
Bartolomeo Stellato — Fall 2021

ORF522 – Linear and Nonlinear Optimization
17. Operator theory



Ed Forum

• What is the advantage of (1-alpha)*I + alpha* R over simply the alpha * R? it seems 
alpha*R also transforms the original nonexpansive function R into a contractive one, so 
why bother adding another term I?


• What do the graphs mean for the averaged operator? Does the domain of R(x) get 
adjusted by a factor of alpha around the fixed point, and then shifted by a factor of (1-
alpha)*I so that it encompasses both x and the fixed point, and this becomes T(x)? 


• Slide 28 uses the phrase, "component-wise soft-thresholding;" what does that mean, 
as opposed to not component-wise?


• Throughout the lecture, I think it was mentioned that some things are "hard but cheap" 
or "expensive." In this context, such as slide 26 and 27, what is the difference between 
hard and expensive?
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Recap



Separable sum

4

<latexit sha1_base64="omPeJUy9qPlDju9ZxpBWtQGNYNE="></latexit>

(proxg(v))i = proxgi
(vi), i = 1, . . . , N

(key to parallel/distributed 
proximal algorithms)

<latexit sha1_base64="Xn+XR1uEnO/hTb3Z2ygsYG0/rF0="></latexit>

g(x) =
NX

i=1

gi(xi)
<latexit sha1_base64="hoUvKqux/sx1/o0RMyWmjHqBmV0="></latexit>

g(x)

Sk(vi)

vi

<latexit sha1_base64="o+MsFMF+V7S2QuBhNzW3iSsa+SM="></latexit>

g(x) = λkxk1 =
P

n

i=1
λ|xi|

soft-thresholding
<latexit sha1_base64="uIBYm32lXnM0bZRBHpmYeG2c25I="></latexit>

(proxg(v))i = proxλ|·|(vi) = Sλ(vi) =











vi − λ vi > λ

0 |vi| ≤ λ

vi + λ vi < −λ



Operators

5

<latexit sha1_base64="mRbcKtp2nu1acOO/nnPXv8dkDdg="></latexit>

T R
n

R
n

Example
<latexit sha1_base64="7pIhQlcsWEyUMkxypbnJOqzJvnA="></latexit>

∂f

rf

<latexit sha1_base64="JFu8WX5rWIcdkRVZh0JHlMKcyaU="></latexit>

x

<latexit sha1_base64="ajXGqEsOqU4x0SNodEd6EZ5OkDs="></latexit>

T (x)
<latexit sha1_base64="+w7JTvaN7UpUH5VZUG1ZAeqBXmw="></latexit>

0

<latexit sha1_base64="iFTAQXoCjcV5HLuCPU1wPi5tMjk="></latexit>

T domT = {x | T (x) 6= ;}

<latexit sha1_base64="KqO4nW0BCFuXHksagXm6oUCpx3Q="></latexit>

T (x)
T (x)



Zeros

6

Zero
<latexit sha1_base64="aESfailnLSKDOIk0fqv2N9P78Fs="></latexit>

x T 0 ∈ T (x)

Zero set
<latexit sha1_base64="k6jA+GZXfYUMiTHeIjLYAojiFVE="></latexit>

T
−1(0) = {x | 0 ∈ T (x)}

<latexit sha1_base64="XU9+oem2Fd2fR50VNLAQMFt00e0="></latexit>

T = ∂f f : Rn
→ R

0 ∈ T (x) x f

Many problems  
can be posed as finding zeros 

of an operator



Fixed points

7

Examples
<latexit sha1_base64="oyL3z7uZdils0ZkMx26anmzr5dA="></latexit>

T (x) = x

T (x) = 0 0

Set of fixed points
<latexit sha1_base64="WX1Jj+ijYl58UAKvPVbNmL8wxGk="></latexit>

fixT = {x ∈ domT | x = T (x)} = (I − T )−1(0)

<latexit sha1_base64="DET/OfjzL0FRNeA+VFRGf9J/XuE="></latexit>

x̄ = T (x̄)

<latexit sha1_base64="jIJdGMZ2SVlHw+yCK2fag+pkOME="></latexit>

x̄ T



Lipschitz operators
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<latexit sha1_base64="A3Qq6ouSHXqtL52PQvROwrm+y5w="></latexit>

