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4. The simplex method

ORF522 – Linear and Nonlinear Optimization



Ed Forum

• Problem sizes in different formulations. What is m? 

• Vector x is a basic solution if and only if there exists m columns of A being 
linearly independent. I'm just wondering what if there aren't m independent 
columns, what does it mean? Also, what does it mean if there're multiple sets 
of independent columns. Does it have any geometric meaning, like any 
relationship with the extreme points in polyhedron?
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Equivalence
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P = {x | Ax ≤ b}

<latexit sha1_base64="s9qCnMF9xZ3KGk5vRIKD1AvJVtM="></latexit>
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x ∈ P
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x ⇐⇒ x ⇐⇒ x
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x
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Basic feasible solution
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P = {x | aT
i
x ≤ bi, i = 1, . . . ,m}

<latexit sha1_base64="5W7VR71BzoEwCFbfX/9vBULC7hA="></latexit>



Basic feasible solution

5

P = {x | aT
i
x ≤ bi, i = 1, . . . ,m}
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Index of all the constraints 
satisfied as equalityI(x̄) = {i ∈ {1, . . . ,m} | aT

i
x̄ = bi}
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x̄
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Basic feasible solution

5

P = {x | aT
i
x ≤ bi, i = 1, . . . ,m}

<latexit sha1_base64="5W7VR71BzoEwCFbfX/9vBULC7hA="></latexit>

{ai | i ∈ I(x̄)} n

<latexit sha1_base64="TaxDB+LItt6PM4zEHhzHOPDnM8k="></latexit>

x̄

<latexit sha1_base64="MVtU8SZq9GjmjwLmsscQwCfSPOQ="></latexit>

x̄

<latexit sha1_base64="a5e87ZDyMx2QQwA3406b0h2YQgw="></latexit>

x̄ ∈ P

{ai | i ∈ I(x̄)} n

<latexit sha1_base64="skDM03FmuHa3zk1QRDGYHMSvF5w="></latexit>

x̄

<latexit sha1_base64="+dv5Cjc7OVWCvqRLiQDqRgeP+EA="></latexit>

Index of all the constraints 
satisfied as equalityI(x̄) = {i ∈ {1, . . . ,m} | aT

i
x̄ = bi}

<latexit sha1_base64="oscbIXuQkTlbV5DJEvzMU91qftE="></latexit>

x̄

<latexit sha1_base64="kKEAZ9ZK+R0T9sSfigOFjWA8xoY="></latexit>



Standard form polyhedra
Definition
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cTx

Ax = b

x ≥ 0

<latexit sha1_base64="Zs8r51jllvVlqCLDc4l3JrKWQHU="></latexit>

Standard form LP P = {x | Ax = b, x ≥ 0}

<latexit sha1_base64="Pb1euq8zO1c1t7w61bGi+wUOyKs="></latexit>

Standard form polyhedron

x1
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A ∈ R
m×n m ≤ n

<latexit sha1_base64="4E9mFuBAhFpYMiz36gYx/4CUGt4="></latexit>
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Interpretation

P (n−m)

<latexit sha1_base64="pKaiozJdIyKLr5+ySyyL82AT5ak="></latexit>



Basic solutions
Standard form polyhedra
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P = {x | Ax = b, x ≥ 0}
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x
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Ax = b

B(1), . . . , B(m)

AB(1), . . . , AB(m)

xi = 0 i 6= B(1), . . . , B(m)

<latexit sha1_base64="DT6vWfS/8uJWF7Y+FAivj2sZMek="></latexit>

x x x ≥ 0
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From geometry to standard form
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cTx

Ax ≤ b
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From geometry to standard form
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From geometry to standard form
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For a basic solution
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ñ− m̃ = 2n

⇒ x̃i = 0
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From geometry to standard form

8

cTx

Ax ≤ b

<latexit sha1_base64="UPvtrex6p4yaOxH9Gbcnr/uQ7VE="></latexit>

m ⇒ x̃i > 0

<latexit sha1_base64="NC/WSFg/TF4EZ1K3YcbwVVrQu94="></latexit>

cT (x+ − x−)

[

A −A I

]







x+

x−

s






= b

(x+, x−, s) ≥ 0

<latexit sha1_base64="lmEd/M41nTyx4JLqAnaW7rkEMRY="></latexit>
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Formal proof at  

Theorem 2.4 LO book



Constructing basic solution
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m A AB(1), . . . , AB(m)

xi = 0 i 6= B(1), . . . , B(m)
Ax = b xB(1), . . . , xB(m)

<latexit sha1_base64="fUNKnmFFvJt39//9EjlNOIIAqpU="></latexit>
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Optimality of extreme points
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We only need to search between extreme points

cTx

Ax ≤ b
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P

x
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x
⋆

<latexit sha1_base64="Xf4s8Xxn1VLrcVs2ZzPFTzHijSE="></latexit>



Conceptual algorithm

• Start at corner


• Visit neighboring corner that 
improves the objective
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Today’s agenda
Readings: [Chapter 3, LO]

