
Bartolomeo Stellato — Fall 2021

ORF522 – Linear and Nonlinear Optimization
9. Sensitivity analysis for linear optimization



Ed Forum

• Why does limiting it to the vertices make these problems deterministic strategies and no longer random? Is it just something to 
do with the problem having the same amount of variables as equations so everything can just be solved? 


• What are the advantages and disadvantages of the dual simplex method over the simplex method? For any linear optimization 
problem, is it always okay to use both the simplex and dual simplex methods? In what cases is it better to use the dual? 

• Dual simplex questions:  
 

•  

•
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Today’s lecture
[Chapter 5, Bertsimas and Tsitsiklis]

Sensitivity analysis in linear optimization 

• Adding new constraints and variables


• Change problem data


• Differentiable optimization
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Adding new variables
Optimality conditions
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Example
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Information from primal-dual solution
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Modified LP
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Ax = b+ u

x ≥ 0
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Dual of modified LP

−(b+ u)T y
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Dual of modified LP

Global lower bound
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Example
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u = td d ∈ R
m
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p?(td) t
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Optimal value function
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p
?(0)
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Properties

p?(u) > −∞

{u | p?(u) < +∞}

p?(u)
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p⋆(u) = min{cTx | Ax = b+ u, x ≥ 0}
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Optimal value function is piecewise linear
Proof
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p⋆(u) = min{cTx | Ax = b+ u, x ≥ 0}

<latexit sha1_base64="tqGpNp3rFyZmyiN9F/kh25B9oAs="></latexit>
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Local sensitivity

23

Original LP

cTx

Ax = b

x ≥ 0

<latexit sha1_base64="37kDWxYzfWmwzJ8PCmqbpnkpSjM="></latexit>

Optimal solution

u
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Primal
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xi = 0, i /∈ B

x?

B
= A−1

B
b
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y? = −A−T
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23

Original LP

cTx

Ax = b

x ≥ 0

<latexit sha1_base64="37kDWxYzfWmwzJ8PCmqbpnkpSjM="></latexit>

Optimal solution

u

<latexit sha1_base64="7CM1i84FNeXha/qIDykPURoWX80="></latexit>

Modified LP

cTx

Ax = b+ u

x ≥ 0

<latexit sha1_base64="EZdJ9+wVkD/5UceOzpPEXzMuziU="></latexit>

−(b+ u)T y

AT y + c ≥ 0

<latexit sha1_base64="93Op7bnvmnHIy4uUa2lpaYU3juY="></latexit>

Modified dual

Optimal basis 
does not change

y
?(u) = y

?

<latexit sha1_base64="MzJ2LRtIy3XlGgkaGqDFGv9lDHA="></latexit>

Modified optimal solution
<latexit sha1_base64="fCFqIhqfkrInovhrsyqYFSlmyLM="></latexit>

x?

B
(u) = A

−1

B
(b+ u) = x?

B
+A

−1

B
u

Primal

<latexit sha1_base64="klyZcvjdlQzGzzKfI+pHvOS6ZDI="></latexit>

xi = 0, i /∈ B

x?

B
= A−1

B
b

<latexit sha1_base64="QXGFoMfMZqwG5CEHPHXz3apnl3k="></latexit>

y? = −A−T

B
cBDual

.



Derivative of the optimal value function
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Derivative of the optimal value function
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Derivative of the optimal value function

24
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Sensitivity example

25

−60x1 − 30x2 − 20x3

8x1 + 6x2 + x3 ≤ 48

4x1 + 2x2 + 1.5x3 ≤ 20

2x1 + 1.5x2 + 0.5x3 ≤ 8

x ≥ 0

<latexit sha1_base64="AwlEQSlXr9zdcH3sB+v4h/qIYhU="></latexit>
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T
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Training a neural network

27

Single layer model

Layer
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θ
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Implicit layers

28

x(θ) r

<latexit sha1_base64="V5gjxAZQU/u+WRi/2XYw9xbyGDk="></latexit>

<latexit sha1_base64="e8C+5jCQnl+zoEf7TUZVNpd3f+k="></latexit>

x(θ)

r(θ, x(θ)) = 0

https://implicit-layers-tutorial.org/
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x(θ)

r(θ, x(θ)) = 0

How do we compute derivatives?
<latexit sha1_base64="QW/9+KLnarBNClYW58RMGg/U8VQ="></latexit>

∂x(θ)

∂θ

https://implicit-layers-tutorial.org/
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∂x
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Under mild assumptions (non-singularity),

[Theorem 1. B.1, Dontchev and Rockafellar 2009]

Implicit function theorem

<latexit sha1_base64="9FaGQwgfvozQZzcQ9omX3ipRVX8="></latexit>

∂r(θ, x(θ))
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∂x(θ)
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= 0

https://implicit-layers-tutorial.org/



Optimization layers

29

θ = {c, A, b}
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x
⋆(θ) =

x

cTx

Ax ≤ b



Optimization layers

29

Features

• Add domain knowledge and hard constraints 

• End-to-end training and optimization


• Nice theory and algorithms for general convex optimization 

• Applications in RL, control, meta-learning, game theory, etc.
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Optimality conditions

30

cTx

Ax ≤ b
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AT y + c = 0

<latexit sha1_base64="8V70+ie8SDtlHpYH2NhEjfBUVeU="></latexit>

y ≥ 0, b−Ax ≥ 0
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Take differentials

AT y? + c = 0

diag(y?)(Ax− b) = 0
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The linear system matrix must be invertible  
(the problem must have unique solution)


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The linear system matrix must be invertible  
(the problem must have unique solution)

∂x(θ)

∂θ
= −

(

∂r(θ, x(θ))

∂x

)

−1
∂r(θ, x(θ))

∂θ
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The linear system matrix must be invertible  
(the problem must have unique solution)

If not, least squares “subdifferential”
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Example
Learning to play Sudoku
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[OptNet: Differentiable Optimization as a Layer in Neural Networks, B. Amos and J. Z. Kolter ICML 2017]
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Sudoku constraint satisfaction problem
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Sudoku constraint satisfaction problem

Linear optimization layer θ = {A, b}
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Sensitivity analysis in linear optimization

Today, we learned to:


• Use the most appropriate primal/dual simplex algorithm when variables and/
or constraints are added 

• Analyze sensitivity of the cost with respect to change in the data  

• Apply sensitivity analysis to differentiable linear optimization layers

34



Next lecture

• Barrier methods for linear optimization
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