y = T (x), z = T (x) ky � zk  Lkx� xk = 0 =) y = z

<latexit sha1_base64="oCBjUrjSA9jKKkH92o4hlL1Obm4="></latexit>

T

<latexit sha1_base64="o7EMNqftf2smlJl6Bb/SBZOA4Wc="></latexit>

L = 1 T

L < 1 T L

<latexit sha1_base64="MQcFITVG5nK0VmTGVEOrU4XloHM="></latexit>

T L
<latexit sha1_base64="bvSyIAcAvIZ46mahTknueRFWKco="></latexit>

‖T (x)− T (y)‖ ≤ L‖x− y‖, ∀x, y ∈ domT



Lipschitz operators and fixed points

9

<latexit sha1_base64="UoJg0D+c4pg5rckcCMkluC/tXXg="></latexit>

‖Tx− x̄‖ = ‖Tx− T x̄‖ ≤ L‖x− x̄‖

<latexit sha1_base64="JsBiiARlEla/GzKX9AwG9xCMxic="></latexit>

L T x̄ = T x̄

<latexit sha1_base64="vNlG9weajBa/aNDRWVrYp2LsIa0="></latexit>

x̄

<latexit sha1_base64="r7h+L0hyBsPhi6+7vP/WDJTzbBM="></latexit>

L

<latexit sha1_base64="QZB9S7hYUfMgDw4nMT0GbCh4Pno="></latexit>

x

Proof
<latexit sha1_base64="LsA9KYCVbvC1mrk55MXweQUfnVY="></latexit>

x̄, ȳ 2 fixT x̄ 6= ȳ

kx̄� ȳk = kT (x̄)� T (ȳ)k < kx� yk

<latexit sha1_base64="ax+3QALf6tAsoMMAufQOadw3FeU="></latexit>

L < 1

fixT = {x̄}

<latexit sha1_base64="HLlXSqoRZ2Ila09F3IyYgqnpxBU="></latexit>

L = 1

<latexit sha1_base64="l4/YGWX9sZnQ2RoEjBPsEb1q+mE="></latexit>

T (x) = x+ 2

<latexit sha1_base64="fO7ZZIzyyc79f56locZpjbL+TK0="></latexit>

T (x)



Averaged operators
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<latexit sha1_base64="2jJOVZU5OrH0NkJcoitbiH04tDA="></latexit>

T = (1− α)I + αR

<latexit sha1_base64="Yh0rr6NcdPTr2zb/T+cdldsYKvg="></latexit>

T α− α ∈ (0, 1)

<latexit sha1_base64="laOzYO9MBFE7trcZ5VZks8JyMK0="></latexit>

αR(x)

<latexit sha1_base64="fO7ZZIzyyc79f56locZpjbL+TK0="></latexit>

T (x)

<latexit sha1_base64="vVk4OKkxrGzTOOvOEyT0YF5uFWE="></latexit>

x

<latexit sha1_base64="vVk4OKkxrGzTOOvOEyT0YF5uFWE="></latexit>

x

<latexit sha1_base64="vVk4OKkxrGzTOOvOEyT0YF5uFWE="></latexit>

x
<latexit sha1_base64="EhA83QDUqaUPb3vx2857yqcyZcg="></latexit>

x̄

<latexit sha1_base64="EhA83QDUqaUPb3vx2857yqcyZcg="></latexit>

x̄

<latexit sha1_base64="EhA83QDUqaUPb3vx2857yqcyZcg="></latexit>

x̄

<latexit sha1_base64="A9LtZt3L5LOz3fDpEPtPFodLl7E="></latexit>

α = 1/2, x̄ = 0

<latexit sha1_base64="vDVZM8kaBuBPIstIp8u24PQBkL4="></latexit>

R(x)

<latexit sha1_base64="EhA83QDUqaUPb3vx2857yqcyZcg="></latexit>

x̄
<latexit sha1_base64="vVk4OKkxrGzTOOvOEyT0YF5uFWE="></latexit>

x

<latexit sha1_base64="fO7ZZIzyyc79f56locZpjbL+TK0="></latexit>

T (x)

<latexit sha1_base64="SXlmOqTtKWU3I+Z20EF4TTII26Q="></latexit>

R

<latexit sha1_base64="vDVZM8kaBuBPIstIp8u24PQBkL4="></latexit>

R(x)



How to design an algorithm
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Algorithm (operator) construction
<latexit sha1_base64="zFc4FOGHhY49KicKcvVaAfnGMVY="></latexit>

T x̄ ∈ fixT

<latexit sha1_base64="qAAH03Hu2rXiEnXYVwdC02IQ7BQ="></latexit>

f(x)

<latexit sha1_base64="2k/XMhLHSeSD3ibuIcC01FKWhlI="></latexit>

T =⇒

T =⇒

Most first order algorithms can be constructed in this way

Problem



Today’s lecture
[Chapter 4, FMO][PA][PMO][LSMO]

Monotone operators 

• Conjugate functions and duality


• Monotone and cocoercive operators


• Subdifferential operator and monotonicity


• Operators in optimization problems


• Operators in algorithms


• Building contractions

12



Conjugate functions and duality



Convex closed proper functions

14

<latexit sha1_base64="yyKISvGS1FQKXr9J313KyTYYfMQ="></latexit>

f : R
n
→ R

<latexit sha1_base64="YpsIu1wCp9xXDR7QNXBfxJTexjk="></latexit>

epi f

<latexit sha1_base64="J0XilFVULYfUcLzW2qQ4rqs6uTs="></latexit>

f(αx+ (1− α)y) ≤ αf(x) + (1− α)f(y), α ∈ [0, 1]

<latexit sha1_base64="/Daz7kYrsH6hpnQjE0Zl0a2cr4g="></latexit>

dom f

If not otherwise stated, we assume functions to be CCP



Conjugate function
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<latexit sha1_base64="uiIq2qEJRwH2EWZD6uILVg8Pzmg="></latexit>

f : R
n
→ R f∗

: R
n
→ R

<latexit sha1_base64="aXBGEzwvynZRlb24YTPpAJxOefQ="></latexit>

f∗(y) = max
x

yTx− f(x)

<latexit sha1_base64="tmtEEhos/zsXt84/WK/PfvlmtLE="></latexit>

f∗ y

<latexit sha1_base64="0vXPnB2XQEYmBkGlE7+xgCsMwYk="></latexit>

f∗

yTx f(x)