Simplex method 

- Iterate between neighboring basic solutions


- Optimality conditions


- Simplex iterations

12



The simplex method
Top 10 algorithms of the 20th century

13[SIAM News (2000)]

1946: Metropolis algorithm 

1947: Simplex method 
1950: Krylov subspace method  
1951: The decompositional approach to matrix computations  
1957: The Fortran optimizing compiler 
1959: QR algorithm 

1962: Quicksort  
1965: Fast Fourier transform 

1977: Integer relation detection  
1987: Fast multipole method



The simplex method
Top 10 algorithms of the 20th century

13[SIAM News (2000)]

1946: Metropolis algorithm 

1947: Simplex method 
1950: Krylov subspace method  
1951: The decompositional approach to matrix computations  
1957: The Fortran optimizing compiler 
1959: QR algorithm 

1962: Quicksort  
1965: Fast Fourier transform 

1977: Integer relation detection  
1987: Fast multipole method

George Dantzig



Neighboring basic solutions



Neighboring solutions
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Two basic solutions are neighboring if their 
basic indices differ by exactly one variable
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Feasible directions
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P = {x | Ax = b, x ≥ 0}
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Conditions
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A(x+ θd) = b =⇒ Ad = 0
x+ θd ≥ 0
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x ∈ P d x
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11 "



Feasible directions

17

Nonbasic indices

Computation

Basic directiondj = 1
dk = 0, ∀k /∈ {j, B(1), . . . , B(m)}

<latexit sha1_base64="j7gjCALL3UxrZCYogKBTUMPfWbI="></latexit>

d

<latexit sha1_base64="aaXKfgHpgww2AjIgi2u5dGhEIiI="></latexit>

A(x+ θd) = b =⇒ Ad = 0
x+ θd ≥ 0

<latexit sha1_base64="cKZ7cXmBaTTGVD43OlEe5II8WZ8="></latexit>

"
(×:-#



Feasible directions

17

Nonbasic indices

Basic indices
<latexit sha1_base64="iGekcHrgTA1UP1NF3aSxQZHfMcI="></latexit>

Ad = 0 =

n∑

i=1

Aidi = ABdB +Aj = 0 =⇒ dB = −A
−1

B Aj

Computation

Basic directiondj = 1
dk = 0, ∀k /∈ {j, B(1), . . . , B(m)}

<latexit sha1_base64="j7gjCALL3UxrZCYogKBTUMPfWbI="></latexit>

d

<latexit sha1_base64="aaXKfgHpgww2AjIgi2u5dGhEIiI="></latexit>

A(x+ θd) = b =⇒ Ad = 0
x+ θd ≥ 0

<latexit sha1_base64="cKZ7cXmBaTTGVD43OlEe5II8WZ8="></latexit>

dn = (0 .
. .

010
. . _ d)

⇒



Feasible directions

17

Nonbasic indices

Basic indices
<latexit sha1_base64="iGekcHrgTA1UP1NF3aSxQZHfMcI="></latexit>

Ad = 0 =

n∑

i=1

Aidi = ABdB +Aj = 0 =⇒ dB = −A
−1

B Aj

Computation

Basic directiondj = 1
dk = 0, ∀k /∈ {j, B(1), . . . , B(m)}

<latexit sha1_base64="j7gjCALL3UxrZCYogKBTUMPfWbI="></latexit>

Non-negativity (non-degenerate assumption)

xi = 0 di ≥ 0

xB > 0 ∃θ > 0 xB + θdB ≥ 0

<latexit sha1_base64="veYMvytyChEhq40fjAfVjnrCL1w="></latexit>

d

<latexit sha1_base64="aaXKfgHpgww2AjIgi2u5dGhEIiI="></latexit>

A(x+ θd) = b =⇒ Ad = 0
x+ θd ≥ 0

<latexit sha1_base64="cKZ7cXmBaTTGVD43OlEe5II8WZ8="></latexit>

"

LT

⇔=
→

11



x1

<latexit sha1_base64="qpqh7hiByCI+mm28AIIcKUzVuew="></latexit>

x2

<latexit sha1_base64="2b7zNai+/76/6tDM10UithgaioQ="></latexit>

x3

<latexit sha1_base64="Bu8vHqVPZKf1Xp59c7LxwwO6WNs="></latexit>

x

<latexit sha1_base64="JvuulZ2BKPaZlOrtWwU5mYllQ5c="></latexit>

Feasible directions
Example

18

P = {x | x1 + x2 + x3 = 2, x ≥ 0}

<latexit sha1_base64="0zlKL7If00PkAEXJXNKZM1gKuXY="></latexit>

x = (2, 0, 0)

<latexit sha1_base64="V6NygxApep1GYwlz2VmyzDi/Qd0="></latexit>

B = {1}

<latexit sha1_base64="ZzOyNc3QgKL1r5Bhl9gGy7GC2Ko="></latexit>



Feasible directions
Example

18

P = {x | x1 + x2 + x3 = 2, x ≥ 0}

<latexit sha1_base64="0zlKL7If00PkAEXJXNKZM1gKuXY="></latexit>

x = (2, 0, 0)

