
Bartolomeo Stellato — Fall 2022

ORF522 – Linear and Nonlinear Optimization
5. The simplex method



Ed Forum

• In the worst case scenario I will need to go through all the vertex, which 
would be very costly. Is there a way to garantee that in most cases this will 
not be the outcome? Is there a way to choose the starting point of the 
algorithm so we avoid the worst case? 

• How can we tell every basic feasible solution is non-degenerate from the 
problem settings? Do we need to compute all extreme points
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Recap



Standard form polyhedra
Definition
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cTx

Ax = b

x ≥ 0

<latexit sha1_base64="Zs8r51jllvVlqCLDc4l3JrKWQHU="></latexit>

Standard form LP P = {x | Ax = b, x ≥ 0}

<latexit sha1_base64="Pb1euq8zO1c1t7w61bGi+wUOyKs="></latexit>

Standard form polyhedron

x1

<latexit sha1_base64="qpqh7hiByCI+mm28AIIcKUzVuew="></latexit>

x2

<latexit sha1_base64="2b7zNai+/76/6tDM10UithgaioQ="></latexit>

x3

<latexit sha1_base64="Bu8vHqVPZKf1Xp59c7LxwwO6WNs="></latexit>

A ∈ R
m×n m ≤ n

<latexit sha1_base64="4E9mFuBAhFpYMiz36gYx/4CUGt4="></latexit>

Assumption

Interpretation

P (n−m)

<latexit sha1_base64="pKaiozJdIyKLr5+ySyyL82AT5ak="></latexit>



Standard form polyhedra
Visualization
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x1

<latexit sha1_base64="qpqh7hiByCI+mm28AIIcKUzVuew="></latexit>

x2

<latexit sha1_base64="2b7zNai+/76/6tDM10UithgaioQ="></latexit>

x3

<latexit sha1_base64="Bu8vHqVPZKf1Xp59c7LxwwO6WNs="></latexit>

x
1
=
0

<latexit sha1_base64="vUI2x4DFP8pWbSkB8mPq6vCvJwk="></latexit>

x2
= 0

<latexit sha1_base64="HjGchzv7wORPe3VrfA2B6GQf69E="></latexit>

x
3
=
0

<latexit sha1_base64="4QY8aNLBoe4lgAp4nJh1BhVRMlw="></latexit>

x
4 =

0

<latexit sha1_base64="DCS6uqKPwEN7OTGXWt6Qg9Ti3vw="></latexit>

x
5
=
0

<latexit sha1_base64="QdaZ1PVIvC20/sSvDkK+5YWA02Q="></latexit>

Three dimensions Higher dimensions

P = {x | Ax = b, x ≥ 0}, n−m = 2

<latexit sha1_base64="BNiXh854hs9dhJnfMQwquzRvcCo="></latexit>



Neighboring solutions
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x

<latexit sha1_base64="H3tO1OlS6re8CGmMtrCXjzGdbE0="></latexit>

y

<latexit sha1_base64="wO7JwEx9yskURCE8d1DLTnSuRPY="></latexit>

Two basic solutions are neighboring if their 
basic indices differ by exactly one variable

<latexit sha1_base64="g121zA88CEu+4gxodONG3tM51KU="></latexit>

B = {1, 3, 5}

<latexit sha1_base64="q+tOo6oObIFIZmmGiI7fjxKK/Ko="></latexit>

ABxB = b

<latexit sha1_base64="AxY6/wqH9fhC+K4oL4mkZB2yfTw="></latexit>

xB =







x1

x3

x5






=







0

1

2.5







<latexit sha1_base64="CqNY/jqPLnfuyICthgX22d5YFPk="></latexit>

x2 = x4 = 0

Example
<latexit sha1_base64="1FnNRc5l8/2Jdww5Y4/CTARQwjY="></latexit>

A

<latexit sha1_base64="+TaFCBQRkOWe05h6v5Y6C7wee3M="></latexit>

b
<latexit sha1_base64="wEYlTmec4tJvyjaojqODJFQLcLU="></latexit>






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
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










