
Bartolomeo Stellato — Fall 2022

ORF522 – Linear and Nonlinear Optimization
2. Linear optimization



Today’s agenda

• Linear optimization in inner-product and matrix notation


• Optimization terminology


• Standard form


• Piecewise-linear minimization


• Examples
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Readings: [Chapter 1, Bertsimas, Tsitsiklis]



Where does linear optimization appear?

3

Supply chain management


Assignment problems


Scheduling and routing problems


Finance


Optimal control problems


Network design and network operations


Many other domains…



Vector notations

4

x = (x1, . . . , xn)

<latexit sha1_base64="uw/sKK32Uwtp7ZnopLKlQz+kokk="></latexit>

By default, all vectors are column vectors and denoted by

x
T

<latexit sha1_base64="2HPK6/cpFQUkqLMYvfiGrlFY5pQ="></latexit>

a
T
x a x

<latexit sha1_base64="iiZgdJlJi3grxqg+YTZMxJMy0Zw="></latexit>

a
T
x = a1x1 + · · ·+ anxn =

n∑

i=1

aixi

<latexit sha1_base64="lD2V1IqXsRAkMkqQgOOIw2LHzPg="></latexit>



Linear optimization

5

Objective function and constraints are linear in the decision variables

Belongs to continuous optimization

∑n

i=1
cixi

∑n

j=1
aijxj ≤ bi, i = 1, . . . ,m

∑n

j=1
dijxj = fi, i = 1, . . . , p

<latexit sha1_base64="ov11NWF/Mc/xnK3Nu/K/qyUJajg="></latexit>

Linear Programming (LP)



Linear optimization

6

Inner product notation

cTx

aT
i
x ≤ bi, i = 1, . . . ,m

dT
i
x = fi, i = 1, . . . , p

<latexit sha1_base64="Ct4Ebr2u7N0ozHRifImNp9tKCnA="></latexit>

c, ai, di n

<latexit sha1_base64="fqjoIubHY581UUj9xSPzoy/ahjU="></latexit>

c = (c1, . . . , cn)

ai = (ai1, . . . , ain)

di = (di1, . . . , din)

<latexit sha1_base64="BO5T0YTBM8arj3UIYZZqQG+xbwg="></latexit>

∑n

i=1
cixi

∑n

j=1
aijxj ≤ bi, i = 1, . . . ,m

∑n

j=1
dijxj = fi, i = 1, . . . , p

<latexit sha1_base64="ov11NWF/Mc/xnK3Nu/K/qyUJajg="></latexit>



Linear optimization
Matrix notation
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cTx

Ax ≤ b

Dx = f

<latexit sha1_base64="2gSYTXWacViERmXGRGT2siwmMFw="></latexit>

A m× n aij aTi

<latexit sha1_base64="z1VgWIsn51m4SEoj6hz1acYee+U="></latexit>

∑n

i=1
cixi

∑n

j=1
aijxj ≤ bi, i = 1, . . . ,m

∑n

j=1
dijxj = fi, i = 1, . . . , p

<latexit sha1_base64="ov11NWF/Mc/xnK3Nu/K/qyUJajg="></latexit>

D p× n dij dTi

<latexit sha1_base64="bkBd6pQ67fXdFsMc88UMAX1SKCk="></latexit>

All (in)equalities are elementwise



Optimization terminology
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cTx

Ax ≤ b

Dx = f

<latexit sha1_base64="2gSYTXWacViERmXGRGT2siwmMFw="></latexit>

x Ax ≤ b Dx = f

<latexit sha1_base64="BYbkioAVFH907ja2m17hjW3K28Y="></latexit><latexit sha1_base64="5GCwUHbUQ3tGwmSV6OlIp4niSKU="></latexit>

x
?

c
T
x
? ≤ c

T
x x

<latexit sha1_base64="K5Z6pGEKuxiUObFHtmCvSa73Ey0="></latexit>

p
?
= c

T
x
?