<latexit sha1_base64="V6NygxApep1GYwlz2VmyzDi/Qd0="></latexit>

dj = 1

<latexit sha1_base64="rGktQHZKP18eHhSwbqG1Ujo4s2M="></latexit>

<latexit sha1_base64="Q3WU75T6ptn2FETW94GyKLi7ZN0="></latexit>

ABdB = −Aj ⇒ dB = −1

d = (−1, 0, 1)

<latexit sha1_base64="th8JJhkccOYDaY+lqfKC2AIoMhc="></latexit>

<latexit sha1_base64="9cNPw6xfMJ5U3Fe9d9+0J6vuYbU="></latexit>

j = 3

d1

<latexit sha1_base64="Yq7ecvXxveZBirZrhwYz6k0ZE7M="></latexit>

x1

<latexit sha1_base64="qpqh7hiByCI+mm28AIIcKUzVuew="></latexit>

x2

<latexit sha1_base64="2b7zNai+/76/6tDM10UithgaioQ="></latexit>

x3

<latexit sha1_base64="Bu8vHqVPZKf1Xp59c7LxwwO6WNs="></latexit>

x

<latexit sha1_base64="JvuulZ2BKPaZlOrtWwU5mYllQ5c="></latexit>

d3

<latexit sha1_base64="b02m/wEg2wcOvyj8GguiWrShPR8="></latexit>

d

<latexit sha1_base64="WsUCwA7K6QMDAjFTLONLqCqpBS0="></latexit>

B = {1}

<latexit sha1_base64="ZzOyNc3QgKL1r5Bhl9gGy7GC2Ko="></latexit>

A = [111]
AB=L

As A

y¥
Ñ•%



How does the cost change?

19

<latexit sha1_base64="CazlamDStpvd6kSeb18yeabiQx8="></latexit>

c
T (x+ θd)− c

T
x = θc

T
d

Cost improvement



How does the cost change?

19

<latexit sha1_base64="CazlamDStpvd6kSeb18yeabiQx8="></latexit>

c
T (x+ θd)− c

T
x = θc

T
d

Cost improvement

New cost



How does the cost change?

19

<latexit sha1_base64="CazlamDStpvd6kSeb18yeabiQx8="></latexit>

c
T (x+ θd)− c

T
x = θc

T
d

Cost improvement

New cost Old cost



How does the cost change?

19

<latexit sha1_base64="CazlamDStpvd6kSeb18yeabiQx8="></latexit>

c
T (x+ θd)− c

T
x = θc

T
d

Cost improvement

New cost Old cost

<latexit sha1_base64="dMNqqLB/lwXiaAuwvLibvUuSPf8="></latexit>

c̄j

xj
<latexit sha1_base64="rBLTcQZPF8X14GqLN3CaUJ30tII="></latexit>

c̄j = c
T
d =

n∑

i=1

cidi = cj + c
T
BdB = cj − c

T
BA

−1

B Aj☐

←
dB=
-Ajay



Reduced costs

20

Interpretation

xj

<latexit sha1_base64="gemyJhJSZ2EZJi6rrzuB8T+o2Rk="></latexit>

<latexit sha1_base64="UIkC/qW6EBq2qh1b7vE+3LbT3wc="></latexit>

c̄j = cj − c
T
BA

−1

B Aj

<latexit sha1_base64="0W3Aa1C/uPLhbw56Rc80UYneuG0="></latexit>

c̄j > 0 xj

c̄j < 0 xj



Reduced costs

20

Interpretation

xj

<latexit sha1_base64="gemyJhJSZ2EZJi6rrzuB8T+o2Rk="></latexit>

xj

<latexit sha1_base64="DbN/s4J08PZt8e5kwllrJf9lOs0="></latexit>

<latexit sha1_base64="UIkC/qW6EBq2qh1b7vE+3LbT3wc="></latexit>

c̄j = cj − c
T
BA

−1

B Aj

<latexit sha1_base64="0W3Aa1C/uPLhbw56Rc80UYneuG0="></latexit>

c̄j > 0 xj

c̄j < 0 xj



Reduced costs

20

Interpretation

xj

<latexit sha1_base64="gemyJhJSZ2EZJi6rrzuB8T+o2Rk="></latexit>

xj

<latexit sha1_base64="DbN/s4J08PZt8e5kwllrJf9lOs0="></latexit>

xj

Ax = b

<latexit sha1_base64="TmN6yO/EEZDrWRbkBbZkjursIiA="></latexit>

<latexit sha1_base64="UIkC/qW6EBq2qh1b7vE+3LbT3wc="></latexit>

c̄j = cj − c
T
BA

−1

B Aj

<latexit sha1_base64="0W3Aa1C/uPLhbw56Rc80UYneuG0="></latexit>

c̄j > 0 xj

c̄j < 0 xj



Reduced costs

20

Interpretation

xj

<latexit sha1_base64="gemyJhJSZ2EZJi6rrzuB8T+o2Rk="></latexit>

Reduced costs for basic variables is 0
<latexit sha1_base64="CkNYGzlfHKmrNLJSfi3ePabBtaI="></latexit>

