
Bartolomeo Stellato — Fall 2022

ORF522 – Linear and Nonlinear Optimization
11. Interior-point methods implementation



Recap



Optimality conditions

3

Optimality conditions

Ax+ s− b = 0

AT y + c = 0

siyi = 0

s, y ≥ 0

<latexit sha1_base64="JGljbviwia/85llFDqYXlMwGBAA="></latexit>

cTx

Ax ≤ b

<latexit sha1_base64="9unbuqgij6UpCfFAj368yjYcqgQ="></latexit>

Primal

−bT y

AT y + c = 0

y ≥ 0

<latexit sha1_base64="6L9obZMLJPyW6b5R0k8HuTG+Oz4="></latexit>

Dual

cTx

Ax+ s = b

s ≥ 0

<latexit sha1_base64="RfddrwaxJFxJJdm96A3KRooljZU="></latexit>



Central path
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Ax+ s− b = 0

AT y + c = 0

siyi = τ

s, y ≥ 0

<latexit sha1_base64="3IM8iAHG1jqSvd77yc5lzQermQ8="></latexit>

(x?(τ), s?(τ), y?(τ))
τ > 0

<latexit sha1_base64="15/3E9kBV6FwgFtVwuwlBA16lao="></latexit>

cTx− τ

∑
m

i=1
log(si)

Ax+ s = b

<latexit sha1_base64="BBN4PGZzWXLxXc+IgKwWFhjQFEk="></latexit>

Main idea

τ → 0

<latexit sha1_base64="J6zIK4m9l4gaFzGSJXZGebHQPH4="></latexit>

•

•

•

•

τ

<latexit sha1_base64="dG2h47d+89FV+wsb1sFQQOS4LCU="></latexit>

1000

<latexit sha1_base64="pktZmdwULw2YzZxXim3dmXGvgM0="></latexit>

1

<latexit sha1_base64="wxEO9/8Yc1i9iWiBS89mXqNZ+cw="></latexit>

1/5

<latexit sha1_base64="+01UbY1ZK4ppl5s0DNipyWxW5Kk="></latexit>

1/100

<latexit sha1_base64="rQB/wPzytWRixFqsTlD9n1/hYuc="></latexit>

Analytic  
Center

<latexit sha1_base64="IbRY6zQRogrImaRRstftzizH5kM="></latexit>

τ → ∞



Strict complementarity
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Theorem

Primal

−bT y

AT y + c = 0

y ≥ 0

<latexit sha1_base64="6L9obZMLJPyW6b5R0k8HuTG+Oz4="></latexit>

Dual

cTx

Ax+ s = b

s ≥ 0

<latexit sha1_base64="RfddrwaxJFxJJdm96A3KRooljZU="></latexit>

yi > 0, si = 0 yi = 0, si > 0

<latexit sha1_base64="2bMYILtycOTTB6s0urYyEFC/ZHA="></latexit>

Proof (left as exercise)  
Details in [Theorem 10.6, LP]

s y

<latexit sha1_base64="yHpY9X0W4BM6lCJIFePMaEbbyVA="></latexit>

si + yi > 0

<latexit sha1_base64="+hapvGaR+cpGNtw0gad36qhps5o="></latexit>



Main idea
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S = diag(s)

Y = diag(y)

<latexit sha1_base64="NtRUT1gLCqwsU99QJhSlab+7ZgM="></latexit>

Optimality conditions

h(x, s, y) =







Ax+ s− b

AT y + c

SY 1






= 0

s, y ≥ 0

<latexit sha1_base64="YVsGqBWGtataW2jUC+9m966e2Vk="></latexit>

h(x, s, y) = 0

s, y > 0

<latexit sha1_base64="P6/JiW+LmCFyZGND+UpFVwBPsXI="></latexit>



Algorithm step
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Linear system






0 A I

AT 0 0

S 0 Y













∆y

∆x

∆s






=







−rp

−rd

−SY 1+ σµ1







<latexit sha1_base64="Q0E6ujd8KXsv5Jmvjj6+SbpS69o="></latexit>

(x, s, y) ← (x, s, y) + α(∆x,∆s,∆y)