<latexit sha1_base64="36xokVc6YjbRU+E1vBRwYVlSlVs="></latexit>

Infeasible problem: p
?
= +∞

<latexit sha1_base64="gRvyxa9pl//xQ5qfDD6aj/88xFU="></latexit>

Unbounded problem: cTx p
?
= −∞

<latexit sha1_base64="rT7TDam3hrJqdL7QkWGoruhqRfM="></latexit>



Standard form
Definition

9

cTx

Ax = b

x ≥ 0

<latexit sha1_base64="Zs8r51jllvVlqCLDc4l3JrKWQHU="></latexit>

• Matrix notation for theory


• Standard form for algorithms

• Minimization


• Equality constraints


• Nonnegative variables



Standard form
Transformation tricks
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Change objective

−c c

<latexit sha1_base64="UcK7jshGbOIJVW+wdXIlGNOJ19w="></latexit>

Eliminate inequality constraints

Ax ≤ b s Ax+ s = b, s ≥ 0

<latexit sha1_base64="lEz/ALFIxLaW/c49S0HR+HOr9qg="></latexit>

Ax ≥ b s Ax− s = b, s ≥ 0

<latexit sha1_base64="J7igNq8VgRFz9YK2VHqHLACVZ6c="></latexit>

s

<latexit sha1_base64="zstrUYdqEe4mJhSLpB4NwPCO1IE="></latexit>

Change variable signs
xi ≤ 0 yi = −xi

<latexit sha1_base64="cTm7wQTL9AaHhtpM7l7fu/0Tqh8="></latexit>

Eliminate “free” variables
xi xi = x

+

i
− x

−

i
x
+

i
≥ 0 x

−

i
≥ 0

<latexit sha1_base64="EuaL2yBp1a+QwmBL3SkkKfifn2o="></latexit>



Standard form
Transformation example
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2x1 + 4x2

x1 + x2 ≥ 3

3x1 + 2x2 = 14

x1 ≥ 0

<latexit sha1_base64="Y9fmFQn8cdz116s+fwR65nkUams="></latexit>

2x1 + 4x
+

2 − 4x
−

2

x1 + x
+

2 − x
−

2 − x3 = 3

3x1 + 2x
+

2 − 2x
−

2 = 14

x1, x
+

2 , x
−

2 , x3 ≥ 0.

<latexit sha1_base64="HCp9cocfW3X2o3Ulw0sSWOSxil0="></latexit>



Linear, affine and convex functions
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f(x) = aTx

<latexit sha1_base64="tFULQDQ8EGQDnDDpI3SWWKrIIMU="></latexit>

f(αx+ βy) = αf(x) + βf(y), ∀x, y ∈ R
n, α,β ∈ R

<latexit sha1_base64="wcRL4LR0G61iZRgaQCqvZ8feAgM="></latexit>

f(x) = aTx+ b

<latexit sha1_base64="xSicx5iyUT7coilcQJ/mERw7kv8="></latexit>

f(αx+ (1− α)y) = αf(x) + (1− α)f(y), ∀x, y ∈ R
n, α ∈ R

<latexit sha1_base64="baH9PL0H0Zae/57OQ8mYMlsc/dk="></latexit>

Convex function:

f(αx+ (1− α)y) ≤ αf(x) + (1− α)f(y), ∀x, y ∈ R
n, α ∈ [0, 1]

<latexit sha1_base64="Okkc/OmH75iT9clrVOI3L7PId0c="></latexit>



Convex piecewise-linear functions
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a
T

i
x+ bi

<latexit sha1_base64="SfZ4lm6gr27fx0vo/2LLLPxK0dI="></latexit>

f(x)

<latexit sha1_base64="hW9NcKlOhxJRmAWm/Da/zTHjPm8="></latexit>

x

<latexit sha1_base64="mujD+dT4O/F7J4ucgnGEWKVHNJM="></latexit>

f(x) = max
i=1,...,m

(aTi x+ bi)

<latexit sha1_base64="3fmMk1FfxZhZvHn7u+pb4x9WW/E="></latexit>



Convex piecewise-linear minimization
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f(x) = max
i=1,...,m

(aTi x+ bi)

<latexit sha1_base64="UaU8ooNCmaccX9QgDE9tSGJPpDE="></latexit>

Equivalent linear optimization
t

aT
i
x+ bi ≤ t, i = 1, . . . ,m

<latexit sha1_base64="Gasc8CrkQ7mGloEkXjPFhvtaq0Y="></latexit>

Matrix notation
c̃T x̃

Ãx̃ ≤ b̃

<latexit sha1_base64="gLLpM5NQN0Bt07xRowhq4snDn0Q="></latexit>

x̃ =

[

x

t

]

, c̃ =

[

0

1

]

, Ã =









aT
1

−1

aT
m

−1









, b̃ =









−b1

−bm









<latexit sha1_base64="vZDVWHEyrC366Dgn4YAqgo5hAck="></latexit>



Sum of piecewise-linear functions
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f(x) + g(x) = max
i=1,...,m