c̄B(i) = cB(i) − c
T

B
A

−1
B

AB(i) = cB(i) − c
T

B
(A−1

B
AB)ei

= cB(i) − c
T

B
ei = cB(i) − cB(i) = 0

xj

<latexit sha1_base64="DbN/s4J08PZt8e5kwllrJf9lOs0="></latexit>

xj

Ax = b

<latexit sha1_base64="TmN6yO/EEZDrWRbkBbZkjursIiA="></latexit>

<latexit sha1_base64="UIkC/qW6EBq2qh1b7vE+3LbT3wc="></latexit>

c̄j = cj − c
T
BA

−1

B Aj

<latexit sha1_base64="0W3Aa1C/uPLhbw56Rc80UYneuG0="></latexit>

c̄j > 0 xj

c̄j < 0 xj *
i

ej(0,0 . _ftp.u. )



Vector of reduced costs

21

<latexit sha1_base64="CMjuK4kjGgmDqvhg9Th+X1dcMJ4="></latexit>

c̄ = (c̄1, . . . , c̄n)

Full vector in one shot?
<latexit sha1_base64="UIkC/qW6EBq2qh1b7vE+3LbT3wc="></latexit>

c̄j = cj − c
T
BA

−1

B Aj

Reduced costs



Vector of reduced costs

21

<latexit sha1_base64="CMjuK4kjGgmDqvhg9Th+X1dcMJ4="></latexit>

c̄ = (c̄1, . . . , c̄n)

Full vector in one shot?
<latexit sha1_base64="UIkC/qW6EBq2qh1b7vE+3LbT3wc="></latexit>

c̄j = cj − c
T
BA

−1

B Aj

Reduced costs

<latexit sha1_base64="ILbiX0JOeGBT7XnHCo3ZxL/5Fp0="></latexit>

c̄j = cj −AT
j (A

−1

B )T cB = cj −AT
j p

<latexit sha1_base64="n7Nb2LT96obpaqc45ZHMzfbJPAo="></latexit>

B p
<latexit sha1_base64="bWdHrmLJxH6LEo1Fo3tMD2NyhoE="></latexit>

j



Vector of reduced costs

21

<latexit sha1_base64="CMjuK4kjGgmDqvhg9Th+X1dcMJ4="></latexit>

c̄ = (c̄1, . . . , c̄n)

Full vector in one shot?
<latexit sha1_base64="UIkC/qW6EBq2qh1b7vE+3LbT3wc="></latexit>

c̄j = cj − c
T
BA

−1

B Aj

Reduced costs

<latexit sha1_base64="pRua0XtnWbyKo1epL8jm+4N7Rck="></latexit>

p = (A−1

B
)T cB ⇒ AT

B
p = cB

<latexit sha1_base64="L4vez8KmJL8hILuQ8H6lrMwo6kw="></latexit>

p

<latexit sha1_base64="AM194YwExqEy3KEqAGHKVn3p854="></latexit>

(M−1)T = (MT )−1

M

<latexit sha1_base64="ILbiX0JOeGBT7XnHCo3ZxL/5Fp0="></latexit>

c̄j = cj −AT
j (A

−1

B )T cB = cj −AT
j p

<latexit sha1_base64="n7Nb2LT96obpaqc45ZHMzfbJPAo="></latexit>

B p
<latexit sha1_base64="bWdHrmLJxH6LEo1Fo3tMD2NyhoE="></latexit>

j



Vector of reduced costs

21

<latexit sha1_base64="CMjuK4kjGgmDqvhg9Th+X1dcMJ4="></latexit>

c̄ = (c̄1, . . . , c̄n)

Full vector in one shot?
<latexit sha1_base64="UIkC/qW6EBq2qh1b7vE+3LbT3wc="></latexit>

c̄j = cj − c
T
BA

−1

B Aj

Reduced costs

<latexit sha1_base64="pRua0XtnWbyKo1epL8jm+4N7Rck="></latexit>

p = (A−1

B
)T cB ⇒ AT

B
p = cB

<latexit sha1_base64="L4vez8KmJL8hILuQ8H6lrMwo6kw="></latexit>

p

<latexit sha1_base64="AM194YwExqEy3KEqAGHKVn3p854="></latexit>

(M−1)T = (MT )−1

M

Computing reduced cost vector
<latexit sha1_base64="4m0KNJkq8gNzC0YT6TdNbhPMg0s="></latexit>