<latexit sha1_base64="C6D7kF8k1AH4M2rSpgIc0qym2TE="></latexit>

y
T
x

<latexit sha1_base64="zsl1i/m+pyR6zKAQnG3WtcwZ4+8="></latexit>

f(x)

<latexit sha1_base64="vVk4OKkxrGzTOOvOEyT0YF5uFWE="></latexit>

x

<latexit sha1_base64="e6lQapM2EB+ZMzq45ZUOeVPnmbM="></latexit>

(0,−f∗(y))



Conjugate function properties and examples

16

<latexit sha1_base64="dZXdKrSjBr6ujfU/V/1R5ee4xSM="></latexit>

f∗∗(y) = max
x

yTx− f∗(x) =⇒ f(x) ≥ f∗∗(x)

Properties

More examples of conjugate functions [Page 101, FMO]

support  
function

<latexit sha1_base64="oSGirqqOUsfQGNhlOU6Dd/hm9QM="></latexit>

f(x) = IC(x) f∗(y) = I
∗

C(y) = max
x∈C

yTx = σC(y)

Examples
<latexit sha1_base64="LHhNzLuG0b4e9piU5aybAKsoBHs="></latexit>

f(x) = kxk f⇤(y) = Ikyk∗1(y)
indicator function  
of dual norm set

<latexit sha1_base64="Ftd3hJVCn2BEnkrFbZVPny+Z8IM="></latexit>

f f∗∗
= f

<latexit sha1_base64="5icP/5mWci1Ny2BzEEuJITH6DJI="></latexit>

f(x) + f∗(y) ≥ yTx max



Fenchel dual
Dual using conjugate functions
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<latexit sha1_base64="dDFlxbJVi6MQuI6dWMbST00dB2I="></latexit>

f(x) + g(x)

<latexit sha1_base64="theOYMxGlAJie4tDjavMfbdK7bo="></latexit>

f(x) + g(z)

x = z

Equivalent form (variables split)

Dual function
<latexit sha1_base64="wbQYTb+NqunwgSAp19oxaAcKmx4="></latexit>

min
x,z

L(x, z, y) = −f∗(y)− g∗(−y)

Lagrangian
<latexit sha1_base64="5SEOssn2hbUNz4P9lt7FZxu1F3c="></latexit>

L(x, z, y) = f(x) + g(z) + yT (z − x) = −(yTx− f(x))− (−yT z − g(z))

Dual problem
<latexit sha1_base64="md/qCmoHICf4tDwg/JlhsDB5y1U="></latexit>

− f∗(y)− g∗(−y)



Fenchel dual example
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Dual problem
<latexit sha1_base64="4ySt97qyI2ydPwAR8DuCGuyY16g="></latexit>

f(x) + IC(x)

Constrained optimization
<latexit sha1_base64="d4kMRJilzWqXcTlJQSozXWz7l24="></latexit>

− f∗(y)− σC(−y)

Norm penalization

<latexit sha1_base64="gp7mLgdtrdLjEOWhRQh0UweNXnM="></latexit>

f(x) + ‖x‖

<latexit sha1_base64="d+/KqhsTnycNaTEf47soZRzb+BQ="></latexit>

−f∗(y)

‖y‖∗ ≤ 1

Dual problem

• Fenchel duality can simplify derivations


• Useful when conjugates are known


• Very common in operator splitting algorithms

Remarks



Monotone cocoercive operators



Monotone operators

20

<latexit sha1_base64="O5XLnyUzhPCfrtRI2yjGxDftT88="></latexit>

T R
n

<latexit sha1_base64="I8oGrKltAbTeqYt4sVNHoRR7reE="></latexit>

(u− v)T (x− y) ≥ 0, ∀(x, u), (y, v) ∈ gphT

<latexit sha1_base64="bc8jerUi3bjXlgrvRERUus09Lag="></latexit>

T
@(x̄, ū) /∈ gphT

<latexit sha1_base64="sygRM0lXzYWcfNccKh69YX2hvuc="></latexit>

(ū− u)T (x̄− x) ≥ 0

<latexit sha1_base64="8S19FdTWpB+O4ZrJE32VK1wvEA8="></latexit>

@ R

gphT ⊂ gphR



Monotone operators in 1D
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<latexit sha1_base64="qJ7RQ0YGIiRbw52ak/QJUZNZgx0="></latexit>

x
<latexit sha1_base64="qJ7RQ0YGIiRbw52ak/QJUZNZgx0="></latexit>

x

<latexit sha1_base64="qJ7RQ0YGIiRbw52ak/QJUZNZgx0="></latexit>

x
<latexit sha1_base64="qJ7RQ0YGIiRbw52ak/QJUZNZgx0="></latexit>

x

<latexit sha1_base64="FA6zpLzS3y6ydPVJnvUPHBgSNVA="></latexit>

T (x)
<latexit sha1_base64="FA6zpLzS3y6ydPVJnvUPHBgSNVA="></latexit>

T (x)

<latexit sha1_base64="FA6zpLzS3y6ydPVJnvUPHBgSNVA="></latexit>

T (x)
<latexit sha1_base64="FA6zpLzS3y6ydPVJnvUPHBgSNVA="></latexit>

T (x)