<latexit sha1_base64="LTNpUM/D6UO8Umm93wmsc9QsGhA="></latexit>

<latexit sha1_base64="QQlrO8n0PiTfobTxZmKdzjw6uB8="></latexit>

s, y > 0

µ =

s
T
y

m

<latexit sha1_base64="Ia0Q+ogCKHTkciGO3s6JN+gW+Eg="></latexit>

Duality measure

Centering parameter

σ ∈ [0, 1]

<latexit sha1_base64="2ZHrwV6PBVUY/r+jgOv83/PbwDQ="></latexit>

σ = 0 ⇒

<latexit sha1_base64="BRYqJIU5mKlURcf5RX+Qd3+Psjs="></latexit>

σ = 1 ⇒ (x?(µ), s?(µ), y?(µ))

<latexit sha1_base64="wzic0LHtCpsuo6W76hMAHDx4pAU="></latexit>



Primal-dual path-following algorithm
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(x0, s0, y0) s0, y0 > 0

<latexit sha1_base64="JbhCI3+Fo02fdPJsPg8T7ek9gdQ="></latexit>

Iterations

σ ∈ [0, 1]






0 A I

AT 0 0

S 0 Y













∆y

∆x

∆s






=







−rp

−rd

−SY + σµ1






µ = sT y/m

α y + α∆y > 0 s+ α∆s > 0

(x, s, y) ← (x, s, y) + α(∆x,∆s,∆y)

<latexit sha1_base64="zV35SM60RhilfmUXhDAfcQxrxFY="></latexit>



Today’s lecture
[Chapter 14, NO][Chapter 22, LP]

• Mehrotra predictor-corrector algorithm


• Implementation details


• Homogeneous self-dual embedding


• Interior-point vs simplex

9



Predictor-corrector algorithm



Main idea:
Predict and select centering parameter

11

Predict

x
⋆

<latexit sha1_base64="+jDiYZ6ROT1P7S+wPmpE8k10UWU="></latexit>

Newton step
σ = 0

<latexit sha1_base64="vQS6dQaxFN15XDsFBfCzdr61gkY="></latexit>

Centering step
σ = 1

<latexit sha1_base64="qIf+NhyRfTU/0K2RiV13hqwL4Tg="></latexit>

Combined step

Compute Newton direction

Select centering parameter

Very roughly:

σ ≈ 0

<latexit sha1_base64="MADNiEVbBddoqGTrWL7vVXyjM/Q="></latexit>

σ ≈ 1

<latexit sha1_base64="QKXl8VAmY0SL/hVcS2OcnCWIMTs="></latexit>

How good is the Newton step?

Estimate

µ

<latexit sha1_base64="7ZjUbk7hXkq7I9QBJ6qk6y6ba/k="></latexit>



Select centering parameter
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µa =
(s+ αp∆sa)

T (y + αd∆ya)

m

<latexit sha1_base64="92OuZ7WJ4vUN3weA7rwpe+7TkCM="></latexit>

Duality measure candidate  
(after Newton step)

σ

<latexit sha1_base64="b0PMZ+/oheOVJSBAZIpyzC6EDBY="></latexit>

σ =

(

µa

µ

)3

<latexit sha1_base64="GVvi6XrxFxc37cKsEeiYivuLn90="></latexit>

Maximum step-size

Newton step

(∆xa,∆sa,∆ya)