AT

B
p = cB

c̄ = c−AT p

<latexit sha1_base64="ILbiX0JOeGBT7XnHCo3ZxL/5Fp0="></latexit>

c̄j = cj −AT
j (A

−1

B )T cB = cj −AT
j p

<latexit sha1_base64="n7Nb2LT96obpaqc45ZHMzfbJPAo="></latexit>

B p
<latexit sha1_base64="bWdHrmLJxH6LEo1Fo3tMD2NyhoE="></latexit>

j

④ON
BASIC

COMPONENTS
11£

E☒=Cn_A①



Optimality conditions



Optimality conditions
Theorem

23

c̄ ≥ 0 x

<latexit sha1_base64="GOymXuiptvHwIVi3usaJkA5R1eY="></latexit>

c̄

<latexit sha1_base64="s5wGd0bFCq/yu0vBEU71jO2dr74="></latexit>

<latexit sha1_base64="YYB93aSxY26x64ZHKO48QilIpkw="></latexit>

x AB



Optimality conditions
Theorem

23

c̄ ≥ 0 x

<latexit sha1_base64="GOymXuiptvHwIVi3usaJkA5R1eY="></latexit>

c̄

<latexit sha1_base64="s5wGd0bFCq/yu0vBEU71jO2dr74="></latexit>

Remark

This is a stopping criterion for the simplex algorithm.

If the neighboring solutions do not improve the cost, we are done (because of 
convexity).

<latexit sha1_base64="YYB93aSxY26x64ZHKO48QilIpkw="></latexit>

x AB



Optimality conditions
Proof

24

<latexit sha1_base64="CCJn9v4KsA4o//r7LoMETTlrkq0="></latexit>

x B c̄ ≥ 0



Optimality conditions
Proof

24

y d = y − x

<latexit sha1_base64="S/wQiJ5bEfkADOcb82C0pTOBVpM="></latexit>

<latexit sha1_base64="CCJn9v4KsA4o//r7LoMETTlrkq0="></latexit>

x B c̄ ≥ 0



Optimality conditions
Proof

24

y d = y − x

<latexit sha1_base64="S/wQiJ5bEfkADOcb82C0pTOBVpM="></latexit>

x y Ax = Ay = b Ad = 0

<latexit sha1_base64="szOYJ87sVde8bVile2Wx6dADb5o="></latexit>

N

<latexit sha1_base64="HabOP6qa45mf+pcjk00i6iT0XPU="></latexit>

<latexit sha1_base64="7pZFau8si2xYJSWn5Ac5qonvhEc="></latexit>

Ad = ABdB +

∑

i∈N

Aidi = 0 ⇒ dB = −

∑

i∈N

A
−1

B
Aidi

<latexit sha1_base64="CCJn9v4KsA4o//r7LoMETTlrkq0="></latexit>

x B c̄ ≥ 0



Optimality conditions
Proof

24

y d = y − x

<latexit sha1_base64="S/wQiJ5bEfkADOcb82C0pTOBVpM="></latexit>

The change in objective is
<latexit sha1_base64="xWVQaf52Z5d5lCgACY9gfZIRvkA="></latexit>

c
T
d = c

T

B
dB +

∑

i∈N

cidi =
∑

i∈N

(ci − c
T

B
A

−1

B
Ai)di =

∑

i∈N

c̄idi

x y Ax = Ay = b Ad = 0

<latexit sha1_base64="szOYJ87sVde8bVile2Wx6dADb5o="></latexit>

N

<latexit sha1_base64="HabOP6qa45mf+pcjk00i6iT0XPU="></latexit>

<latexit sha1_base64="7pZFau8si2xYJSWn5Ac5qonvhEc="></latexit>

Ad = ABdB +

∑

i∈N

Aidi = 0 ⇒ dB = −

∑

i∈N

A
−1

B
Aidi

<latexit sha1_base64="CCJn9v4KsA4o//r7LoMETTlrkq0="></latexit>

x B c̄ ≥ 0

HE



Optimality conditions
Proof

24

y d = y − x

<latexit sha1_base64="S/wQiJ5bEfkADOcb82C0pTOBVpM="></latexit>

The change in objective is
<latexit sha1_base64="xWVQaf52Z5d5lCgACY9gfZIRvkA="></latexit>

c
T
d = c

T

B
dB +

∑

i∈N

cidi =
∑

i∈N

(ci − c
T

B
A

−1

B
Ai)di =

∑

i∈N

c̄idi

y ≥ 0 xi = 0, i ∈ N di = yi − xi ≥ 0, i ∈ N

<latexit sha1_base64="Q1+K5PEkPOtKRlWFPsgvQjG4FOI="></latexit>

cT d = cT (y − x) ≥ 0 ⇒ cT y ≥ cTx.