A B

DC
<latexit sha1_base64="yrg8vQKZihusoFhZ1M3r6L8lC2I="></latexit>

y > x ⇒ T (y) ≥ T (x)
Monotonicity

Let’s fill the table

Continuity
<latexit sha1_base64="VWOjUcyFP/zaGaumdy7+s1pl5hk="></latexit>

T

<latexit sha1_base64="LBad7teVMKi0DQik/UVCHrYgBak="></latexit>



Monotone operator properties

22

<latexit sha1_base64="oTXJp0xTDuvQJVh9cTekDYZ/mu0="></latexit>

T (x) = Ax+ b

() A+AT ⌫ 0

<latexit sha1_base64="KgY+4wjrNBm16ib2Ggy+/n9srxU="></latexit>

T +R

αT α ≥ 0

T
−1

M ∈ R
n×m

M
T
T (Mz) R

m



Strongly monotone operators
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<latexit sha1_base64="JIbUiRvaTreWQJUWLaUrFStwrpU="></latexit>

T R
n µ

<latexit sha1_base64="Hjo3vkGiBcfb4jJNRZuf3xiO0kU="></latexit>

µ

<latexit sha1_base64="OEzk4SZcm7N/VJyqBS6Pr3qgQp0="></latexit>

µ

<latexit sha1_base64="qJ7RQ0YGIiRbw52ak/QJUZNZgx0="></latexit>

x

<latexit sha1_base64="qJ7RQ0YGIiRbw52ak/QJUZNZgx0="></latexit>

x

<latexit sha1_base64="FA6zpLzS3y6ydPVJnvUPHBgSNVA="></latexit>

T (x)
<latexit sha1_base64="FA6zpLzS3y6ydPVJnvUPHBgSNVA="></latexit>

T (x)A B

Let’s fill the table
<latexit sha1_base64="nCDFOVXdngzXp5h3RGz61lXVXTY="></latexit>

<latexit sha1_base64="jDJ5yCSo8lCQ1Kn0CGATPi3Mf6I="></latexit>

(u� v)T (x� y) � µkx� yk2, µ > 0

8(x, u), (y, v) 2 gphT



Cocoercive operators
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<latexit sha1_base64="8wybehPZoqKYRqeWgcVUSJ9b/OM="></latexit>

(T (x)− T (y))T (x− y) ≥ β‖T (x)− T (y)‖2

<latexit sha1_base64="kREYkRMuw9MW5/oCNV1e9HtUnSQ="></latexit>

β‖T (x)− T (y)‖2 ≤ (T (x)− T (y))T (x− y) ≤ ‖T (x)− T (y)‖‖x− y‖
<latexit sha1_base64="xaIxmJTFnFfTLOh6El7bEA27v+o="></latexit>

=⇒ ‖T (x)− T (y)‖ ≤ (1/β)‖x− y‖

<latexit sha1_base64="xNadtXKhhNTg5VUM5nutzSLlfnA="></latexit>

T β T (1/β)

Proof

<latexit sha1_base64="pvOwouzEorKWurdUcOByPlRCzq0="></latexit>

T β β > 0

Proof

<latexit sha1_base64="fi78TEA6An4u0glgGm5P4Yl9ZKI="></latexit>

T µ T−1 µ

<latexit sha1_base64="HKBBa2VPu/aNNebVK3KFhYO+tX4="></latexit>

u = T (x) v = T (y) x ∈ T−1(u) y ∈ T−1(v)

<latexit sha1_base64="80NkPgX25+FyqG9ZqFNtpCeX/6g="></latexit>

(T (x)� T (x))T (x� y) � µkx� yk2

<latexit sha1_base64="Gn0WiAbVEMVFS7gWuRP3svBbjNc="></latexit>

(u� v)T (T−1(u)� T−1(v)) � µkT−1(u)� T−1(v)k2



Cocoercive and nonexpansive operators

25

Proof
<latexit sha1_base64="BQn7jmaAw4GuCNWRYfm66o/WFiA="></latexit>

k(I�2βT )(y)� (I � 2βT )(x)k2 =

= ky � 2βT (y)� x� 2βT (x)k2

= ky � xk2 � 4β(T (y)� T (x))T (y � x) + 4β2kT (y)� T (x)k2

= |y � xk2 � 4β
�

(T (y)� T (x))T (y � x)� βkT (y)� T (x)k2
�

 ky � xk2 (cocoercive)