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
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





=







−5

−1

14







<latexit sha1_base64="t8ytXMUUUsA8/eGxFrlgXcO/Nao="></latexit>

B̄ = {1, 3, 4}

<latexit sha1_base64="63PGkml6n6u8Ko21B6ua5GMyr1U="></latexit>

AB̄yB̄ = b

<latexit sha1_base64="PRqdFUuzxEg3+k3OCo348jVYHO0="></latexit>

y2 = y5 = 0
<latexit sha1_base64="eMpFaw31KIr2659XZpxUmmy9NrE="></latexit>

yB̄ =







y1

y3

y4






=
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


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



Feasible directions
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P = {x | Ax = b, x ≥ 0}

<latexit sha1_base64="Pb1euq8zO1c1t7w61bGi+wUOyKs="></latexit>

x

<latexit sha1_base64="GfvWojYGOg5KCDp6XdPuqR4HkW4="></latexit>

<latexit sha1_base64="W2UrMzn+arcseCOeLJrw2vN4pWs="></latexit>

AB =

h

AB(1) . . . AB(m)

i

<latexit sha1_base64="0Q2qH2lqdAvuZpAJ2eaLkyOcn+w="></latexit>

xB ABxB = b

xi = 0, 8i 6= B(1), . . . , B(m)

Conditions

d

<latexit sha1_base64="aaXKfgHpgww2AjIgi2u5dGhEIiI="></latexit>

A(x+ θd) = b =⇒ Ad = 0
x+ θd ≥ 0

<latexit sha1_base64="cKZ7cXmBaTTGVD43OlEe5II8WZ8="></latexit>

x ∈ P d x

<latexit sha1_base64="VlY1U59cuBPxPCz8Kmw+UBIxQPw="></latexit>

∃θ > 0 x+ θd ∈ P

<latexit sha1_base64="eA3gMT/UNWKcaWVZpEeWk7NGjgs="></latexit>



Feasible directions
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Nonbasic indices

Basic indices
<latexit sha1_base64="iGekcHrgTA1UP1NF3aSxQZHfMcI="></latexit>

Ad = 0 =

n∑

i=1

Aidi = ABdB +Aj = 0 =⇒ dB = −A
−1

B Aj

Computation

Basic directiondj = 1
dk = 0, ∀k /∈ {j, B(1), . . . , B(m)}

<latexit sha1_base64="j7gjCALL3UxrZCYogKBTUMPfWbI="></latexit>

Non-negativity (non-degenerate assumption)

xi = 0 di ≥ 0

xB > 0 ∃θ > 0 xB + θdB ≥ 0

<latexit sha1_base64="veYMvytyChEhq40fjAfVjnrCL1w="></latexit>

d

<latexit sha1_base64="aaXKfgHpgww2AjIgi2u5dGhEIiI="></latexit>

A(x+ θd) = b =⇒ Ad = 0
x+ θd ≥ 0

<latexit sha1_base64="cKZ7cXmBaTTGVD43OlEe5II8WZ8="></latexit>



Stepsize
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c̄j

<latexit sha1_base64="BgA/N1KyykZ8lWmPqGNPoSyhhDk="></latexit>

xj

<latexit sha1_base64="e/pT3QbcUYxP8s5/CyE6OC3Qp+c="></latexit>

Unbounded

d ≥ 0 θ
?
= ∞

<latexit sha1_base64="3dGuwBvjRt0t9tiXsM1UNTOQCGQ="></latexit>

How far can we go?