<latexit sha1_base64="3AovL4EiSeKXRyQIMBlCPRNAHuk="></latexit>

x y Ax = Ay = b Ad = 0

<latexit sha1_base64="szOYJ87sVde8bVile2Wx6dADb5o="></latexit>

N

<latexit sha1_base64="HabOP6qa45mf+pcjk00i6iT0XPU="></latexit>

<latexit sha1_base64="7pZFau8si2xYJSWn5Ac5qonvhEc="></latexit>

Ad = ABdB +

∑

i∈N

Aidi = 0 ⇒ dB = −

∑

i∈N

A
−1

B
Aidi

<latexit sha1_base64="CCJn9v4KsA4o//r7LoMETTlrkq0="></latexit>

x B c̄ ≥ 0D



Simplex iterations



Stepsize

26

c̄j

<latexit sha1_base64="BgA/N1KyykZ8lWmPqGNPoSyhhDk="></latexit>

xj

<latexit sha1_base64="e/pT3QbcUYxP8s5/CyE6OC3Qp+c="></latexit>



Stepsize

26

c̄j

<latexit sha1_base64="BgA/N1KyykZ8lWmPqGNPoSyhhDk="></latexit>

xj

<latexit sha1_base64="e/pT3QbcUYxP8s5/CyE6OC3Qp+c="></latexit>

How far can we go?

θ
⋆
= max{θ | θ ≥ 0 x+ θd ≥ 0}

<latexit sha1_base64="tVGmmOKi5CBkWULOkuXYuIEKvm4="></latexit>

d j

<latexit sha1_base64="HN8GbZ/sdUeyKll2x8TJqDqMub8="></latexit>



Stepsize

26

c̄j

<latexit sha1_base64="BgA/N1KyykZ8lWmPqGNPoSyhhDk="></latexit>

xj

<latexit sha1_base64="e/pT3QbcUYxP8s5/CyE6OC3Qp+c="></latexit>

Unbounded

d ≥ 0 θ
?
= ∞

<latexit sha1_base64="3dGuwBvjRt0t9tiXsM1UNTOQCGQ="></latexit>

How far can we go?

θ
⋆
= max{θ | θ ≥ 0 x+ θd ≥ 0}

<latexit sha1_base64="tVGmmOKi5CBkWULOkuXYuIEKvm4="></latexit>

d j

<latexit sha1_base64="HN8GbZ/sdUeyKll2x8TJqDqMub8="></latexit>



Stepsize

26

c̄j

<latexit sha1_base64="BgA/N1KyykZ8lWmPqGNPoSyhhDk="></latexit>

xj

<latexit sha1_base64="e/pT3QbcUYxP8s5/CyE6OC3Qp+c="></latexit>

Unbounded

d ≥ 0 θ
?
= ∞

<latexit sha1_base64="3dGuwBvjRt0t9tiXsM1UNTOQCGQ="></latexit>

How far can we go?

θ
⋆
= max{θ | θ ≥ 0 x+ θd ≥ 0}

<latexit sha1_base64="tVGmmOKi5CBkWULOkuXYuIEKvm4="></latexit>

d j

<latexit sha1_base64="HN8GbZ/sdUeyKll2x8TJqDqMub8="></latexit>

Bounded

di < 0 i

<latexit sha1_base64="WJW9niqTNIKuAXUe6HvWUCiQezQ="></latexit>

θ
⋆
= min

{i|di<0}

(

−

xi

di

)

= min
{i∈B|di<0}

(

−

xi

di

)

<latexit sha1_base64="F2doJCzsyGZmR+7xVwJgXp5AAok="></latexit>

<latexit sha1_base64="A+czC7Dfpn5AoQ44TvLRGb9Rt5I="></latexit>

di ≥ 0, i /∈ B

Hitoshi > 0

Odi ≥
-Xi

OE - Edi



Moving to a new basis

27

Next feasible solution

x+ θ
⋆
d

<latexit sha1_base64="6G8G1nf6ziMxQYaYNzqBo5iDpv8="></latexit>



Moving to a new basis

27

B(`) ∈ {B(1), . . . , B(m)} ✓
? = −

xB(`)

dB(`)

<latexit sha1_base64="vn5XdzSb1je9KhJwkxDZ7Ut5yxI="></latexit>

xB(ℓ) + θ
⋆
dB(ℓ) = 0

<latexit sha1_base64="k2VkjGWKxdNMyvH9jXpOmiWYPlY="></latexit>

Next feasible solution

x+ θ
⋆
d

<latexit sha1_base64="6G8G1nf6ziMxQYaYNzqBo5iDpv8="></latexit>



Moving to a new basis

27

B(`) ∈ {B(1), . . . , B(m)} ✓
? = −

xB(`)

dB(`)

<latexit sha1_base64="vn5XdzSb1je9KhJwkxDZ7Ut5yxI="></latexit>

xB(ℓ) + θ
⋆
dB(ℓ) = 0

<latexit sha1_base64="k2VkjGWKxdNMyvH9jXpOmiWYPlY="></latexit>

Next feasible solution

x+ θ
⋆
d

<latexit sha1_base64="6G8G1nf6ziMxQYaYNzqBo5iDpv8="></latexit>

New solution
xB(`) 0

xj θ
?

