
Bartolomeo Stellato — Fall 2021

ORF522 – Linear and Nonlinear Optimization
8. Linear optimization duality



Ed Forum

• Why are the dual variables >= 0 for inequalities?


• Why is the case of the both primal and dual 
infeasible an exception to strong duality?


• Are there other examples where strong duality 
does not hold? Yes! 
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Optimal objective values
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Relationship between primal and dual
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Today’s agenda

• Two-person zero-sum games


• Farkas lemma


• Complementary slackness


• Dual simplex method
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Readings: [Chapter 4, LO][Chapter 11, LP]



Two-person zero-sum games



Rock paper scissors
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Rules

At count to three declare one of: Rock, Paper, or Scissors

Winners

Identical selection is a draw, otherwise:
• Rock beats (“dulls”) scissors


• Scissors beats (“cuts”) paper


• Paper beats (“covers”) rock

Extremely popular: world RPS society, USA RPS league, etc.



Two-person zero-sum game
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Two players make their choice independently

i ∈ {1, . . . ,m} m

j ∈ {1, . . . , n} n
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Two-person zero-sum game
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Two players make their choice independently
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Mixed (randomized) strategies
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Deterministic strategies can be systematically defeated



Mixed (randomized) strategies
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Deterministic strategies can be systematically defeated

Randomized strategies

x

y
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Mixed strategies and probability simplex
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Pk = {p ∈ R
k | p ≥ 0, 1

T p = 1}
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The set of all mixed strategies is the probability simplex x ∈ Pm, y ∈ Pn
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Optimal mixed strategies
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Minmax theorem
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The two LPs are duals and by strong duality the equality follows.



Nash equilibrium
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x
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⋆ = (0.4, 0, 0.13, 0.47)
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Farkas lemma



Feasibility of polyhedra
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P = {x | Ax = b, x ≥ 0}

<latexit sha1_base64="H+VsDsuCwjAWhaXh6m7I/sgv1/U="></latexit>



Feasibility of polyhedra

17

P = {x | Ax = b, x ≥ 0}

<latexit sha1_base64="H+VsDsuCwjAWhaXh6m7I/sgv1/U="></latexit>

P

<latexit sha1_base64="t6A50YwiecT68odiR9zMwt3l6Oo="></latexit>

x ∈ P

<latexit sha1_base64="0nUXP73e8Ml/j1f3VHd1joC682o="></latexit>



Feasibility of polyhedra

17

P = {x | Ax = b, x ≥ 0}

<latexit sha1_base64="H+VsDsuCwjAWhaXh6m7I/sgv1/U="></latexit>

P

<latexit sha1_base64="t6A50YwiecT68odiR9zMwt3l6Oo="></latexit>

x ∈ P

<latexit sha1_base64="0nUXP73e8Ml/j1f3VHd1joC682o="></latexit>

P

<latexit sha1_base64="OKzHvnkb7e/MGBU1SNs7m585jQo="></latexit>



Farkas lemma
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Farkas lemma
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1. First alternative
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<latexit sha1_base64="ZxA1j0wP0mzzaJbnECbXCHmKG4Q="></latexit>