<latexit sha1_base64="1w+7ro+Pmk3m57LiQ38m0O4WMnE="></latexit>

αp = max{α ∈ [0, 1] | s+ α∆sa ≥ 0}

<latexit sha1_base64="A/NOnMlQkFitB4fx57Qlr/3ThQ8="></latexit>

αd = max{α ∈ [0, 1] | y + α∆ya ≥ 0}

<latexit sha1_base64="471iqhtYxlhaHAvf3T1hCPSyXSk="></latexit>



Mehrotra correction
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





0 A I

AT
0 0

S 0 Y













∆ya

∆xa

∆sa






=







−rp

−rd

−SY 1







<latexit sha1_base64="T0dKW3kS+NZ3OOtiR5Rs/xMgF6E="></latexit>

Newton step

si(∆ya)i + yi(∆sa)i + siyi = 0

<latexit sha1_base64="uJu0wPHcSS1BEF0SSN6JmcCuO4Q="></latexit>

Full step

(si+(∆sa)i)(yi + (∆ya)i) = (∆sa)i(∆ya)i 6= 0

<latexit sha1_base64="e6p8s+ufAMEN0p70xUzJiPwiQuo="></latexit>

Complementarity violation  
depends on step length

Corrected direction






0 A I

AT 0 0

S 0 Y













∆y

∆x

∆s






=







−rp

−rd

−SY 1−∆Sa∆Ya1+ σµ1







<latexit sha1_base64="Yw4D0smsj9fi2Uu2dmRNLEXtMYU="></latexit>

∆Sa = diag(∆sa)

∆Ya = diag(∆ya)

<latexit sha1_base64="VwrV3V76J5lfF0VNWrS/vT7+kt8="></latexit>



Mehrotra predictor-corrector algorithm
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(x, s, y) s, y > 0

<latexit sha1_base64="SmBeAXsab0uHzRll+CElx5pM7Ys="></latexit>

rp = Ax+ s� b, rd = AT y + c, µ = (sT y)/m

krpk, krdk, µ (x?, s?, y?)







0 A I

AT 0 0

S 0 Y













∆ya

∆xa

∆sa






=







�rp

�rd

�SY 1







<latexit sha1_base64="cXNGT+oVeK4xmiebfsDahXDw0g8="></latexit>



Mehrotra predictor-corrector algorithm
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αp = max{α ∈ [0, 1] | s+ α∆sa ≥ 0}

αd = max{α ∈ [0, 1] | y + α∆ya ≥ 0}

µa =
(s+ αp∆sa)

T (y + αd∆ya)

m

σ =

✓

µa

µ

◆3

2

6

4

0 A I

AT 0 0

S 0 Y

3

7

5

2

6

4

∆y

∆x

∆s

3

7

5
=

2

6

4

−rp

−rd

−SY 1−∆Sa∆Ya1+ σµ1

3

7

5

<latexit sha1_base64="ac5tNxzv+bjV6LcnwAh01wyaJnw="></latexit>



Mehrotra predictor-corrector algorithm
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η = 1− ε ≈ 0.99

<latexit sha1_base64="5zjoLUB1om4rMeGTha/w7CQniP8="></latexit>

Avoid corners

<latexit sha1_base64="DPBLYxLajlW/jDN45XPy/pedPuI="></latexit>

αp = max{α ≥ 0 | s+ α∆s ≥ 0}

αd = max{α ≥ 0 | y + α∆y ≥ 0}

(x, s) = (x, s) + min{1, ηαp}(∆x,∆s)

y = y +min{1, ηαd}∆y



Implementation details



Search equations
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





0 A I

AT
0 0

S 0 Y













∆y

∆x

∆s






=







by

bx

bs







<latexit sha1_base64="7PsiOUtkniyb2rScINx08jfPRco="></latexit>

Step 2 (Newton) and 4 (Corrected direction) solve equations of the form

The Newton step right hand side:

The corrector step right hand side:







by

bx

bs






=







−rp

−rd

−SY 1−∆Sa∆Ya1+ σµ1







<latexit sha1_base64="JqRHxx1Y770F3pQtzfZPbg64sHs="></latexit>







by

bx

bs






=







−rp

−rd

−SY 1







<latexit sha1_base64="L9urLmS2IMPICM4Fcnen6Y32RcA="></latexit>



Solving the search equations
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





0 A I

AT
0 0

S 0 Y













∆y

∆x

∆s






=







by

bx

bs







<latexit sha1_base64="7PsiOUtkniyb2rScINx08jfPRco="></latexit>

Our linear system is not symmetric

∆y = S−1Y (A∆x− by + Y −1bs)

<latexit sha1_base64="IhdjXQCtwEcriwS8NAM/XaiAavo="></latexit>

A
T
S
−1

Y A∆x = bx +A
T
S
−1

Y by −A
T
S
−1

bs

<latexit sha1_base64="sTJrHqAs9nPpDcwSYexqUL9BrSU="></latexit>

[

−Y −1S A

AT
0

][

∆y

∆x

]

=

[

by − Y −1bs

bx

]