θ
⋆
= max{θ | θ ≥ 0 x+ θd ≥ 0}

<latexit sha1_base64="tVGmmOKi5CBkWULOkuXYuIEKvm4="></latexit>

d j

<latexit sha1_base64="HN8GbZ/sdUeyKll2x8TJqDqMub8="></latexit>

Bounded

di < 0 i

<latexit sha1_base64="WJW9niqTNIKuAXUe6HvWUCiQezQ="></latexit>

θ
⋆
= min

{i|di<0}

(

−

xi

di

)

= min
{i∈B|di<0}

(

−

xi

di

)

<latexit sha1_base64="F2doJCzsyGZmR+7xVwJgXp5AAok="></latexit>

<latexit sha1_base64="A+czC7Dfpn5AoQ44TvLRGb9Rt5I="></latexit>

di ≥ 0, i /∈ B



Moving to a new basis
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B(`) ∈ {B(1), . . . , B(m)} ✓
? = −

xB(`)

dB(`)

<latexit sha1_base64="vn5XdzSb1je9KhJwkxDZ7Ut5yxI="></latexit>

xB(ℓ) + θ
⋆
dB(ℓ) = 0

<latexit sha1_base64="k2VkjGWKxdNMyvH9jXpOmiWYPlY="></latexit>

Next feasible solution

x+ θ
⋆
d

<latexit sha1_base64="6G8G1nf6ziMxQYaYNzqBo5iDpv8="></latexit>

New solution
xB(`) 0

xj θ
?

<latexit sha1_base64="raiwTiVOmO4qzrWZjCTxLb0OK6Q="></latexit>

New basis
<latexit sha1_base64="NhLPOUn26Cnk/2XXEVz/Z4jFARo="></latexit>

AB̄ =

[

AB(1) . . . AB(ℓ−1) Aj AB(ℓ+1) . . . AB(m)

]



An iteration of the simplex method
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Initialization

<latexit sha1_base64="yCKkTs5RUK90mAU0Y4YbfqvbKtA="></latexit>

d

dj = 1 ABdB = −Aj

dB ≥ 0

−∞

θ
? = min

{i∈B|di<0}

✓

−
xi

di

◆

y y = x+ θ
?d

B̄ i j

<latexit sha1_base64="yCKkTs5RUK90mAU0Y4YbfqvbKtA="></latexit>

c̄

AT
Bp = cB

c̄ = c−AT p

c̄ ≥ 0 x

j c̄j < 0

Iteration steps

<latexit sha1_base64="NZvWvRsjwpn+rbOIRkvNiZ1PVnQ="></latexit>

x

AB =

h

AB(1) . . . , AB(m)

i



Today’s agenda
[Chapter 3, LO]

• Find initial feasible solution


• Degeneracy


• Complexity

12



Find an initial point in simplex 
method



Initial basic feasible solution
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cTx

Ax = b

x ≥ 0

<latexit sha1_base64="Zs8r51jllvVlqCLDc4l3JrKWQHU="></latexit>

x B

<latexit sha1_base64="tKevXtWiEptAnsP8pNu8UY95kDw="></latexit> <latexit sha1_base64="IXn75ocirHeI/qVynG5Acefv+B8="></latexit>



Finding an initial basic feasible solution
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cTx

Ax = b

x ≥ 0

<latexit sha1_base64="Zs8r51jllvVlqCLDc4l3JrKWQHU="></latexit>

b ≥ 0 −1

<latexit sha1_base64="M6ps24wDXV5g3iX8BJh4xYBweDA="></latexit>

x = 0, y = b

<latexit sha1_base64="Zhegg7WC8SwT03pybBFSEMcCUwE="></latexit>

Minimize  
violations

Possible outcomes

y? = 0 x?

y? > 0

<latexit sha1_base64="IbKyAgvLSJQhdj0E9x+Cvdznou0="></latexit>

Auxiliary problem

1
T y

Ax+ y = b

x ≥ 0, y ≥ 0

<latexit sha1_base64="+pCm4bomt6xnRomjEw91XEDHRfg="></latexit>



Two-phase simplex method
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Phase I

Phase II 

y

x B

<latexit sha1_base64="XBC7kbiKACIk8VGE7yCa+h/eIXc="></latexit>

b ≥ 0
(x, y) = (0, b)