<latexit sha1_base64="raiwTiVOmO4qzrWZjCTxLb0OK6Q="></latexit>



Moving to a new basis
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B(`) ∈ {B(1), . . . , B(m)} ✓
? = −

xB(`)

dB(`)

<latexit sha1_base64="vn5XdzSb1je9KhJwkxDZ7Ut5yxI="></latexit>

xB(ℓ) + θ
⋆
dB(ℓ) = 0

<latexit sha1_base64="k2VkjGWKxdNMyvH9jXpOmiWYPlY="></latexit>

Next feasible solution

x+ θ
⋆
d

<latexit sha1_base64="6G8G1nf6ziMxQYaYNzqBo5iDpv8="></latexit>

New solution
xB(`) 0

xj θ
?

<latexit sha1_base64="raiwTiVOmO4qzrWZjCTxLb0OK6Q="></latexit>

New basis
<latexit sha1_base64="NhLPOUn26Cnk/2XXEVz/Z4jFARo="></latexit>

AB̄ =

[

AB(1) . . . AB(ℓ−1) Aj AB(ℓ+1) . . . AB(m)

]



An iteration of the simplex method
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First part

<latexit sha1_base64="BN8BAclAzLGu1fGWp8u5HSZGIdg="></latexit>

c̄

AT
Bp = cB

c̄ = c−AT p

c̄ ≥ 0 x

j c̄j < 0

<latexit sha1_base64="+LjJvuReQgTWK54GC3LpqU6N9E4="></latexit>

x

AB =

h

AB(1) . . . , AB(m)

i

We start with



An iteration of the simplex method
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Second part

<latexit sha1_base64="6+AtkSL/hsZ8kfX3UEf5QFImfAc="></latexit>

d dj = 1 ABdB = −Aj

dB ≥ 0 −∞

θ
? = min

{i∈B|di<0}

✓

−
xi

di

◆

y y = x+ θ
?d

B̄ i j



d1

<latexit sha1_base64="Yq7ecvXxveZBirZrhwYz6k0ZE7M="></latexit>

x1

<latexit sha1_base64="qpqh7hiByCI+mm28AIIcKUzVuew="></latexit>

x2

<latexit sha1_base64="2b7zNai+/76/6tDM10UithgaioQ="></latexit>

x3

<latexit sha1_base64="Bu8vHqVPZKf1Xp59c7LxwwO6WNs="></latexit>

x

<latexit sha1_base64="JvuulZ2BKPaZlOrtWwU5mYllQ5c="></latexit>

d3

<latexit sha1_base64="b02m/wEg2wcOvyj8GguiWrShPR8="></latexit>

d

<latexit sha1_base64="WsUCwA7K6QMDAjFTLONLqCqpBS0="></latexit>

Example
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P = {x | x1 + x2 + x3 = 2, x ≥ 0}

<latexit sha1_base64="0zlKL7If00PkAEXJXNKZM1gKuXY="></latexit>

x = (2, 0, 0)

<latexit sha1_base64="V6NygxApep1GYwlz2VmyzDi/Qd0="></latexit>

j = 3

<latexit sha1_base64="ia73nZ4XPxK85MUiFS7MGbtzp8Y="></latexit>

d = (−1, 0, 1)

<latexit sha1_base64="th8JJhkccOYDaY+lqfKC2AIoMhc="></latexit>

dj = 1

<latexit sha1_base64="rGktQHZKP18eHhSwbqG1Ujo4s2M="></latexit>

<latexit sha1_base64="Q3WU75T6ptn2FETW94GyKLi7ZN0="></latexit>

ABdB = −Aj ⇒ dB = −1

B = {1}

<latexit sha1_base64="ZzOyNc3QgKL1r5Bhl9gGy7GC2Ko="></latexit>



d1

<latexit sha1_base64="Yq7ecvXxveZBirZrhwYz6k0ZE7M="></latexit>

x1

<latexit sha1_base64="qpqh7hiByCI+mm28AIIcKUzVuew="></latexit>

x2

<latexit sha1_base64="2b7zNai+/76/6tDM10UithgaioQ="></latexit>

x3

<latexit sha1_base64="Bu8vHqVPZKf1Xp59c7LxwwO6WNs="></latexit>

x

<latexit sha1_base64="JvuulZ2BKPaZlOrtWwU5mYllQ5c="></latexit>

d3

<latexit sha1_base64="b02m/wEg2wcOvyj8GguiWrShPR8="></latexit>

d

<latexit sha1_base64="WsUCwA7K6QMDAjFTLONLqCqpBS0="></latexit>

Example

30

P = {x | x1 + x2 + x3 = 2, x ≥ 0}

<latexit sha1_base64="0zlKL7If00PkAEXJXNKZM1gKuXY="></latexit>

x = (2, 0, 0)

<latexit sha1_base64="V6NygxApep1GYwlz2VmyzDi/Qd0="></latexit>

y

<latexit sha1_base64="0DzzaOjvnm3TEFKEaeNi+awmPIc="></latexit>

θ
⋆
= −

x1

d1
= 2

<latexit sha1_base64="uZyIR3uIyTQMiGU4M4SsxKi84Ao="></latexit>

Stepsize

j = 3

<latexit sha1_base64="ia73nZ4XPxK85MUiFS7MGbtzp8Y="></latexit>

d = (−1, 0, 1)