<latexit sha1_base64="lBYDFp6TSd0Nm5Ix0QnvMnPdlfg="></latexit>

T β I − 2βT



Summary of monotone and cocoercive operators

26

Monotone

Strongly monotone Cocoercive

Lipschitz

<latexit sha1_base64="JY5R4eSqnZsrnWl4elEx7Z1Zulk="></latexit>

µ = 0

Nonexpansive

<latexit sha1_base64="DqFmEvrHw1STm89ZWxiSrMDfGmY="></latexit>

F = T
−1

<latexit sha1_base64="XRDioB2bmHoXBVBbmPuSVjwWJG0="></latexit>

(F (x)− F (y))T (x− y) ≥ µ‖F (x)− F (y)‖2

<latexit sha1_base64="imdwUdXvBw9oB9RqyMYSBOJs95E="></latexit>

L = 1/µ

<latexit sha1_base64="YmGeGe8/JuxShET2QZPboTkcz8g="></latexit>

‖F (x)− F (y)‖ ≤ L‖x− y‖

<latexit sha1_base64="bOkI4uuFFb0mFs9HkpUNV3pT1kU="></latexit>

G = I − 2µF

<latexit sha1_base64="XzmzWzDtkMxQMMGkmPUoHPoVb9g="></latexit>

‖G(x)−G(y)‖ ≤ ‖x− y‖

<latexit sha1_base64="1Lvadn3xlyT9F7P16dYO9wxG4Ik="></latexit>

(T (x)− T (y))T (x− y) ≥ µ‖x− y‖2

<latexit sha1_base64="a5hlNMLDablWgP5O4MvYm+gwjPE="></latexit>

(T (x)− T (y))T (x− y) ≥ 0



Subdifferential operator and 
monotonicity



Subdifferential operator monotonicity

28

<latexit sha1_base64="hJtAQU3YFuRBUazt4YuSW7orwe0="></latexit>

∂f(x) = {g | f(y) ≥ f(x) + gT (y − x)}

<latexit sha1_base64="rZuU7FJHUF7JBh++qDBB8KA9nKk="></latexit>

u ∈ ∂f(x) v ∈ ∂f(y)
<latexit sha1_base64="TFSLm29qgKh3Y89xC26Mf5lS9dg="></latexit>

f(y) ≥ f(x) + uT (y − x), f(x) ≥ f(y) + vT (x− y)
<latexit sha1_base64="cU9NZRIWE9IgbR/lR0JR6IwDO20="></latexit>

(u− v)T (x− y) ≥ 0

<latexit sha1_base64="xpdtaikMMaXg/TH5xXjzXhTNdEM="></latexit>

f ∂f(x)

Maximal monotonicity

<latexit sha1_base64="vtONH8YnI7nyZElWnN5gA/48fvM="></latexit>

∂f(x)



Strongly monotone and cocoercive subdifferential

29

<latexit sha1_base64="KQSling7lZitf4CSto/OonuLWmY="></latexit>

f µ ⇐⇒ ∂f µ
<latexit sha1_base64="Oy8ih24mItYnEmEt3ecbPKAY6Ik="></latexit>

(∂f(x)− ∂f(y))T (x− y) ≥ µ‖x− y‖2

<latexit sha1_base64="UqzSp3GB/LKc93yzo5ZpPv6dnRM="></latexit>

f(y)

<latexit sha1_base64="qNnRbwxFqvfk6+T/88VKpRF3PFU="></latexit>

(x, f(x))

<latexit sha1_base64="6glgbLdSYJpQxY1zciBNCzuKdbU="></latexit>

f(x) +∇f(x)T (y − x) +
L

2
‖x− y‖2

<latexit sha1_base64="rwcNzUv7DQBbIC89RZtEW5JbRdg="></latexit>

f(x) +∇f(x)T (y − x) +
µ

2
‖x− y‖2

<latexit sha1_base64="xxakx/w3/9SQ4rn7SYAw4cRxmkE="></latexit>

f L

() ∂f L ∂f = rf krf(x)�rf(y)k  Lkx� yk

() ∂f (1/L) (rf(x)�rf(y))T (x� y) � (1/L)krf(x)�rf(y)k2



Inverse of subdifferential
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<latexit sha1_base64="ZEDScHmZMHBZ0oEr/kOhc8VaRrE="></latexit>

f (∂f)−1 = ∂f∗

<latexit sha1_base64="dJEC6LHDmgw5KmLTq8ayAYLzFyk="></latexit>

(u, v) ∈ gph(∂f)−1
⇐⇒ (v, u) ∈ gph∂f

⇐⇒ u ∈ ∂f(v)

⇐⇒ 0 ∈ ∂f(v)− u

⇐⇒ v ∈ argmin
x

f(x)− uTx

⇐⇒ f∗(u) = uT v − f(v)

Proof

<latexit sha1_base64="n8R56lVBxqypKbNNjgbo7bXFVro="></latexit>

f f∗∗
= f

<latexit sha1_base64="Epoi8nRa7MCjI0NR+rtgq3ibBg4="></latexit>

f∗∗(v) + f∗(u) = uT v ⇐⇒ (u, v) ∈ gph∂f∗

<latexit sha1_base64="hUflqNRo6wUOBMnpVdg6LCiTTF8="></latexit>

f(v) + f∗(u) = uT v



Strong convexity is the dual of smoothness
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Proof
<latexit sha1_base64="UsKYnlI13AYRcaXb7uWFYBdAwhI="></latexit>

f µ ⇐⇒ ∂f µ

⇐⇒ (∂f)−1 = ∂f∗ µ

⇐⇒ f∗ (1/µ)

Remark: strong convexity and (strong) smoothness are dual

<latexit sha1_base64="zOSpB/Qr+41lO0Aaj79O0Vplv+w="></latexit>

f µ ⇐⇒ f∗ (1/µ)



Operators in optimization 
problems



KKT operator

33

<latexit sha1_base64="dNlbNDbGXhDc0n1FpN/pLPezVV0="></latexit>

f(x)

Ax = b

<latexit sha1_base64="YMUdWUlBoCFwjt0KDp70/giEk/w="></latexit>

L(x, y) = f(x) + yT (Ax− b)

Lagrangian

KKT operator
<latexit sha1_base64="gTEdEEW/A7nDGtagYdXYYSsjaJc="></latexit>

T (x, y) =

[

∂xL(x, y)