0

<latexit sha1_base64="DCFBzVwUmb+lA/IyLdgAFid9r+4="></latexit>



Big-M method
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cTx+M1
T y

Ax+ y = b

x ≥ 0, y ≥ 0

<latexit sha1_base64="V//CIzKwChlIMInr0rM4m3zdoYM="></latexit>

Very large 
constant

Incorporate penalty in the cost

y = b ≥ 0

y

<latexit sha1_base64="CkSKlf811LSPMDsyhRkHWBzMBB4="></latexit>

M

<latexit sha1_base64="/8zVo6u8i3YGJOGgcYQfjuuVX4M="></latexit>

Remarks



Degeneracy



Degenerate basic feasible solutions
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P

<latexit sha1_base64="FmklyEZzjjTLBeAdUsLiJPb7K3w="></latexit>

y

<latexit sha1_base64="0DzzaOjvnm3TEFKEaeNi+awmPIc="></latexit>

<latexit sha1_base64="KNnRp9yP7safL2CuekCcHSbERls="></latexit>

P = {x | Ax ≤ b}

<latexit sha1_base64="IxxMh3jkVC2onlZGWfl5szOVUJo="></latexit>

y |I(x̄)| > n
Inequality form polyhedron



Degenerate basic feasible solutions
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x

<latexit sha1_base64="GfvWojYGOg5KCDp6XdPuqR4HkW4="></latexit>

<latexit sha1_base64="W2UrMzn+arcseCOeLJrw2vN4pWs="></latexit>

AB =

h

AB(1) . . . AB(m)

i

<latexit sha1_base64="nJHRDakn3fIjj4QDuG4rQDla+p0="></latexit>

ABxB = b

xi = 0, 8i 6= B(1), . . . , B(m)

xB = 0

<latexit sha1_base64="jCR/fN7UmhEYPIjtHLq2noD1djo="></latexit>

Standard form polyhedron

x
1
=
0

<latexit sha1_base64="vUI2x4DFP8pWbSkB8mPq6vCvJwk="></latexit>

x2
= 0

<latexit sha1_base64="HjGchzv7wORPe3VrfA2B6GQf69E="></latexit>

x
3
=
0

<latexit sha1_base64="4QY8aNLBoe4lgAp4nJh1BhVRMlw="></latexit>

x
4 =

0

<latexit sha1_base64="DCS6uqKPwEN7OTGXWt6Qg9Ti3vw="></latexit>

x
5
=
0

<latexit sha1_base64="QdaZ1PVIvC20/sSvDkK+5YWA02Q="></latexit>

x
6
=
0

<latexit sha1_base64="zI6ioGbcrADSokamZkRs5cefqqY="></latexit>

P = {x | Ax = b, x ≥ 0}

<latexit sha1_base64="Pb1euq8zO1c1t7w61bGi+wUOyKs="></latexit>



Degenerate basic feasible solutions
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Example

Degenerate solutions

B = {1, 2}

<latexit sha1_base64="+8aHgAYXuk0GiD1sU3MlNn8pbe8="></latexit>

x = (0, 1, 0)

<latexit sha1_base64="2Rflfc8qBlzOPFGlssnZ+SgNQck="></latexit>

x1 + x2 + x3 = 1

−x1 + x2 − x3 = 1

x1, x2, x3 ≥ 0

<latexit sha1_base64="u4knQCalVpynyGV9ftVs9qZNl+A="></latexit>

B = {2, 3}

<latexit sha1_base64="Q4JBMK/WKN98U13mEATpcTyxxCI="></latexit>

y = (0, 1, 0)

<latexit sha1_base64="Xhpc15VtD9cpJpfe9oZn6MA3900="></latexit>



Cycling
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Stepsize

i ∈ B di < 0 xi = 0

<latexit sha1_base64="ReUG7vJ+1CTLgMzeB72VoGh5c08="></latexit>

θ
?
= 0

<latexit sha1_base64="bdoQlcqMdZHggQRhUxvbxQDxGH0="></latexit>

y = x+ θ
?x = x B = B̄

<latexit sha1_base64="FhG1whdYusMHnCl1BHP8wq0OM4c="></latexit>

Same solution and cost 
Different basis

Finite termination no longer guaranteed!