<latexit sha1_base64="86dekf/Gh/BIk4j9lvi4dcOceuk="></latexit>

∆s = Y −1(bs − S∆y)

<latexit sha1_base64="LylNLpDogquhayEF94meUxLXCwc="></latexit>



Simplified linear system
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Coefficient matrix

Characteristics
B = A

T
S
−1

Y A

<latexit sha1_base64="YDvGFV8lcIvLc1hEc575kCUwxTo="></latexit>

A

S−1Y

B rank(A) = n

B ATA S−1Y

<latexit sha1_base64="B7Z+q858X+Am6//hm7azv1kmJSw="></latexit>

Cholesky factorizations

B = PLL
T
P

T

<latexit sha1_base64="HC36t9xDsKTUTWsjDQohL/PtuUE="></latexit>

P

O(n3)
O(n2)

<latexit sha1_base64="+DhxAJRyVsrckMdtAoAWKbRuE7E="></latexit>

O(n3)

<latexit sha1_base64="OSeXnSHfgjyeK7QzUP6klRX1ZEU="></latexit>

Per-iteration 
complexity



Convergence
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No convergence theory Examples where it diverges (rare!)

Mehrotra’s algorithm

Fantastic convergence in practice 30

<latexit sha1_base64="XetaElmpuFrcOgfExnJa4nC7oEs="></latexit>

Theoretical iteration complexity

O(
√

n)

<latexit sha1_base64="L4h6tMmLzX/vTPs1BLhruzew9ZY="></latexit>

Average iteration complexity

O(log n)

<latexit sha1_base64="cJ+nw1Eu0VahsvEsOvsLxlHxZO0="></latexit>

Floating point 
operations

O(n3.5)

<latexit sha1_base64="3gPEwQ9adUxKk7ujSl7gCvkZnm4="></latexit>

O(n3 log n)

<latexit sha1_base64="We9LZxhcQGK3AfxlarbCLvzZDrg="></latexit>



Warm-starting

22

Interior-point methods are difficult to warm-start

x
⋆

<latexit sha1_base64="+jDiYZ6ROT1P7S+wPmpE8k10UWU="></latexit>

Previous solution

Hard to make progress 
with long steps

Badly centered  
initial point



Homogeneous self-dual 
embedding



Optimality conditions
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Optimality conditions
2

6

4

0

s

0

3

7

5
=

2

6

4

0 AT

−A 0

cT bT

3

7

5

"

x

y

#

+

2

6

4

c

b

0

3

7

5

s, y ≥ 0

<latexit sha1_base64="l5Yg0wfcgYZ3BxyFUzzOjt7T/Lw="></latexit>

(x?
, s

?
, y

?)

<latexit sha1_base64="bL+28AhRF0kl1L1zwWVHV+RVzsQ="></latexit>

What happens if the problem is infeasible?

Primal

−bT y

AT y + c = 0

y ≥ 0

<latexit sha1_base64="6L9obZMLJPyW6b5R0k8HuTG+Oz4="></latexit>

Dual

cTx

Ax+ s = b

s ≥ 0

<latexit sha1_base64="RfddrwaxJFxJJdm96A3KRooljZU="></latexit>



How do you detect infeasibility/unboundedness?

25

Primal

−bT y

AT y + c = 0

y ≥ 0

<latexit sha1_base64="6L9obZMLJPyW6b5R0k8HuTG+Oz4="></latexit>

Dual

cTx

Ax+ s = b

s ≥ 0

<latexit sha1_base64="RfddrwaxJFxJJdm96A3KRooljZU="></latexit>

Ax+ s = b, s ≥ 0

AT y = 0, bT y < 0, y ≥ 0

<latexit sha1_base64="Z0R/diq+iN6+Thg+CBnSuqsTf/o="></latexit>

AT y + c = 0, y ≥ 0

Ax ≤ 0, cTx < 0

<latexit sha1_base64="5eYLJhj5bZCXRXNC8ssqlA0XPP8="></latexit>

Alternatives (Farkas lemma) Write feasibility problem and dualize…

(primal infeasibility certificate)

(dual infeasibility certificate)



