*,v*) and x*, y*, v* are primal-dual optimal

Necessary when constraint qualifications (Slater’s) condition holds

If 2* strictly primal feasible (Slater’s), then strong duality f(z*) = g(y*,v*)
Therefore, dual optimum attained and KKT conditions satisfied . 38

-




KKT remarks

History
* First appeared in publication by Kuhn and Tucker (1951)
* |t already existed in Karush’s unpublished master thesis (1939)

39



KKT remarks

History
* First appeared in publication by Kuhn and Tucker (1951)
* |t already existed in Karush’s unpublished master thesis (1939)

Unconstrained problems
They reduce to necessary first-order condition Vf(z) = 0

39



KKT remarks

History
* First appeared in publication by Kuhn and Tucker (1951)
* |t already existed in Karush’s unpublished master thesis (1939)

Unconstrained problems
They reduce to necessary first-order condition Vf(z) = 0

Strong duality
In general, we can replace LICQ assumption with strong dualit

/

39



KKT remarks

History
* First appeared in publication by Kuhn and Tucker (1951)
* |t already existed in Karush’s unpublished master thesis (1939)

Unconstrained problems
They reduce to necessary first-order condition Vf(z) = 0

Strong duality
In general, we can replace LICQ assumption with strong duality

Convex problems

KKT conditions are always sufficient
If strong duality holds, KKT conditions are necessary and sufficient
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Example: KKT conditions for convex QP

minimize  (1/2)z? Px + ¢’ x

— ,_b — 0
subjectto Az — b W = A o
CZC S d 5 = C_f«- —
Lagrangian
L(z,y,v) = (1/2)z" Pxr +q¢' = +y' (Cx — d) +v' (Az — b) where y > 0

r-\

Stationarity condition

VoL(z,y,u)=Pr+q+C y+A'v=0
T
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Example: KKT conditions for convex QP

minimize

subjectto Az =0
Cx <d

(1/2)xt Pz + ¢!«

KKT Optimality conditions

[/Pat*+q+CTy*+ATv*:()

y >0
Ar —b =0
Crx—d<0

yi(ciTx* —d;) =0,

i=1,...

o 1T

stationarity condition

dual feasibility
primal feasibility

complementary slackness
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Convex constrained nonconvex
optimization



Minimization over convex set
[Section 3.7.3 and Example 3.74, A. Beck]

minimize  f(x)
subjectto xz e C

convex set
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Minimization over convex set
[Section 3.7.3 and Example 3.74, A. Beck]

minimize  f(x) o o7

subjectto z e C convex set

First-order optimality condition
If * I1s a local minimum, then

Vi)' (y—a*)>0, VyeC

(f can be nonconvex)
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Why do you need a convex set?

First-order necessary optimality condition
If £* 1S a local minimum, then

Vi)' (y—a*)>0, VyeC

Convex set Nonconvex set
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Normal cone condition

First-order necessary optimality condition
If * 1S a local minimum, then

Vi) (y—a*)>0, VyeC

~——
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Normal cone condition

First-order necessary optimality condition
If * 1S a local minimum, then

Vi) (y—a*)>0, VyeC

Normal cone
Ne(z)={g|g (y—=z) <0, forallyeC}

Reformulated condition
—Vf(z*) € No(z¥)
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Normal cone condition

First-order necessary optimality condition
If * 1S a local minimum, then

Vi) (y—a*)>0, VyeC

Normal cone
Ne(z)={g|g (y—=z) <0, forallyeC}

Reformulated condition
Remark _VF(z*) € No(z*)
If f and C are convex, then it is

necessary and sufficient
[Section 4.2.3, B and V] 45



Normal cone condition

Linear program example

minimize ¢z

subjectto Az <b

Recap from Lecture 8
Two active constraints at optimum: aipx* = by, aga:* = by
Optimal dual solution y satisfies:

)ZTy—I_C:()v 9207 Yi :OfOrZ#{LQ} CbaTy St e

—

In other words, —c = a1y1 + asys With y1, 92 > 0
1 —
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Normal cone condition

Linear program example

minimize ¢z

subjectto Az <b

Recap from Lecture 8
Two active constraints at optimum: aipx* = by, aga:* = by
Optimal dual solution y satisfies:

Aly+¢c=0, y>0, y;=0fori=#{1,2}
In other words, —c = a1y1 + asys With y1, 92 > 0

Normal cone to polyhedron
—c € Nag<py(z”) = {A'y|y>0 and yi(a; ¥ —b;) =0} 46



Optimality conditions in nonlinear optimization

Today, we learned to:

Prove optimality conditions for unconstrained optimization

Compute feasible and descent directions (,"‘fcl*—""}\/

Derive optimality conditions for constrained optimization using Farkas lemma
Derive optimality conditions for constrained optimization using Lagrangian

ke Codhg
Apply normal cone to derive necessary first-order conditions for nonconvex

optimization over convex set
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Next lecture

* Optimization algorithms: iteratively solve first-order optimality conditions
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