How can we fix it?

Pivoting rules

<latexit sha1_base64="6+AtkSL/hsZ8kfX3UEf5QFImfAc="></latexit>

≥

θ
? = min

{i∈B|di<0}

✓

−
xi

di

◆

?



Pivoting rules
Choose the index entering the basis 
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≥

j c̄j < 0

<latexit sha1_base64="fYUEYkg++HB1Ieu7GjCx0v/sXis="></latexit>

Simplex iterations

j

<latexit sha1_base64="PhQZFgLyRkIK590g3Ni3ko3BqFc="></latexit>

Possible rules

j c̄j < 0

j c̄j
j θ

?|c̄j |

<latexit sha1_base64="AJnm9+4xzDW5aEa0iPYXipPnX9I="></latexit>



≥ −∞

θ
? = min

{i∈B|di<0}

✓

−
xi

di

◆

<latexit sha1_base64="fYUEYkg++HB1Ieu7GjCx0v/sXis="></latexit>

Pivoting rules
Choose index exiting the basis

24

Simplex iterations i xi = 0

<latexit sha1_base64="j4oP/bEA7P+RMp01APtjCxNzWlA="></latexit>

i

<latexit sha1_base64="brwBgtjsFQo7OHDwcG5BW679jxI="></latexit>

Smallest index rule

i θ
?
= −

xi

di

<latexit sha1_base64="Fru0ZPIKtRBcZwyQ9I0gwVaTgpw="></latexit>



Bland’s rule to avoid cycles
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Theorem

j

i

<latexit sha1_base64="udWhuvAZ+ILbNtdwer0uJiBOwbc="></latexit>

Proof idea [Ch 3, Sec 4, LP][Sec 3.4, LO]

• Assume Bland’s rule is applied and there exists a cycle with different bases.


• Obtain contradiction.



Perturbation approach to avoid cycles

26

x
1
=
0

<latexit sha1_base64="vUI2x4DFP8pWbSkB8mPq6vCvJwk="></latexit>

x2
= 0

<latexit sha1_base64="HjGchzv7wORPe3VrfA2B6GQf69E="></latexit>

x
3
=
0

<latexit sha1_base64="4QY8aNLBoe4lgAp4nJh1BhVRMlw="></latexit>

x
4 =

0

<latexit sha1_base64="DCS6uqKPwEN7OTGXWt6Qg9Ti3vw="></latexit>

x
5
=
0

<latexit sha1_base64="QdaZ1PVIvC20/sSvDkK+5YWA02Q="></latexit>

x
6
=
0

<latexit sha1_base64="zI6ioGbcrADSokamZkRs5cefqqY="></latexit>

x
1
=
0

<latexit sha1_base64="vUI2x4DFP8pWbSkB8mPq6vCvJwk="></latexit>

x2
= 0

<latexit sha1_base64="HjGchzv7wORPe3VrfA2B6GQf69E="></latexit>

x
3
=
0

<latexit sha1_base64="4QY8aNLBoe4lgAp4nJh1BhVRMlw="></latexit>

x
4 =

0

<latexit sha1_base64="DCS6uqKPwEN7OTGXWt6Qg9Ti3vw="></latexit>

x
5
=
0

<latexit sha1_base64="QdaZ1PVIvC20/sSvDkK+5YWA02Q="></latexit>

x
6
=
0

<latexit sha1_base64="zI6ioGbcrADSokamZkRs5cefqqY="></latexit>

Ax = b+ ε

<latexit sha1_base64="Uygk5Fja8dUVpUr6CbCo+cz7dPs="></latexit>



Complexity



Complexity
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<latexit sha1_base64="B0gIfuHfEbtJj7rDG5rQgnjexHw="></latexit>

Estimate complexity of an algorithm

<latexit sha1_base64="TXGur4qpNuCDxEEWYjj2aY1GUzA="></latexit>



Complexity

29

Notation

Polynomial 
Practical 

 

Exponential 
Impractical!