A1

<latexit sha1_base64="FNvoOFbqNLJElR3NjilYdZRP/H0="></latexit>

A2

<latexit sha1_base64="KgrKK9KYvPH4kjMIdhPuNkOgpss="></latexit>

b

<latexit sha1_base64="OzSK7EZmpoXuJ+VzUHQsyBUqncI="></latexit>

Geometric interpretation

b

A

<latexit sha1_base64="wgxFXKXOpydgAkGVVX+fnvwKI5U="></latexit>

<latexit sha1_base64="IFNKPTKQKNqy1MTl3cfXO54ybJg="></latexit>

x Ax = b x ≥ 0



Farkas lemma

19

1. First alternative

b =

n∑

i=1

xiAi, xi ≥ 0, i = 1, . . . , n

<latexit sha1_base64="ZxA1j0wP0mzzaJbnECbXCHmKG4Q="></latexit>

A1

<latexit sha1_base64="FNvoOFbqNLJElR3NjilYdZRP/H0="></latexit>

A2

<latexit sha1_base64="KgrKK9KYvPH4kjMIdhPuNkOgpss="></latexit>

b

<latexit sha1_base64="OzSK7EZmpoXuJ+VzUHQsyBUqncI="></latexit>

2. Second alternative

yTAi ≥ 0, i = 1, . . . ,m, yT b < 0

<latexit sha1_base64="XPvKEIc3HVt7TVo5MELSsb/ZbyY="></latexit>

A1

<latexit sha1_base64="FNvoOFbqNLJElR3NjilYdZRP/H0="></latexit>

A2

<latexit sha1_base64="KgrKK9KYvPH4kjMIdhPuNkOgpss="></latexit>

b

<latexit sha1_base64="OzSK7EZmpoXuJ+VzUHQsyBUqncI="></latexit>

y

<latexit sha1_base64="KoB4NUJYVht9YOipvyMj2J0QdkU="></latexit>

yT z = 0

b A1, . . . , An

<latexit sha1_base64="dpxUXvoEbvTj6aGKpzP1L3IFQRk="></latexit>

<latexit sha1_base64="HaOzvZONUJgj7U2AlAmXfkkajKg="></latexit>

y AT y ≥ 0 bT y < 0

Geometric interpretation

b

A

<latexit sha1_base64="wgxFXKXOpydgAkGVVX+fnvwKI5U="></latexit>

<latexit sha1_base64="IFNKPTKQKNqy1MTl3cfXO54ybJg="></latexit>

x Ax = b x ≥ 0



Farkas lemma
Proof
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1 and 2 cannot be both true (easy)

x ≥ 0 Ax = b yTA ≥ 0
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p? = d? = 0

<latexit sha1_base64="cAqFky9lYPOlrCbDuOKd1o1JY0U="></latexit>

y AT y ≥ 0 bT y < 0

<latexit sha1_base64="GFZi9qA90k0fG/GrKUhwn+YIE/s="></latexit>

p? = d? = +∞

<latexit sha1_base64="MLRsWCXIaFjqmWCE9Z0XDqpI8CA="></latexit>



Farkas lemma
Proof

20

1 and 2 cannot be both true (easy)

x ≥ 0 Ax = b yTA ≥ 0

<latexit sha1_base64="agBaNvKrrXuBEnT0BonIqvA1od8="></latexit>

yT b = yTAx ≥ 0

<latexit sha1_base64="ztSfiMQN7AjQZ6ZUx2ky7jrcq7s="></latexit>

1 and 2 cannot be both false (duality)