−∂yL(x, y)

]

=

[

∂f(x) +AT y

b−Ax

]

=

[

rdual

−rprim

]

<latexit sha1_base64="felBztVKyRoVrzsURNQG3WeADV8="></latexit>

{(x, y) | 0 ∈ T (x, y)}

Monotonicity
<latexit sha1_base64="RI7lxXthdTEClChgstiQO44DIhw="></latexit>

T (x, y) =

[

∂f(x)

b

]

+

[

0 AT

−A 0

][

x

y

]

skew-symmetric

sum of monotone 
operators



“multiplier to residual” mapping

34

<latexit sha1_base64="dNlbNDbGXhDc0n1FpN/pLPezVV0="></latexit>

f(x)

Ax = b

Proof

<latexit sha1_base64="ML6NWOnz1Wf+q5Sl8nIzkqfowCY="></latexit>

T (y) = b−A(∂f)−1(−AT y) = ∂y

�

bT y + f∗(−AT y)
�

= ∂(−g)

<latexit sha1_base64="ouQ73abMnDXOPWDYml8Ov/XnI5s="></latexit>

0 ∈ ∂xL(x, y) = ∂f(x) +AT y ⇐⇒ x = (∂f)−1(−AT y)

<latexit sha1_base64="YMUdWUlBoCFwjt0KDp70/giEk/w="></latexit>

L(x, y) = f(x) + yT (Ax− b)

Lagrangian

Dual problem
<latexit sha1_base64="gbL9rfnw/jgKMLgTwb0ubd3Y+TI="></latexit>

g(y) = min
x

L(x, y) = −max
x

−L(x, y) = −(f∗(−AT y) + yT b)

<latexit sha1_base64="I2rQuog2laeKv/aVHagaFOjm4c8="></latexit>

T (y) = b−Ax x = argmin
z
L(z, y)

Operator Monotonicity
<latexit sha1_base64="ieWYgrJPu/oEp7cObCcUBJPNIGY="></latexit>

f T

monotone



Operators in algorithms



Forward step operator
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<latexit sha1_base64="RhtNXTQtP0XltySdJMRZiMvzgss="></latexit>

I − γT

<latexit sha1_base64="xW5GIgrqrsMHBebIiXrNc3N3dJM="></latexit>

T

Example
<latexit sha1_base64="2ZvfuEPhFcaed3F8DbHKmBRMTls="></latexit>

x

x = 0

KKT operator
<latexit sha1_base64="MXnSGKx+eljRKtj4D6FMzvqS6Hg="></latexit>

A =

[

0 1

−1 0

]

<latexit sha1_base64="QxY500pQKWs/UxIw8+TssmD4Bu4="></latexit>

A+A
T
= 0 ! 0

Monotone (skew-symmetric)
<latexit sha1_base64="MtA+qdMb3z62EWimzQWQD1Zq5b4="></latexit>

T (x, y) =

[

0 1

−1 0

][

x

y

]

+

[

1

0

]

Forward step Expansive
<latexit sha1_base64="W3J9mvl4auhx6XZp+fRpnr/FtKo="></latexit>∥

∥

∥

∥

∥

[

1 −γ

γ 1

]
∥

∥

∥

∥

∥

2

> 1, ∀γ

<latexit sha1_base64="g+OjdUwqKMb7Q2ZpMMyUWnyTiTM="></latexit>

(I − γT )

[

x

y

]

=

[

1 −γ

γ 1

][

x

y

]

−

[

1

0

]

<latexit sha1_base64="9BKaozagKcEm27HXMfh8hmjBYqI="></latexit>

T



Gradient step: special case of forward step

37

Construct averaged iterations
<latexit sha1_base64="PVSkqKx2hKUaALl8vk1OnsmFkuo="></latexit>

I − γ∇f = (1− α)I + α(I − (2/L)∇f)
<latexit sha1_base64="hbxyh875Pu5G26w7JEVcotWG2QA="></latexit>

α = γL/2 ∈ (0, 1) ⇐⇒ γ ∈ (0, 2/L)

<latexit sha1_base64="wKe5DDqL7GQq3ferqIMo1LwtOWM="></latexit>

f L () rf (1/L) () I � (2/L)rf

Remark
<latexit sha1_base64="aXuZ575swA9nv0zqGYexqf0y+P0="></latexit>

(to be averaged)



Resolvent and Cayley operators

38

<latexit sha1_base64="3CvAwfwEN25NSIlY35A1TfJY7AU="></latexit>

RA = (I +A)−1

<latexit sha1_base64="8rhmdvP25+vsiB4YNdZbiIR1FUM="></latexit>

A

Properties

<latexit sha1_base64="wcanNN8lADrNj0453awbuxezwGE="></latexit>

A

<latexit sha1_base64="kGvfITf9mdT7J4Izx9krN6VCq9Y="></latexit>

0 ∈ A(x) CA RA

<latexit sha1_base64="HYEkIilVJi1Neigr09NHjUsoMLo="></latexit>

A domRA = domCA = R
n

A RA CA

A RA CA

<latexit sha1_base64="sbqRaYen8UfrTmTlozPEPwRcskQ="></latexit>

CA = 2RA − I = 2(I +A)−1
− I



Proof

39

<latexit sha1_base64="MoTKZZXbc6rNocrk6lqg3/3cEos="></latexit>

RA CA A

<latexit sha1_base64="I4WEYVetByaDl2WbSOTllfYCEXc="></latexit>

x ∈ fixRA

<latexit sha1_base64="a+0g+MvwcbCrXdhg/z4AiIBoGLw="></latexit>

0 ∈ A(x) ⇐⇒ x ∈ (I +A)(x)