(aTi x+ bi) + max
i=1,...,p

(cTi x+ di)

<latexit sha1_base64="mfZu8ifKgCsKcTs0pFDP7qRw9ow="></latexit>

Cost function is piecewise-linear

f(x) + g(x) = max
i=1,...,m
j=1,...,p

((ai + cj)
Tx+ (bi + dj))

<latexit sha1_base64="qKzjeYpKCsnvh5IQgFBodNLTvZ0="></latexit>

Equivalent linear optimization

t1 + t2

aT
i
x+ bi ≤ t1, i = 1, . . . ,m

cT
i
x+ di ≤ t2, i = 1, . . . , p

<latexit sha1_base64="bBvu5jQMSuo+0PgAxiUbWeWKJlQ="></latexit>

Matrix  

notation?



Examples



Cheapest cat food problem

17

࠮ ChooZe X\an[i[ieZ x1, . . . , xn of n ingYedien[Z each ^i[h \ni[ coZ[ cj .

࠮ Each ingYedien[ j haZ n\[Yi[ional con[en[ aij foY n\[Yien[ i.

࠮ ReX\iYe a minim\m le]el bi foY each n\[Yien[ i.

<latexit sha1_base64="9vtix/qAXIwG/pQlm+ZezGEzwBY="></latexit>

minimiae
nX

j=1

cjxj

Z\bjec[ [o
nX

j=1

aijxj ≥ bi, i = 1 . . .m

xj ≥ 0, j = 1 . . . n

<latexit sha1_base64="hQiqLeVilSYv/TztWklvUgvitRk="></latexit>

[Photo Phoebe, my cat]

Would you give her  
the optimal food ?



Data-fitting example
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Ax ≈ b

<latexit sha1_base64="71lorvch4l5XXMf67s1ArntQbSg="></latexit>
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z
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<latexit sha1_base64="GgLklHaVUc8csiXQRa9zZh5bkqo="></latexit>

f(z) = a+ cz m (zi, fi)
<latexit sha1_base64="gN5iOA3PEZo2mnQOfeFpcYPT7KY="></latexit>2

6
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Data-fitting example
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Ax ≈ b

<latexit sha1_base64="71lorvch4l5XXMf67s1ArntQbSg="></latexit>

−10 −5 0 5 10
z
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<latexit sha1_base64="oEMT6nLeRVFZczLP7Jav48Dje3c="></latexit>

mX

i=1

(Ax� b)2
i
= kAx� bk2

2

x? = (ATA)−1AT b

<latexit sha1_base64="gN5iOA3PEZo2mnQOfeFpcYPT7KY="></latexit>2

6
6
4

1 z1

1 zm
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7
7
5

| {z }
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fm
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7
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5

| {z }

b

<latexit sha1_base64="GgLklHaVUc8csiXQRa9zZh5bkqo="></latexit>

f(z) = a+ cz m (zi, fi)



Data-fitting example

20

Ax ≈ b

<latexit sha1_base64="71lorvch4l5XXMf67s1ArntQbSg="></latexit>
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<latexit sha1_base64="pWe6QSDILbDL6ccl2vaD4Wmgla0="></latexit>

mX

i=1

|Ax� b|i = kAx� bk1

<latexit sha1_base64="gN5iOA3PEZo2mnQOfeFpcYPT7KY="></latexit>2

6
6
4
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7
7
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6
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<latexit sha1_base64="GgLklHaVUc8csiXQRa9zZh5bkqo="></latexit>

f(z) = a+ cz m (zi, fi)



21

1

<latexit sha1_base64="W75RH0BqSecGzzg4Jz+yceOXhh0="></latexit>

‖Ax− b‖1

<latexit sha1_base64="PB7V03rxk/vwjpfDlU82iA8hW80="></latexit>

1 m y

kyk1 =

mX

i=1

|yi| =
mX

i=1

max{yi,�yi}

<latexit sha1_base64="q/qvswZlVV1QsJ4fq30HwI5kl+M="></latexit>

m∑

i=1

ui

−u ≤ Ax− b ≤ u

<latexit sha1_base64="Vgkw66NWiIlUHh4+pSG4fzQmtEk="></latexit>

Equivalent problem
[

0

1

]T [

x

u

]

[

A −I

−A −I

][

x

u

]

≤

[

b

−b

]

