ORF522 - Linear and Nonlinear Optimization

10. Interior-point methods for linear optimization

Bartolomeo Stellato — Fall 2022



Midterm

 Date/Time: Thursday October 13, 11:00am — 12:20pm (80 min)
 Where: in class
 Material allowed: single sheet of paper, double-sided, hand-written or typed.

e Topics: linear optimization



Ed Forum

e Since introducing a new constraint to a primal problem is equivalent to
introducing a new variable to the dual, is there a difference between choosing to
solve one problem rather than another?

 How efficient is differentiable optimization? In neural network, people use RelLU
because it is simple in evaluating both the forward pass values and backward
differentiations. However, it seems like we need to solve a LP in every node in
forward pass and to solve a linear system in backward pass.

* |n lecture 9, we have seen that if we perturb the constraints a bit by some vector
u, the optimal value behaves as a piecewise linear function in u. In case c/NTXx
and AXx are replaced by any suitable convex functions in X, iIs such a sensitivity
analysis still possible?






Adding new variables

minimize ¢’z minimize  c'x + cpp1Tnid
subjectto Arxr=b —> subjectto Ax+ A, 1Tn11 =0
xr > 0 Ly Ln+1 > 0

Solution x*, y*

Solution (z*,0), y* optimal for the new problem?



Adding new variables

Optimality conditions

minimize ¢z + cp12n41
subjectto Ax + A, 112,41 =b ——— Solution (z*,0) is still primal feasible
Ly L1 > 0

Is y* still dual feasible?

AZ+1?J* + Cny1 2= 0

Yes Otherwise

(x*,0) still optimal for new problem Primal simplex



Adding new constraints

minimize L minimize C" X

subjectto Az =0 — subjectto Ax =0
r 2> Ay 1T = by

. x>0
Solution z*, y*

Dual
maximize —bly
SUbjeCt to ATy T+ Am+1Ym+1 T C > ()

Solution z*, (y*, 0) optimal for the new problem?



Adding new constraints

Optimality conditions

maximize —bly
subjectto A'y+ ami1yms1 +¢>0 ——» Solution (y*,0) is still dual feasible

Is x* still primal feasible?

Axr =0

T _

r > 0

Yes Otherwise

™ still optimal for new problem Dual simplex



Today’s lecture
[Chapter 14, NO][Chapters 17/18, LP]

e History

 Newton’s method

* Central path

* Primal-dual path following method
* |ogarithmic barrier functions

 Convergence
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problems by businesses and Govern-
| ment agencies and also make it possi-
! ble to tackle problems that are now far
out of reach.

| “This is a path-breaking result,"” 1 2

o -

| s roe s - o il Dervirdil vty

{
1
!
g

st v P age B - ]

| said Dr. Ronald L. Graham, director of
mathematical sciences for Bell Labs in
| Murray Hill, N.J. “‘Science has {ts mo-

—

e e ———




Newton’s method



Newton’s method for nonlinear equations

Derivative
- Ohy .. Ohy
8331 6xn
Goal: solve Dl — . . .
h(z) =0 ' ' '
Ohm . Ohm
_ (9:13‘1 8azn _
First-order approximation Ilteratively set to zero
h(z) ~ h(z) + Dh(z)(x —z) ——> h(z") + Dh(z")(z"" —z") =0
Ax
lterations

- Solve Dh(x")Ax = —h(xF)
o phtl 2k 4 Ag

14



Newton method

Convergence

Iterations
- Solve Dh(2*)Az = —h(z")
o phtl ok 4 Ag

Remarks

» [terations can be expensive (linear system solution)
- Fast (quadratic) convergence close to the solution x>

15



Optimality conditions

Primal Dual
minimize ¢!z minimize ¢!z maximize —bly
subjectto Ax <b - subjectto Ax+s=0> subjectto A‘y+c=0

s >0 y > 0

Optimality conditions

Ar+s—b=0
Aty+c=0
$iYi = 0

s,y >0
16



Main idea

Optimality conditions

hz,s,y) = | Aly+c
SY1

s,y >0

_ALB—I—S—I?_

= (

S = diag(s)
Y = diag(y)

» Apply variants of Newton’s method to solve h(x, s,y) =0

» Enforce s,y > 0 (strictly) at every iteration

» Motivation avoid getting stuck in “corners”

17



Newton’s method for optimality conditions

Root-finding equation

hiz,s,y) =

Linear system

Dh

0 A I
AT 0 0
'S 0 Y||

Line search to enforce s,y > 0

Ay
Az
As

Ar+s—b

Aly+c | =0

SY1

(%, 8,y) < (@, 8,y) + a(Az, As, Ay)

Residuals
r, =Ax +s—0b

rqg = Aty + c

Issue

Newton’s step does not allow
significant progress towards both
h(z,s,y) =0and s,y > 0.