⇐⇒ (I +A)−1(x) = x

⇐⇒ x = RA(x)

<latexit sha1_base64="ftH+x5cL1cyIurkg8wSXF1v3l6o="></latexit>

x ∈ fixCA

<latexit sha1_base64="27Qv0Eru7448q7G+bUu8KKTTOfw="></latexit>

CA(x) = 2RA(x)− I(x) = 2x− x = x

<latexit sha1_base64="3CvAwfwEN25NSIlY35A1TfJY7AU="></latexit>

RA = (I +A)−1



<latexit sha1_base64="t6Wfdx7O8hPgMyItB2J2VjbXBr0="></latexit>

A RA

Proof

40

<latexit sha1_base64="Tnwfxu9LWMqGOsKwzH0ZJwxq80o="></latexit>

u+A(u) ∋ x, v +A(v) ∋ y

<latexit sha1_base64="Ln4OL//2J1W/JIhuxvU1Dj4r6AU="></latexit>

u� v + (A(u)�A(v)) 3 x� y

<latexit sha1_base64="sc3IY8VX023vPwQRaOO9hvUgMA4="></latexit>

‖u− v‖2 ≤ (x− y)T (u− v)

<latexit sha1_base64="vzOJSTY2aPN5eVQ/UcLA+7Ebz08="></latexit>

(u− v)T A ∈ → =

<latexit sha1_base64="a+qfGvWVOPFg/dE/X2jeGu4WonE="></latexit>

ku� vk
<latexit sha1_base64="ESQJcDQJxqJ/85QZ4SZaZ4Tp8n8="></latexit>

‖u− v‖ ≤ ‖x− y‖

<latexit sha1_base64="B8zu5wkiy7sKfzfiFKYxtpKOnmc="></latexit>

(x, u) ∈ gphRA (y, v) ∈ gphRA



<latexit sha1_base64="3d4CgyHIVAwBTdbCD+oMlDjws4w="></latexit>

A CA

Proof

41

<latexit sha1_base64="dzVxcqtXvy/kGC6drxVmuU4foCE="></latexit>

u = RA(x) v = RA(y) RA

<latexit sha1_base64="mimlC/7ADeGkr2jSA4eS4rW3ftI="></latexit>

kC(x)� C(y)k2 = k(2u� x)� (2v � y)k2

= k2(u� v)� (x� y)k2

= 4ku� vk2 � 4(u� v)T (x� y) + kx� yk2

 kx� yk2

<latexit sha1_base64="3C+1BoF0WGPoUCAQCJaIN6OswOQ="></latexit>

RA ku� vk2  (u� v)T (x� y)

Remark
<latexit sha1_base64="es+Jof5o6OH5zOYGFspTu7Tbgaw="></latexit>

RA I CA

<latexit sha1_base64="tRrIr6bb9VyA5KRlS8eX36dJMMY="></latexit>

RA = (1/2)I + (1/2)CA = (1/2)I + (1/2)(2RA − 1)



Role of maximality

42

<latexit sha1_base64="zSVmanoQ4GjmluF1wVdF9kMa6jM="></latexit>

A

<latexit sha1_base64="l+62ny9wgdPvsc0Ywh6BHWuC0zs="></latexit>

RA CA

A = ∂f(x) f

<latexit sha1_base64="n0rN5YY36s5GAWIksKrlRGjvmIw="></latexit>

RA CA



Resolvent of subdifferential: proximal operator
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<latexit sha1_base64="Po24SK3dk3p6InUEluObp3PShak="></latexit>

proxf = R∂f = (I + ∂f)−1

<latexit sha1_base64="6pAn2QJFg5QsudC2+H1zSz39B98="></latexit>

z = proxf (x)
<latexit sha1_base64="x858dD7xpBHn4siDPhNA0F151E4="></latexit>

z = argmin
u

f(u) +
1

2
ku� xk2

() 0 2 ∂f(z) + z � x

() x 2 (I + ∂f)(z)

() z = (I + ∂f)−1(x)

Proof



Resolvent of normal cone: projection
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Proof

<latexit sha1_base64="pMSORzHFYn792WSFtsw+NuLqgtg="></latexit>

u = (I + ∂IC)
−1(x) ⇐⇒ u = argmin

z

IC(u) + (1/2)‖z − x‖2 = ΠC(x)

<latexit sha1_base64="t/xCKXWVsilDnT3gSbxGkNPYlGA="></latexit>

f = IC C
<latexit sha1_base64="rJDX3PW99uLrz3f8YLAXlXhsi1E="></latexit>

∂IC(x) = NC(x)

<latexit sha1_base64="ZXqjuIA0izeTNF6VJCUO1TszS28="></latexit>

x
<latexit sha1_base64="ZXqjuIA0izeTNF6VJCUO1TszS28="></latexit>

x

<latexit sha1_base64="oUxVCtGAHUTnpXbW2ZrWRInHjhA="></latexit>

NC(x)
<latexit sha1_base64="oUxVCtGAHUTnpXbW2ZrWRInHjhA="></latexit>

NC(x)