<latexit sha1_base64="th8JJhkccOYDaY+lqfKC2AIoMhc="></latexit>

dj = 1

<latexit sha1_base64="rGktQHZKP18eHhSwbqG1Ujo4s2M="></latexit>

<latexit sha1_base64="Q3WU75T6ptn2FETW94GyKLi7ZN0="></latexit>

ABdB = −Aj ⇒ dB = −1

B = {1}

<latexit sha1_base64="ZzOyNc3QgKL1r5Bhl9gGy7GC2Ko="></latexit>



d1

<latexit sha1_base64="Yq7ecvXxveZBirZrhwYz6k0ZE7M="></latexit>

x1

<latexit sha1_base64="qpqh7hiByCI+mm28AIIcKUzVuew="></latexit>

x2

<latexit sha1_base64="2b7zNai+/76/6tDM10UithgaioQ="></latexit>

x3

<latexit sha1_base64="Bu8vHqVPZKf1Xp59c7LxwwO6WNs="></latexit>

x

<latexit sha1_base64="JvuulZ2BKPaZlOrtWwU5mYllQ5c="></latexit>

d3

<latexit sha1_base64="b02m/wEg2wcOvyj8GguiWrShPR8="></latexit>

d

<latexit sha1_base64="WsUCwA7K6QMDAjFTLONLqCqpBS0="></latexit>

Example

30

P = {x | x1 + x2 + x3 = 2, x ≥ 0}

<latexit sha1_base64="0zlKL7If00PkAEXJXNKZM1gKuXY="></latexit>

x = (2, 0, 0)

<latexit sha1_base64="V6NygxApep1GYwlz2VmyzDi/Qd0="></latexit>

y

<latexit sha1_base64="0DzzaOjvnm3TEFKEaeNi+awmPIc="></latexit>

θ
⋆
= −

x1

d1
= 2

<latexit sha1_base64="uZyIR3uIyTQMiGU4M4SsxKi84Ao="></latexit>

Stepsize

j = 3

<latexit sha1_base64="ia73nZ4XPxK85MUiFS7MGbtzp8Y="></latexit>

d = (−1, 0, 1)

<latexit sha1_base64="th8JJhkccOYDaY+lqfKC2AIoMhc="></latexit>

dj = 1

<latexit sha1_base64="rGktQHZKP18eHhSwbqG1Ujo4s2M="></latexit>

<latexit sha1_base64="Q3WU75T6ptn2FETW94GyKLi7ZN0="></latexit>

ABdB = −Aj ⇒ dB = −1

B = {1}

<latexit sha1_base64="ZzOyNc3QgKL1r5Bhl9gGy7GC2Ko="></latexit>

y = x+ θ
⋆d = (0, 0, 2)

<latexit sha1_base64="ab7qMaz547EdpFdEF59B8zURGdQ="></latexit>

New solution B̄ = {3}

<latexit sha1_base64="9qCezgbtAUXf1B7yu2+m2VFvFeE="></latexit>



Finite convergence
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Assume that

P = {x | Ax = b, x ≥ 0}

<latexit sha1_base64="dydeeSYf+VULqcJJQQN0QHFnoE8="></latexit>



Finite convergence
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Assume that

P = {x | Ax = b, x ≥ 0}

<latexit sha1_base64="dydeeSYf+VULqcJJQQN0QHFnoE8="></latexit>

Then

B

d Ad = 0, d ≥ 0, cT d < 0 −∞

<latexit sha1_base64="SGXb6IXbFsE80EcQVr0UPdmbNFc="></latexit>



Finite convergence
Proof sketch

32

At each iteration the algorithm improves 

θ
?

d cT d < 0

<latexit sha1_base64="0KMr+Xc3a75OH1iMrF88mfz620c="></latexit>



Finite convergence
Proof sketch
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At each iteration the algorithm improves 

θ
?

d cT d < 0

<latexit sha1_base64="0KMr+Xc3a75OH1iMrF88mfz620c="></latexit>

Therefore

<latexit sha1_base64="yDvq+hu3TUNFlpkRqMJbZWHtx/U="></latexit>



Finite convergence
Proof sketch
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At each iteration the algorithm improves 

θ
?

d cT d < 0

<latexit sha1_base64="0KMr+Xc3a75OH1iMrF88mfz620c="></latexit>

Therefore

<latexit sha1_base64="yDvq+hu3TUNFlpkRqMJbZWHtx/U="></latexit>

Since there is a finite number of basic feasible solutions

The algorithm must eventually terminate



The simplex method

Today, we learned to:


• Iterate between basic feasible solutions


• Verify optimality and unboundedness conditions 

• Apply a single iteration of the simplex method


• Prove finite convergence of the simplex method in the non-degenerate case

33



Next lecture

• Finding initial basic feasible solution


• Degeneracy


• Complexity

34