0

Ax = b

x ≥ 0

<latexit sha1_base64="OfoycAPGdbyGtnEgicbxIDMTBLc="></latexit>

−bT y

AT y ≥ 0

<latexit sha1_base64="E1u9nihad+MNRT/OsVoH3LMCgEk="></latexit>

Primal Dual

y = 0

<latexit sha1_base64="5F77GyMkjg8IA/CES6h5aHU3s2g="></latexit>

d⋆ != −∞, p⋆ = d⋆

<latexit sha1_base64="q+cLFOx/fgcs4mcFiC6gZX7pcWw="></latexit>

bT y ≥ 0 y AT y ≥ 0

<latexit sha1_base64="hlBGC6BYfDuZz9tv515pIGRxIJ0="></latexit>

p? = d? = 0

<latexit sha1_base64="cAqFky9lYPOlrCbDuOKd1o1JY0U="></latexit>

y AT y ≥ 0 bT y < 0

<latexit sha1_base64="GFZi9qA90k0fG/GrKUhwn+YIE/s="></latexit>

p? = d? = +∞

<latexit sha1_base64="MLRsWCXIaFjqmWCE9Z0XDqpI8CA="></latexit>

y

<latexit sha1_base64="WVVAC7JRKrfFdXj2hSpT1w7gWL0="></latexit>

infeasibility  
certificate



Complementary slackness



Optimality conditions

22

Primal Dual

cTx

Ax ≤ b

<latexit sha1_base64="4SLIyybDLsW4EisEGAZzVa/nhY8="></latexit>

−bT y

AT y + c = 0

y ≥ 0

<latexit sha1_base64="oaj5YVrar4QqelpzNtZl3ufiwOM="></latexit>



Optimality conditions

22

Primal Dual

cTx

Ax ≤ b

<latexit sha1_base64="4SLIyybDLsW4EisEGAZzVa/nhY8="></latexit>

−bT y

AT y + c = 0

y ≥ 0

<latexit sha1_base64="oaj5YVrar4QqelpzNtZl3ufiwOM="></latexit>

x y

<latexit sha1_base64="46P1slWE8taueH8oWO77BQBe+AI="></latexit>

x Ax ≤ b

y AT y + c = 0 y ≥ 0

cTx+ bT y = 0

<latexit sha1_base64="r+QflLu5bGd/FCTa1gYnTUFHYeY="></latexit>



Optimality conditions

22

Primal Dual

cTx

Ax ≤ b

<latexit sha1_base64="4SLIyybDLsW4EisEGAZzVa/nhY8="></latexit>

−bT y

AT y + c = 0

y ≥ 0

<latexit sha1_base64="oaj5YVrar4QqelpzNtZl3ufiwOM="></latexit>

x y

<latexit sha1_base64="46P1slWE8taueH8oWO77BQBe+AI="></latexit>

x Ax ≤ b

y AT y + c = 0 y ≥ 0

cTx+ bT y = 0

<latexit sha1_base64="r+QflLu5bGd/FCTa1gYnTUFHYeY="></latexit>

x y

<latexit sha1_base64="BbjuDHO0Armg38bc7EHG3QIeXtQ="></latexit>



Complementary slackness

23

Theorem

Primal Dual

cTx

Ax ≤ b

<latexit sha1_base64="4SLIyybDLsW4EisEGAZzVa/nhY8="></latexit>

−bT y

AT y + c = 0

y ≥ 0

<latexit sha1_base64="oaj5YVrar4QqelpzNtZl3ufiwOM="></latexit>

x y

<latexit sha1_base64="72haPqPGgcnAxmY+mVQAisPg3mI="></latexit>

yi(bi − aT
i
x) = 0, i = 1, . . . ,m

<latexit sha1_base64="rQuW9qi89f5Q0v8b3wsOIihZbqM="></latexit>

b−Ax y

<latexit sha1_base64="9wrLbmXVQhduTWQORUMLsleMvto="></latexit>

yi > 0 ⇒ aT
i
x = bi

<latexit sha1_base64="zte0nvrorW6e8zWFKdLM3pqUn3Q="></latexit>

aT
i
x < bi ⇒ yi = 0

<latexit sha1_base64="zA3QkH6VcH1T/BE4VJYj040CCdo="></latexit>



Complementary slackness

24

Proof

x y

<latexit sha1_base64="V10qm8n1+SPIwZ4t7bYNA28VYPM="></latexit>

cTx+ bT y = (−AT y)Tx+ bT y = (b−Ax)T y =

mX

i=1

yi(bi − aT
i
x) = 0

<latexit sha1_base64="WTBHnoxtKTeYyj5G15cnMM1WYEI="></latexit>

Primal Dual

cTx

Ax ≤ b

<latexit sha1_base64="4SLIyybDLsW4EisEGAZzVa/nhY8="></latexit>

−bT y

AT y + c = 0

y ≥ 0

<latexit sha1_base64="oaj5YVrar4QqelpzNtZl3ufiwOM="></latexit>

€



Complementary slackness

24

Proof

x y

<latexit sha1_base64="V10qm8n1+SPIwZ4t7bYNA28VYPM="></latexit>

cTx+ bT y = (−AT y)Tx+ bT y = (b−Ax)T y =

mX

i=1

yi(bi − aT
i
x) = 0

<latexit sha1_base64="WTBHnoxtKTeYyj5G15cnMM1WYEI="></latexit>

Primal Dual

cTx

Ax ≤ b

<latexit sha1_base64="4SLIyybDLsW4EisEGAZzVa/nhY8="></latexit>

−bT y

AT y + c = 0

y ≥ 0

<latexit sha1_base64="oaj5YVrar4QqelpzNtZl3ufiwOM="></latexit>

0

<latexit sha1_base64="s3SP17mJgKpYNsyvGsZof/hgIMo="></latexit>

-

⇒→



Complementary slackness

24

Proof

x y

<latexit sha1_base64="V10qm8n1+SPIwZ4t7bYNA28VYPM="></latexit>

cTx+ bT y = (−AT y)Tx+ bT y = (b−Ax)T y =

mX

i=1

yi(bi − aT
i
x) = 0

<latexit sha1_base64="WTBHnoxtKTeYyj5G15cnMM1WYEI="></latexit>

Primal Dual

cTx

Ax ≤ b

<latexit sha1_base64="4SLIyybDLsW4EisEGAZzVa/nhY8="></latexit>

−bT y

AT y + c = 0

y ≥ 0

<latexit sha1_base64="oaj5YVrar4QqelpzNtZl3ufiwOM="></latexit>

0

<latexit sha1_base64="s3SP17mJgKpYNsyvGsZof/hgIMo="></latexit>

x y

<latexit sha1_base64="/KsdLYpThzGHBVrRC6/fHQlrLUM="></latexit>



Geometric interpretation
R

2

<latexit sha1_base64="13bKbVbisGcSsCEFLrZdzsqmyPA="></latexit>

25

x
⋆

<latexit sha1_base64="+jDiYZ6ROT1P7S+wPmpE8k10UWU="></latexit>

a1

<latexit sha1_base64="/ejWg8DVgF65TRktZtAmGvqDF9I="></latexit>

a2

<latexit sha1_base64="UNixJ33oiXOhGMCghDYg192JaUo="></latexit>

−c

<latexit sha1_base64="dKCmff4E1I2iSUZKYZFxkIOe7v4="></latexit>

aT
1
x?