The homogeneous self-dual embedding
Derivation

26

Homogeneous self-dual embedding






0

s

κ






=







0 AT c

−A 0 b

−cT −bT 0













x

y

τ







s, y,κ, τ ≥ 0

<latexit sha1_base64="2h4yPKhCsdZ4htFYzvl3P496nR8="></latexit>

Q =







0 AT c

−A 0 b

−cT −bT 0







u = (x, y, τ)

v = (0, s,κ)

<latexit sha1_base64="Ej1V58mqtkWhqVmc4pfftBSyA5k="></latexit>

Qu = v

u, v ≥ 0

<latexit sha1_base64="F4uHgFfWWDdQWN9YbOWXDmDMcJk="></latexit>

κ, τ ≥ 0

<latexit sha1_base64="egb/Qe8OAfCLiKIW04pM3TCu53s="></latexit>
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The homogeneous self-dual embedding
Properties

Always feasible

α = 0 ⇒ (0, 0)

<latexit sha1_base64="IIR5hzTasUaorVpgEm25f2GGvNw="></latexit>

Q =







0 AT c

−A 0 b

−cT −bT 0







u = (x, y, τ)

v = (0, s,κ)

<latexit sha1_base64="Ej1V58mqtkWhqVmc4pfftBSyA5k="></latexit>

Homogeneous
(u, v) Qu = v, (v, u) ≥ 0 ⇒ α(u, v) α ≥ 0

<latexit sha1_base64="D3NF46K30ei9N0qmmUUH6l6amHY="></latexit>

Qu = v

u, v ≥ 0

<latexit sha1_base64="F4uHgFfWWDdQWN9YbOWXDmDMcJk="></latexit>

Matrix

Q QT
= −Q ⇒ uTQu = 0

u ⊥ v Qu− v = 0 ⇒ uTQu− uT v = 0 ⇒ uT v = 0 ⌅

<latexit sha1_base64="N4aIdxU3mVZ9A729hE+q+a34sfU="></latexit>



Self-dual problem

28

0

Qu = v

u, v ≥ 0

<latexit sha1_base64="GQTvpRW5ebQHFQGVCRJira0dCS8="></latexit>

Q QT
= −Q

<latexit sha1_base64="n/j+IUlRGsp9bCsP6T1S9bMGNZE="></latexit>

The dual is identical to the primal

Proof

g(ν,λ, µ) =
u,v

L(u, v, ν,λ, µ) = ν
T (Qu− v)− λ

Tu− µT v

<latexit sha1_base64="F/8lm1P9key3NpvNrcbbCFf/xJY="></latexit>

∂L

∂u
= QT

ν − λ = 0

<latexit sha1_base64="VUHlj5iXk3n4wJKH8PRAAOuzQrM="></latexit>

∂L

∂v
= −ν

T
− µ = 0 ⇒ ν = −µ

<latexit sha1_base64="mQEwFEf3KvnVYWyvoQLgI+jYjlg="></latexit>

Dual

0

Qµ = λ

µ,λ ≥ 0

<latexit sha1_base64="nauReZAQcejFwT2U8IlXNbYkakA="></latexit>



From self-duality to strict complementarity

29

0

Qu = v

u, v ≥ 0

<latexit sha1_base64="GQTvpRW5ebQHFQGVCRJira0dCS8="></latexit>

Primal

0

Qµ = λ

µ,λ ≥ 0

<latexit sha1_base64="nauReZAQcejFwT2U8IlXNbYkakA="></latexit>

Dual
<latexit sha1_base64="pQd2cVQw34O7FmNOpA5OP7MuAUM="></latexit>

u = (x, y, τ)

v = (0, s,κ)

<latexit sha1_base64="3CGjzCQSkL6isdp6pkkAnVhO4jQ="></latexit>

u
T
λ = 0, u+ λ > 0

v
T
µ = 0, v + µ > 0

LP strict complementarity Self-dual

<latexit sha1_base64="Bobky9S9YBrZCfDW3K5XZmMVILQ="></latexit>

u = µ, v = λ

<latexit sha1_base64="LflKh2o2nohEm//vZ4NO+OL6kaM="></latexit>

y + s > 0

τ + κ > 0

<latexit sha1_base64="yeWW/R5bhWOiZpt9TUluTaJD8h8="></latexit>

u+ v > 0 ⇒

Strict complementarity



30

The homogeneous self-dual embedding
Outcomes







0

s

κ






=







0 AT c

−A 0 b

−cT −bT 0
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
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x
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