<latexit sha1_base64="q8/8FT8su/Caxae2BFodnRfmxbg="></latexit>

Matrix notation



Comparison with least-squares

22

−3 −2 −1 0 1 2 3
(Axls − b)k

0

10

−3 −2 −1 0 1 2 3
(Ax`1 − b)k

0

50

xls = argmin ‖Ax− b‖, xℓ1 = argmin ‖Ax− b‖1

<latexit sha1_base64="XnNDsUCXuAIqjOqdA8gVy7He3pk="></latexit>

`1

<latexit sha1_base64="re++kQxofMe40Y9uHeq0HVn3MYY="></latexit>

Ax− b A ∈ R
200×80

<latexit sha1_base64="21IbN41JC4Tyt9ddzMPBFGBXSCw="></latexit>



1 m y

kyk∞ = max

i=1,...,m
|yi| = max

i=1,...,m
max{yi,�yi}

<latexit sha1_base64="UGPKGV7IxmWftSQb9C3gNCV57NI="></latexit>
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`∞

<latexit sha1_base64="3f8zGe8fxeBmU58LqziC2DBW0rU="></latexit>

‖Ax− b‖∞

<latexit sha1_base64="ppGsOaTdiuDVszJgmlGMzmFY+Vc="></latexit>

Equivalent problem

t

−t1 ≤ Ax− b ≤ t1

<latexit sha1_base64="ywvCEP4kzwZG5p92z8wahvzdyjA="></latexit>

[

0

1

]T [

x

t

]

[

A −1

−A −1

][

x

t

]

≤

[

b

−b

]

<latexit sha1_base64="c3aocZYnvPccnTsencGH/P9H9mc="></latexit>

Matrix notation



`1

<latexit sha1_base64="ICBMMvQUXtUWx191NSBekpplNzw="></latexit>

24

x̂ ∈ R
n

<latexit sha1_base64="LIPjic30d6vN30spTC1dxhP97Yw="></latexit>

y = Ax̂ A ∈
m×n

,m < n

<latexit sha1_base64="8p+zU82Z4UPE90Uu5cGQwsVMxl0="></latexit>

`1

<latexit sha1_base64="yDPiCvZJMlUqVakFNLsVg5Ngmig="></latexit>

‖x‖1

Ax = y

<latexit sha1_base64="dsZEPr98ePczHg5rRMp3LmAxuro="></latexit>

Equivalent linear optimization

1
Tu

−u ≤ x ≤ u

Ax = y

<latexit sha1_base64="y65DT/00xFkq44y2tkk7Ktyj/hw="></latexit>



Example
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`1

<latexit sha1_base64="ICBMMvQUXtUWx191NSBekpplNzw="></latexit>

x̂ ∈ R
1000

<latexit sha1_base64="WdKCeE597fOyuACeMxXhzR02F1k="></latexit>

10

<latexit sha1_base64="lVAyHX/q0zv3vFRrSRSzw06V8FA="></latexit>

0 200 400 600 800 1000
i

0

2

x̂
i

A ∈ R
100×1000

<latexit sha1_base64="Fc4a4xkXUq/1Uuan3t++vhXqAkQ="></latexit>

`1

<latexit sha1_base64="WsZ/KVDRBvUDysIUW2LmWt60T04="></latexit>

The least squares estimate 
cannot recover the sparse signal

0 200 400 600 800 1000
i

0.0

0.2

(x
ls
) i

0 200 400 600 800 1000
i

0

2
(x

`
1
) i

<latexit sha1_base64="ScOGxULk/Qq9+y6xtyCcw1+Z15w="></latexit>

‖x‖2
2

Ax = y

<latexit sha1_base64="JtBt5v0nMzyN7MQxskc8d2jr1TE="></latexit>

‖x‖1

Ax = y
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`1

<latexit sha1_base64="ICBMMvQUXtUWx191NSBekpplNzw="></latexit>

Exact recovery

A k

x̂ = argmin
Ax=y

kxk1 y = Ax̂ card(x̂)  k

<latexit sha1_base64="BVUiBQPQEXu6ncTyxeyIJj8JTUc="></latexit>

card(x)

Ax = y

<latexit sha1_base64="lrcZ2giw8Z6CcCqc3cSyORqe4mY="></latexit>

‖x‖1

Ax = y

<latexit sha1_base64="dsZEPr98ePczHg5rRMp3LmAxuro="></latexit>

When are these two problems equivalent?