18



Central path



Smoothed optimality conditions

Optimality conditions

Ar+s—b=0

Aty+c=0
s;y; =T <«——— Same 71 for every pair

s,y >0

Same optimality conditions for a “smoothed” version of our problem

Duality gap
sty=0b—-Az)'y=blo—z'A'y=>b'y+c'x

20



Newton’s method for smoothed optimality conditions

Smoothed optimality conditions

Axr +s—0b
he(x,s,y)= | Aly4+c | =0
SY1—71
s,y >0
Linear system
0 A I _Ay_ i —7Tp )
AT 0 0 Ax| = —7
S 0 Y| |As —SY +711

Line search to enforce s,y > 0
(z,8,y) « (z,8,y) + a(Az, As, Ay) 21



The path parameter

Linear system

Duality measure 0 A 11T Ay i —r, i
- sTy (average value of AT o0 ol |Azl = —r
"7 " the pairs s;y;) S 0 Y| [As —SY1+opul
Centering parameter =0 = Newton step
o € [0,1] c=1 = Centering step towards (y*(u), x* (1), s* (1))

Line search to enforce s,y > 0
(y7$78) % (y7aj78) _l_ (X(Ay,AQE,AS) o



The central path

S2Y2a ,

S1Y1



Primal-dual path-following
method




Path-following algorithm idea

Newton step .

-y

~Centering step. "}

o=1

|

’I

o =0

Combined step

Centering step
It brings towards the central path

and Is usually biased towards s,y > 0.
No progress on duality measure u

Newton step

It brings towards the zero duality
measure ;.. Quickly violates s,y > 0.

Combined step
Best of both worlds with longer

steps 25



Primal-dual path-following algorithm

Initialization

1. Given (CC(), S0 ; y()) such that sg, yg > 0

Iterations

1. Choose o € |0, 1]

2. Solve

0 A I
AT 0 0
S 0 Y

—5Y1

ol

where 1 = st y/m

3. Find maximum « such that y + Ay > 0and s + aAs > 0

4. Update (z,s,y) < (z,s,y) + a(Ax, As, Ay)

20



Working towards optimality conditions

Optimality conditions satisfied only at convergence

Primal residual Stopping criteria
r,=Ar+s—b—0 |7pl| < €pri

Dual residual
Td:ATy—I—c%O I7q]] < €dua

Complementary slackness
T
sty — 0 S™ Y < €gap

27



Logarithmic Barrier Functions



Smoothed optimality conditions

Optimality conditions

Ar +s—b=0

Aty+c=0
S;Y; =T <«——— Same 7 for every pair

s,y > 0

Same optimality conditions for a “smoothed” version of our problem

Do solutions actually exist?

What do they represent?

29



Logarithmic barrier

—7 > i1 108(si)

1.0

ondomain s; > 0

As 7 — O It approximates

5207 ) o otherwise

30



Smoothed problem
minimize ¢’z
subjectto Ar+s=b6 —

s >0

minimize c¢lx ¢(x) = cla — 7221 log(s;)
subjectto Az +s=5b

Dual cost

g(y) = minimize L(z, s,y) = ¢’z + ¢(s) + y* (Az + s — b)

T,S

a—ﬁzATy%—c:O
ox
oL 1
= —T Fy;, =0 = sy, =T

88@ S,

31



Analytic

Central path Center 1000
T — OO
minimize ¢’z — 7> " log(s;)
subjectto Az +s=050 |
Set of points (z*(7), s*(7),y* (7))
with 7 > 0 such that
Ar+s5s—-0=0 1/5
Aty +c=0
SiYi = T
s,y > 0
Main idea 1/100
T 32

Follow central pathas  — 0



Convergence



Definitions

Primal-dual strictly feasible set
Fe={(x,s,y) | Axr+s=b, A'ly+c=0, s,y >0}

Central path neighborhood
N(v) ={(z,s,y) € F° | sqys > yp}  withy € (0,1]  (almost all the feasible region)

34



Theorem
[Page 402-406, NOJ

[Theorem 14.3] Smallest decrement

i1 < (1 —=40/n) uk with constant 6 > 0

Ilteration complexity
Given (xg, s0,v0) € N (7), there exists K = O(nlog(1/¢)) such that

up < eug forall k > K

Remark Modified versions achieve O(y/nlog(1/e))

35



Ilteration complexity proof

[Page 402-406, NO] i1 < (1= 68/n)

(take logarithm) (@pply iteratively)
log 41 < log (1 —6/n) +log upy ——— logux < klog (1 —6/n) + log uo

Sincelog(1+8) <8, VB8>-1 —— log(ur/1o) < k(—0/n)

If k(—d0/n) < log(e)
then log(ur /o) < log(e). Therefore, ug /o < €

Rewriting the inequality: k& > (n/8)log(1/e) B

36



Interior-point methods for linear optimization

Today, we learned to:
 Apply Newton’s method to solve optimality conditions
 Analyze the central path and the smoothed optimality conditions

 Develop a prototype primal-dual path-following algorithm

37



Next lecture

* Practical interior-point method (Mehrotra predictor-corrector algorithm)
* Linear algebra implementation detalils

* Linear optimization recap

38