0 20 40 60 80 100
n

0

20

40

60

80

100

f
(n
)

2n

n2

n

n log(n)
√

n

log(n)

g(x) ∼ O(f(x)) c > 0 x0

|g(x)| ≤ cf(x), ∀x ≥ x0

<latexit sha1_base64="ZC2IwMMxncS5pD5t7xhY/T8VDDU="></latexit>
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P NP

<latexit sha1_base64="Qe0OfPA+AksKDA+VNi+yo+mUhVo="></latexit>

P ⊂ NP

NP

<latexit sha1_base64="+dNvyi4zEnDjqFWidbNhIcW2G64="></latexit>

P = NP

<latexit sha1_base64="DiFEcNWayx7RCIOl0ct1LinOWGI="></latexit>

We don’t know any 
polynomial time  
algorithm

There exists a polynomial 
time algorithms to solve it

<latexit sha1_base64="D6LrXsKF6uAyQ8XImVig9V54uf8="></latexit>

P
<latexit sha1_base64="R/LuJpFoaYeQP190DO9Cv5GArrI="></latexit>

NP

Given a candidate solution, 
there exists a polynomial 
time algorithm to verify it.

<latexit sha1_base64="tRtQzICjNvMIaJPgs4O1zGqPfNE="></latexit>

NP

At least as hard as the 
hardest problem in 

<latexit sha1_base64="uHdVwAAaBDzm7ECCNv9jUA9rEU0="></latexit>

NP



Example of worst-case behavior
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Complexity of the simplex method

Innocent-looking problem

−xn

0 ≤ x ≤ 1

<latexit sha1_base64="s1B0ngCB9s4ZcRGvL+j2J4UWM1w="></latexit>

2
n/2 1

<latexit sha1_base64="02N/W6S970ABFz7MFhQaRopupAA="></latexit>

2
n/2 0

<latexit sha1_base64="Cv22yso5DCCiy1lA4s2Qsc6FDEQ="></latexit>

2
n

<latexit sha1_base64="HiT9ntt9qNZUmP02NSIX67EE+qI="></latexit>

−xn

ε ≤ x1 ≤ 1

εxi−1 ≤ xi ≤ 1− εxi−1, i = 2, . . . , n

<latexit sha1_base64="Yq3HULul1o69xdv26g58B0yccxA="></latexit>

Perturb unit cube

x2

<latexit sha1_base64="2b7zNai+/76/6tDM10UithgaioQ="></latexit>

x1

<latexit sha1_base64="qpqh7hiByCI+mm28AIIcKUzVuew="></latexit>

x3

<latexit sha1_base64="Bu8vHqVPZKf1Xp59c7LxwwO6WNs="></latexit>

x
⋆

<latexit sha1_base64="+jDiYZ6ROT1P7S+wPmpE8k10UWU="></latexit>



Example of worst-case behavior
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Complexity of the simplex method

−xn

ε ≤ x1 ≤ 1

εxi−1 ≤ xi ≤ 1− εxi−1, i = 2, . . . , n

<latexit sha1_base64="Yq3HULul1o69xdv26g58B0yccxA="></latexit>

x2

<latexit sha1_base64="2b7zNai+/76/6tDM10UithgaioQ="></latexit>

x1
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Complexity of the simplex method
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We do not know any polynomial 
version of the simplex method,  
no matter which pivoting rule we 
pick.

Still open research question!

Worst-case

n m O(2n)
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Good news: average-case

O(n)
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The simplex method

Today, we learned to:


• Formulate auxiliary problem to find starting simplex solutions


• Apply pivoting rules to avoid cycling in degenerate linear programs 

• Analyze complexity of the simplex method
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Next lecture

• Numerical linear algebra


• “Realistic" simplex implementation


• Examples
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