s, y,κ, τ ≥ 0

<latexit sha1_base64="2h4yPKhCsdZ4htFYzvl3P496nR8="></latexit>

<latexit sha1_base64="2oiUhu6SEEY/8GGQpSY1yNtpLWk="></latexit>

x, s, y,κ, τ

<latexit sha1_base64="/n6JRO6Oj/u3J8x2YOhSin9FS3Y="></latexit>

κ+ τ > 0

τ > 0,κ = 0

<latexit sha1_base64="JvVkpRbzeiIggvyrNovZgu7+hog="></latexit>

Case 1: feasibility
<latexit sha1_base64="lo69VllBcfjY1/VhNT9DQpOpmnM="></latexit>

(x̂, ŝ, ŷ) = (x?/τ, s?/τ, y?/τ)
<latexit sha1_base64="v06O6djtrbksnW0MLIcZE2uAYy0="></latexit>

0 = AT ŷ + c

ŝ = −Ax̂+ b

<latexit sha1_base64="bKHACW+gnFa7EiylhZS8xeXr1RI="></latexit>

ŝ ≥ 0, ŷ ≥ 0, ŝ
T
ŷ = 0

<latexit sha1_base64="h/kAvTEb6QbC3xtw01t33ESUEkE="></latexit>

(x̂, ŝ, ŷ)
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The homogeneous self-dual embedding
Outcomes
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s, y,κ, τ ≥ 0

<latexit sha1_base64="2h4yPKhCsdZ4htFYzvl3P496nR8="></latexit>

τ = 0,κ > 0

<latexit sha1_base64="Y1Mzba9yyg3zTFi9JsmCqJkbncw="></latexit>

cTx+ bT y < 0

<latexit sha1_base64="GFRGAnipgHJIX1DO0U0l204AhDA="></latexit>

Case 2: infeasibility

AT ŷ = 0, bT ŷ = −1 < 0, ŷ ≥ 0

<latexit sha1_base64="1YpFgmWvnTKy2wgbEYR4PdU2KhQ="></latexit>

bT y < 0 ŷ = y/(−bT y)

<latexit sha1_base64="rlF7UinwORfsrvRN5yX+J8JMmVg="></latexit>

Ax̂ ≤ 0, cT x̂ = −1 < 0

<latexit sha1_base64="7hK+8ojnVKQ/NKvpyZn2W/lttAY="></latexit>

<latexit sha1_base64="rlJoHjXq9RK9Lsbr1C1n+qL2vj0="></latexit>

cTx < 0 x̂ = x/(−cTx)

<latexit sha1_base64="2oiUhu6SEEY/8GGQpSY1yNtpLWk="></latexit>

x, s, y,κ, τ



Interior-point method for homogeneous self-dual embedding
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Linear complementarity problem

Qu = v

uT v = 0

u, v ≥ 0

<latexit sha1_base64="ViN5grkdBO87FplV3YIkNSzAYJ8="></latexit>

h(u, v) =

"

Qu− v

UV 1

#

= 0

u, v ≥ 0

<latexit sha1_base64="qSukZpm6zUizbCXf0OkUAgsqxcs="></latexit>

(u, v) ← (u, v) + α(∆u,∆v)

<latexit sha1_base64="McnQtCKFyFpoD3FHcjWkVv4qzKg="></latexit>

u, v > 0

<latexit sha1_base64="uVVbcoMJ2iIsGzmaRNAfAkXM2ac="></latexit>

re = Qu− v

<latexit sha1_base64="gR5fqcD1c3wG2LniEYVBlECSwPQ="></latexit>

Directions

µ = (uT v)/d

<latexit sha1_base64="umpO8q/Tg7J/pDVFJC6Lwa7Yha8="></latexit>

"

Q −I

V U

#"

∆u

∆v

#

=

"