= b1, aT
2
x?

= b2

<latexit sha1_base64="4HnmTUw334kxfNlo2Jg+Ekqyd4I="></latexit>



Geometric interpretation
R

2

<latexit sha1_base64="13bKbVbisGcSsCEFLrZdzsqmyPA="></latexit>

25

x
⋆

<latexit sha1_base64="+jDiYZ6ROT1P7S+wPmpE8k10UWU="></latexit>

a1

<latexit sha1_base64="/ejWg8DVgF65TRktZtAmGvqDF9I="></latexit>

a2

<latexit sha1_base64="UNixJ33oiXOhGMCghDYg192JaUo="></latexit>

−c

<latexit sha1_base64="dKCmff4E1I2iSUZKYZFxkIOe7v4="></latexit>

aT
1
x?

= b1, aT
2
x?

= b2

<latexit sha1_base64="4HnmTUw334kxfNlo2Jg+Ekqyd4I="></latexit>

y

<latexit sha1_base64="abzYU/XrwnrVYLqUjfAW1HTOQjQ="></latexit>

AT y + c = 0, y ≥ 0, yi = 0 i "= {1, 2}

<latexit sha1_base64="uCJ0h9ICiKq+sPyyniKppXX/pGY="></latexit>

−c = a1y1 + a2y2 y1, y2 ≥ 0

<latexit sha1_base64="FIGKKB4mVaXR39lv6LCbZBOKpDQ="></latexit>

Duffers



Geometric interpretation
R

2

<latexit sha1_base64="13bKbVbisGcSsCEFLrZdzsqmyPA="></latexit>

25

x
⋆

<latexit sha1_base64="+jDiYZ6ROT1P7S+wPmpE8k10UWU="></latexit>

a1

<latexit sha1_base64="/ejWg8DVgF65TRktZtAmGvqDF9I="></latexit>

a2

<latexit sha1_base64="UNixJ33oiXOhGMCghDYg192JaUo="></latexit>

−c

<latexit sha1_base64="dKCmff4E1I2iSUZKYZFxkIOe7v4="></latexit>

aT
1
x?

= b1, aT
2
x?

= b2

<latexit sha1_base64="4HnmTUw334kxfNlo2Jg+Ekqyd4I="></latexit>

y

<latexit sha1_base64="abzYU/XrwnrVYLqUjfAW1HTOQjQ="></latexit>

AT y + c = 0, y ≥ 0, yi = 0 i "= {1, 2}

<latexit sha1_base64="uCJ0h9ICiKq+sPyyniKppXX/pGY="></latexit>

−c = a1y1 + a2y2 y1, y2 ≥ 0

<latexit sha1_base64="FIGKKB4mVaXR39lv6LCbZBOKpDQ="></latexit>

−c a1 a2

<latexit sha1_base64="tSqXV1++joblfQpsbC47TVy85ig="></latexit>

11111411



Example

26

−4x1 − 5x2










−1 0

2 1

0 −1

1 2











[

x1

x2

]

≤











0

3

0

3











<latexit sha1_base64="qWvNkg9ZU/4DpEaDhOt4yEdiJWo="></latexit>

x = (1, 1)

<latexit sha1_base64="B81kFNdaBQXt2EvIfYJc7+1m1Ho="></latexit>



Example

26

−4x1 − 5x2










−1 0

2 1

0 −1

1 2











[

x1

x2

]

≤











0

3

0

3











<latexit sha1_base64="qWvNkg9ZU/4DpEaDhOt4yEdiJWo="></latexit>

x

<latexit sha1_base64="fG09h8lEAnb2H1mIqQ/wTP/A94A="></latexit>

y = (0, y2, 0, y4)

<latexit sha1_base64="CeqRMyXXUpw6B4JvhQJ0khBe6Jg="></latexit>

AT y = −c ⇒

[

2 1

1 2

][

y2

y4

]

=

[

4

5

]