Proof of monotonicity

add to obtain  
monotonicity

<latexit sha1_base64="eeSDAqUm8j7m4Trxkz84Ynad8fw="></latexit>

NC =⇒ ΠC

<latexit sha1_base64="lCKKH7LNc1uOlkcrT+4ouoS2OeQ="></latexit>

u ∈ NC(x) ⇒ uT (z − x) ≤ 0, ∀z ∈ C ⇒ uT (y − x) ≤ 0

v ∈ NC(y) ⇒ vT (z − y) ≤ 0, ∀z ∈ C ⇒ vT (x− y) ≤ 0

<latexit sha1_base64="Yvi59AKANxFBLtqHmKekWZpNjas="></latexit>

R∂IC
= ΠC(x)



Building contractions



Forward step contractions

46

Proof
<latexit sha1_base64="bLl0XEUWBr2VFV9E2zQ3jY79qvE="></latexit>

k(I � γT )(x)�(I � γT )(y)k2 = kx� y + γT (x)� γT (y)k2

= kx� yk2 � 2γ(T (x)� T (y))T (x� y) + γ
2kT (x)� T (y)k2

 (1� 2γµ+ γ
2L2)kx� yk2

strongly  
monotone Lipschitz

<latexit sha1_base64="WS+POtKJqC519upEHWCwKoe2ij4="></latexit>

T L µ I − γT

Remarks
<latexit sha1_base64="VvOUXYFY1ZnH1ny3zCKHIHrME9k="></latexit>

L µ f

kD(I � γr2f(x))k2  max{|1� γL|, |1� γµ|}
γ = 2/(µ+ L) (µ/L� 1)(µ/L+ 1)

<latexit sha1_base64="rT8cESJT/b2BPETkX/6rNNJ0tqU="></latexit>

p

1− 2γµ+ γ2L2 γ = µ/L2



Resolvent contractions

47

<latexit sha1_base64="3CvAwfwEN25NSIlY35A1TfJY7AU="></latexit>

RA = (I +A)−1

<latexit sha1_base64="+ReHFeh96u4SByzh6OdedgOtDec="></latexit>

A µ

<latexit sha1_base64="MdtuAZydAxtYOJTMqxDh0rfXA7g="></latexit>

1/(1 + µ)

Proof
<latexit sha1_base64="fVeWCRvIjV7/p5isVu1Jn0Lfi9E="></latexit>

A µ =⇒ (I +A) (1 + µ)

=⇒ RA = (I +A)−1 (1 + µ)

=⇒ RA (1/(1 + µ))



Cayley contractions
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<latexit sha1_base64="ujkZfS7z6DTzx9SYdyBN6pMv/mQ="></latexit>

A µ L

Proof [Page 20, PMO]

<latexit sha1_base64="2erJDadA1jpams2YkiSOwR07YWs="></latexit>

CγA = 2RγA − I = 2(I + γA)−1
− I

<latexit sha1_base64="O2qGz2y5KolZCfMh2xze+qrNVZo="></latexit>

p

1− 4γµ/(1 + γL)2

Proof  
[Linear Convergence and Metric Selection for Douglas-Rachford Splitting and ADMM, Giselsson and Boyd]

<latexit sha1_base64="8KUKuBFbKfbsi3fdbPKSHA/LXrI="></latexit>

A = ∂f f CγA

(
p

µ/L− 1)/(
p

µ/L+ 1) γ = 1/
√

µL

Remark need also Lipschitz condition



Requirements for contractions

49

Forward step

Resolvent

Cayley

Key to contractions: strong monotonicity/convexity

<latexit sha1_base64="3CvAwfwEN25NSIlY35A1TfJY7AU="></latexit>

RA = (I +A)−1

<latexit sha1_base64="VjOdpZs0nYrCp8dUKlelHfwtIbw="></latexit>

CA = 2(I +A)−1
− I

<latexit sha1_base64="+hoBf2nMQx+/nObdOx1zOIgDEeg="></latexit>

I − γA

<latexit sha1_base64="EvPBcPSVeMLna6t53fVGrHwgKW8="></latexit>

A

<latexit sha1_base64="dmrfqX52WpNpNjT0c6ziR+YBT5I="></latexit>

µ

<latexit sha1_base64="dmrfqX52WpNpNjT0c6ziR+YBT5I="></latexit>

µ

<latexit sha1_base64="7uANHrLQBvpa27adWi079KcyLT4="></latexit>

µ

L

<latexit sha1_base64="3gfhMYt6spTHhkAwaTzRL6ejaQM="></latexit>

f

A = ∂f

<latexit sha1_base64="9ga4WEqos6nwDE1kZGcb+RhJi9s="></latexit>

µ

L

<latexit sha1_base64="9ga4WEqos6nwDE1kZGcb+RhJi9s="></latexit>

µ

L

<latexit sha1_base64="9ga4WEqos6nwDE1kZGcb+RhJi9s="></latexit>

µ

L

faster convergence



Operator theory

Today, we learned to:


• Use conjugate functions to define duality


• Define monotone and cocoercive operators and their relations


• Relate subdifferential operator and monotonicity


• Recognize monotone operators in optimization problems


• Apply operators in algorithms: forward step, resolvent, Cayley


• Understand requirements for building contractions

50



Next lecture

• Operator splitting algorithms

51