−re

−UV 1+ σµ1

#

<latexit sha1_base64="ZKy6qwTjnY59lBE5KC0SxAh9Rb0="></latexit>

Equations

Interior-point methods can solve linear complementarity problems



Interior-point vs simplex



Example 
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−10x1 − 12x2 − 12x3

x1 + 2x2 + 2x3 ≤ 20

2x1 + x2 + x3 ≤ 20

2x1 + 2x2 + x3 ≤ 20

x1, x2, x3 ≥ 0

<latexit sha1_base64="usNGG8DKhJ+RZwsB1VO0mjdZ3l0="></latexit>

x1

<latexit sha1_base64="qpqh7hiByCI+mm28AIIcKUzVuew="></latexit>

x2

<latexit sha1_base64="2b7zNai+/76/6tDM10UithgaioQ="></latexit>

x3

<latexit sha1_base64="Bu8vHqVPZKf1Xp59c7LxwwO6WNs="></latexit>

x
⋆ = (4, 4, 4)

<latexit sha1_base64="fVT4LpE+OSdaJW3i7JqndJF+ie8="></latexit>

c = (−10,−12,−12)

A =







1 2 2

2 1 2

2 2 1







b = (20, 20, 20)

<latexit sha1_base64="5Hy/7mpnX+116Rql8vtQg+VSkqk="></latexit>

cTx

Ax ≤ b

x ≥ 0

<latexit sha1_base64="CqzP7MLCeigvAHSWbu4T4tgK6j8="></latexit>



Example with real solver
CVXOPT (open-source)
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import numpy as np

import cvxpy as cp

c = np.array([-10, -12, -12])

A = np.array([[1, 2, 2],

              [2, 1, 2],

              [2, 2, 1]])

b = np.array([20, 20, 20])

n = len(c)

x = cp.Variable(n)

problem = cp.Problem(cp.Minimize(c @ x), 

                     [A @ x <= b, x >= 0])

problem.solve(solver=cp.CVXOPT, verbose=True)

Code Output

     pcost       dcost       gap    pres   dres   k/t

 0: -1.3077e+02 -2.3692e+02  2e+01  1e-16  6e-01  1e+00

 1: -1.3522e+02 -1.4089e+02  1e+00  2e-16  3e-02  4e-02

 2: -1.3599e+02 -1.3605e+02  1e-02  2e-16  3e-04  4e-04

 3: -1.3600e+02 -1.3600e+02  1e-04  1e-16  3e-06  4e-06

 4: -1.3600e+02 -1.3600e+02  1e-06  1e-16  3e-08  4e-08

Optimal solution found.

[The CVXOPT linear and quadratic cone program solvers, L. Vandenberghe 2010]

In [3]: x.value

Out[3]: array([3.99999999, 4.        , 4.        ])

Solution



Average interior-point complexity
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cTx

Ax ≤ b

<latexit sha1_base64="hJj3d/2ECf+B6WfaOW7Np3i190c="></latexit>

Random LPs

O(n3 log n)

<latexit sha1_base64="ld6FGb2h2lE/G1rb3fEu+tgtJM4="></latexit>
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O(log n)

<latexit sha1_base64="mwyCQwDQtcPIEbut8WDW7/sKGAc="></latexit>
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Comparison between interior-point method and simplex
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Primal simplex

• Primal feasibility


• Zero duality gap

Dual feasibility

Dual simplex

• Dual feasibility


• Zero duality gap

Primal feasibility

Primal-dual interior-point

• Interior condition

Exponential worst-case complexity Polynomial worst-case complexity

• Primal feasibility


• Dual feasibility


• Zero duality gap

Requires feasible point Allows infeasible start

Can be warm-started Cannot be warm-started



Which algorithm should I use?
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Dual simplex

How do solvers with multiple options decide?

Concurrent Optimization

Interior-point (barrier)

• Small-to-medium problems


• Repeated solves with varying data
• Medium-to-large problems


• Sparse structured problems

Why not both? (crossover)

Interior-point Few simplex steps

https://www.gurobi.com/documentation/9.0/refman/concurrent_optimizer.html


Interior-point methods implementation

Today, we learned to:


• Apply Mehrotra predictor-corrector algorithm


• Exploit linear algebra to speedup computations


• Detect infeasibility/unboundedness with homogeneous self-dual embedding


• Analyze empirical complexity


• Compare interior-point and simplex methods

39



Next lecture

• Introduction to nonlinear optimization

40