card(x) x

<latexit sha1_base64="//04KVUKQYp3LzQ4pNgcQoDipdo="></latexit>

1. Feuer & Nemirovski (IEEE Trans. On Information Theory, 2003) and several other papers on compressed sensing.

1
A

<latexit sha1_base64="0uugekYR4knaebW6vpDfwVrODdo="></latexit>



Linear classification
Support vector machine (linear separation)

27

{v1, . . . , vN} si ∈ {−1, 1}

<latexit sha1_base64="RUB8TCB648qmdsPN8gPZVvm5yk4="></latexit><latexit sha1_base64="imXnjk6U3r5/Ggjx7pVJTfdmtnc="></latexit>

a
T
vi + b > 0 if si = 1

a
T
vi + b < 0 if si = −1

<latexit sha1_base64="v9wdbkbnKZv+pMWRx1XZNKQFcqc="></latexit>

si(a
T
vi + b) ≥ 1

<latexit sha1_base64="HthVdiNIgcdx792tCT3UhrTHXaI="></latexit>

(a, b) a, b

<latexit sha1_base64="S6josfDKyfmXta6+Bbq1lgN0WWk="></latexit>



Linear classification
Separable case

28

Feasibility problem

a, b

si(a
T vi + b) ≥ 1, i = 1, . . . , N

<latexit sha1_base64="6nJLjLxil38woLCHdiG4EB5rpok="></latexit>

0

si(a
T vi + b) ≥ 1, i = 1, . . . , N

<latexit sha1_base64="USKLw9Cp0c43Uy2/XrfrsYCj1sQ="></latexit>

Which can be seen as a special case of LP with

p
?
= ∞

<latexit sha1_base64="g2lhySa7aItS2tPTS/I4juOJMfA="></latexit>

p
?
= 0

<latexit sha1_base64="VGkncBkzPngQK/bo/tPNDSvzlA0="></latexit>

What then?



Linear classification
Approximate linear separation of non-separable points

29

∑
N

i=1
(1− si(a

T vi + b))+ =
∑

N

i=1
max{0, 1− si(a

T vi + b)}

<latexit sha1_base64="jlmywHjT4KuyJUBYudRi80RHbWo="></latexit>

a, b

<latexit sha1_base64="Z9MOAJjA1j6fIoRXzWm8LAlngeE="></latexit>

<latexit sha1_base64="sPOSZ6j5ctgoCHkBJ7jw/VWLAPY="></latexit>

vi 1− si(a
T
vi + b)



Linear classification
Approximate linear separation of non-separable points

30

∑
N

i=1
max{0, 1− si(a

T vi + b)}

<latexit sha1_base64="B5uJ8D7uE78rB+3fFtaADFnfDWc="></latexit>

∑
N

i=1
ui

1− si(v
T

i
a+ b) ≤ ui, i = 1, . . . , N

0 ≤ ui, i = 1, . . . , N

<latexit sha1_base64="1qHNX9NMbs+xXwRiT3L3WSLTSeU="></latexit>

Equivalent problem

Matrix notation?



Modelling software for linear programs

31

Modelling tools simplify the formulation of LPs (and other problems) 


• Accept optimization problem in common notation (                      )


• Recognize problems that can be converted to LPs


• Express the problem in input format required by a specific LP solver

max, ‖ · ‖1, . . .

<latexit sha1_base64="+6+3iZPRobQmjGF3+ROlEdKUfYc="></latexit>

Examples

• AMPL, GAMS


• CVX, YALMIP (Matlab)


• CVXPY, Pyomo (Python)


• JuMP.jl, Convex.jl (Julia)



CVXPY example

32

‖Ax− b‖1

0 ≤ x ≤ 1

<latexit sha1_base64="CmUX1cZwbMahG13T0OuO0qD6agw="></latexit>

x = cp.Variable(n)

objective = cp.Minimize(cp.norm(A*x - b, 1))

constraints = [0 <= x, x <= 1]

problem = cp.Problem(objective, constraints)

# The optimal objective value is returned by `problem.solve()`.

result = problem.solve()

# The optimal value for x is stored in `x.value`.

print(x.value)



Why linear optimization?

33

“Easy” to solve 

• It is solvable in polynomial time, and it is tractable in practice


• State-of-the-art software can solve LPs with tens of thousands of variables.  
We can solve LPs with millions of variables with specific structure.


Extremely versatile 

It can model many real-world problems, either exactly or approximately.


Fundamental 

The theory of linear optimization lays the foundation for most optimization theories




Next lecture
Geometry of linear optimization

• Polyhedra


• Extreme points


• Basic feasible solutions

34


