
Bartolomeo Stellato — Fall 2022

ORF522 – Linear and Nonlinear Optimization
10. Interior-point methods for linear optimization



Midterm

• Date/Time: Thursday October 13, 11:00am — 12:20pm (80 min)


• Where: in class


• Material allowed: single sheet of paper, double-sided, hand-written or typed.


• Topics: linear optimization
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Ed Forum

• Since introducing a new constraint to a primal problem is equivalent to 
introducing a new variable to the dual, is there a difference between choosing to 
solve one problem rather than another?


• How efficient is differentiable optimization? In neural network, people use ReLU 
because it is simple in evaluating both the forward pass values and backward 
differentiations. However, it seems like we need to solve a LP in every node in 
forward pass and to solve a linear system in backward pass.


• In lecture 9, we have seen that if we perturb the constraints a bit by some vector 
u, the optimal value behaves as a piecewise linear function in u. In case c^Tx 
and Ax are replaced by any suitable convex functions in x, is such a sensitivity 
analysis still possible?
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Adding new variables
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Adding new variables
Optimality conditions

6

cTx+ cn+1xn+1

Ax+An+1xn+1 = b

x, xn+1 ≥ 0

<latexit sha1_base64="RzG62pB5EbGcgI0G5gR22zhmylU="></latexit>

(x?
, 0)

<latexit sha1_base64="riy/Pp4wAikQWsTzGnJJwxrpMhY="></latexit>



Adding new variables
Optimality conditions

6

cTx+ cn+1xn+1

Ax+An+1xn+1 = b

x, xn+1 ≥ 0

<latexit sha1_base64="RzG62pB5EbGcgI0G5gR22zhmylU="></latexit>

(x?
, 0)

<latexit sha1_base64="riy/Pp4wAikQWsTzGnJJwxrpMhY="></latexit>

y
?

<latexit sha1_base64="aIW9ks0+sV8wpbkMZue1U0Wv3qY="></latexit>

AT

n+1y
⋆
+ cn+1 ≥ 0

<latexit sha1_base64="G0QzW3nH2KI1Bti1gLRiIlSrAz4="></latexit>



Adding new variables
Optimality conditions

6

cTx+ cn+1xn+1

Ax+An+1xn+1 = b

x, xn+1 ≥ 0

<latexit sha1_base64="RzG62pB5EbGcgI0G5gR22zhmylU="></latexit>

(x?
, 0)

<latexit sha1_base64="riy/Pp4wAikQWsTzGnJJwxrpMhY="></latexit>

y
?

<latexit sha1_base64="aIW9ks0+sV8wpbkMZue1U0Wv3qY="></latexit>

AT

n+1y
⋆
+ cn+1 ≥ 0

<latexit sha1_base64="G0QzW3nH2KI1Bti1gLRiIlSrAz4="></latexit>

Yes

(x?
, 0)

<latexit sha1_base64="WKi7UAD5rar81cTo2pA+WyN2XCE="></latexit>

Otherwise

Primal simplex



Adding new constraints
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Today’s lecture
[Chapter 14, NO][Chapters 17/18, LP]

• History


• Newton’s method


• Central path


• Primal-dual path following method


• Logarithmic barrier functions


• Convergence
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Khachian (1979)

Ellipsoid method
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Is worst-case LP complexity 
polynomial? Yes!
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Very inefficient. Much slower  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Motivated new research directions



Interior-point methods
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1950s-1960s: nonlinear convex optimization

• Sequential unconstrained optimization (Fiacco 
& McCormick), Logarithmic barrier method 
(Frish), affine scaling method (Dikin), etc.


• No worst-case complexity theory but often 
good practical performance
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1950s-1960s: nonlinear convex optimization

• Sequential unconstrained optimization (Fiacco 
& McCormick), Logarithmic barrier method 
(Frish), affine scaling method (Dikin), etc.


• No worst-case complexity theory but often 
good practical performance

1980s-1990s: interior point methods

• Karmarkar’s algorithm (1984)


• Competitive with simplex, often faster 
for larger problems
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Newton’s method for nonlinear equations
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Newton method
Convergence
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Main idea
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Newton’s method for optimality conditions
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Smoothed optimality conditions
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Newton’s method for smoothed optimality conditions
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The path parameter
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Primal-dual path-following 
method
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Combined step
Best of both worlds with longer 
steps



Primal-dual path-following algorithm
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(x0, s0, y0) s0, y0 > 0

<latexit sha1_base64="JbhCI3+Fo02fdPJsPg8T7ek9gdQ="></latexit>
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Working towards optimality conditions
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Optimality conditions satisfied only at convergence

Primal residual

rp = Ax+ s− b → 0
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Complementary slackness
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Smoothed optimality conditions
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Optimality conditions

Ax+ s− b = 0

AT y + c = 0

siyi = τ

s, y ≥ 0

<latexit sha1_base64="3IM8iAHG1jqSvd77yc5lzQermQ8="></latexit>
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<latexit sha1_base64="IVExJtIBu00dUFWKhbCTfbvLm5A="></latexit>

Same optimality conditions for a “smoothed” version of our problem
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Optimality conditions
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Same optimality conditions for a “smoothed” version of our problem

Do solutions actually exist?

What do they represent?



Logarithmic barrier
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Smoothed problem
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cTx

Ax+ s = b

s ≥ 0

<latexit sha1_base64="RfddrwaxJFxJJdm96A3KRooljZU="></latexit>
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Dual cost

g(y) =
x,s

L(x, s, y) = cTx+ φ(s) + yT (Ax+ s− b)

<latexit sha1_base64="XB1jexliqzHUjfpHtYDFsJdZO+Q="></latexit>
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Analytic  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Definitions
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Central path neighborhood

F◦ = {(x, s, y) | Ax+ s = b, AT y + c = 0, s, y > 0}

<latexit sha1_base64="Ff7e1tlc9HMbdd/dHJuMxVFQjYo="></latexit>

Primal-dual strictly feasible set

(almost all the feasible region)N (γ) = {(x, s, y) ∈ F� | siyi ≥ γµ} γ ∈ (0, 1]

<latexit sha1_base64="0f314IaYLoyn2a0Qr5ucz9p4ERY="></latexit>
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Mr = ˢr%ˢ



Theorem
[Page 402-406, NO]
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[Theorem 14.3] Smallest decrement
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δ > 0
<latexit sha1_base64="MHbLF4EJcYVS2n2fLESxu4nAmtM="></latexit>

µk+1 ≤ (1− δ/n)µk
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Interior-point methods for linear optimization

Today, we learned to:


• Apply Newton’s method to solve optimality conditions


• Analyze the central path and the smoothed optimality conditions


• Develop a prototype primal-dual path-following algorithm

37



Next lecture

• Practical interior-point method (Mehrotra predictor-corrector algorithm)


• Linear algebra implementation details


• Linear optimization recap
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