<latexit sha1_base64="CZqQiNF+vedpzdyPmZyjUKi5+iA="></latexit>

y2 ≥ 0, y4 ≥ 0

<latexit sha1_base64="JUP1Nj4zCb3shC3PcFB8Xl/rNRk="></latexit>

and

x = (1, 1)

<latexit sha1_base64="B81kFNdaBQXt2EvIfYJc7+1m1Ho="></latexit>



Example

26

−4x1 − 5x2










−1 0

2 1

0 −1

1 2











[

x1

x2

]

≤











0

3

0

3











<latexit sha1_base64="qWvNkg9ZU/4DpEaDhOt4yEdiJWo="></latexit>

x

<latexit sha1_base64="fG09h8lEAnb2H1mIqQ/wTP/A94A="></latexit>

y = (0, y2, 0, y4)

<latexit sha1_base64="CeqRMyXXUpw6B4JvhQJ0khBe6Jg="></latexit>

AT y = −c ⇒

[

2 1

1 2

][

y2

y4

]

=

[

4

5

]

<latexit sha1_base64="CZqQiNF+vedpzdyPmZyjUKi5+iA="></latexit>

y2 ≥ 0, y4 ≥ 0

<latexit sha1_base64="JUP1Nj4zCb3shC3PcFB8Xl/rNRk="></latexit>

and

y = (0, 1, 0, 2) x

<latexit sha1_base64="QTTt+AwTsBKn6tbdFexfWvFDr/w="></latexit>

x = (1, 1)

<latexit sha1_base64="B81kFNdaBQXt2EvIfYJc7+1m1Ho="></latexit>



Example

26

−4x1 − 5x2










−1 0

2 1

0 −1

1 2











[

x1

x2

]

≤











0

3

0

3











<latexit sha1_base64="qWvNkg9ZU/4DpEaDhOt4yEdiJWo="></latexit>

x

<latexit sha1_base64="fG09h8lEAnb2H1mIqQ/wTP/A94A="></latexit>

y = (0, y2, 0, y4)

<latexit sha1_base64="CeqRMyXXUpw6B4JvhQJ0khBe6Jg="></latexit>

AT y = −c ⇒

[

2 1

1 2

][

y2

y4

]

=

[

4

5

]

<latexit sha1_base64="CZqQiNF+vedpzdyPmZyjUKi5+iA="></latexit>

y2 ≥ 0, y4 ≥ 0

<latexit sha1_base64="JUP1Nj4zCb3shC3PcFB8Xl/rNRk="></latexit>

and

y = (0, 1, 0, 2) x

<latexit sha1_base64="QTTt+AwTsBKn6tbdFexfWvFDr/w="></latexit>

x = (1, 1)

<latexit sha1_base64="B81kFNdaBQXt2EvIfYJc7+1m1Ho="></latexit>

y
?

x
?

<latexit sha1_base64="jO4Eqdmyb1CtHyin6EDOcN0h+rc="></latexit>



The dual simplex



Primal and dual basic feasible solutions

28

Primal problem Dual problem

cTx

Ax = b

x ≥ 0

<latexit sha1_base64="HPMbYtzn0EM0OJtYXiUwEiG72Zc="></latexit>

−bT y

AT y + c ≥ 0

<latexit sha1_base64="AuCv/vET+aXjAnRcVrvP9bEk49I="></latexit>

<latexit sha1_base64="UL7L0LquNE4HYKdHGQdof7EwjYE="></latexit>

AB



Primal and dual basic feasible solutions

28

Primal problem Dual problem

cTx

Ax = b

x ≥ 0

<latexit sha1_base64="HPMbYtzn0EM0OJtYXiUwEiG72Zc="></latexit>

−bT y

AT y + c ≥ 0

<latexit sha1_base64="AuCv/vET+aXjAnRcVrvP9bEk49I="></latexit>

<latexit sha1_base64="HK2vNyj9sPjuJIZpC1YN6q7CtT4="></latexit>

Ax = b, x ≥ 0 ⇒ xB = A−1

B
b ≥ 0

<latexit sha1_base64="UL7L0LquNE4HYKdHGQdof7EwjYE="></latexit>

AB



Primal and dual basic feasible solutions

28

Primal problem Dual problem

cTx

Ax = b

x ≥ 0

<latexit sha1_base64="HPMbYtzn0EM0OJtYXiUwEiG72Zc="></latexit>

−bT y

AT y + c ≥ 0

<latexit sha1_base64="AuCv/vET+aXjAnRcVrvP9bEk49I="></latexit>

AT y + c ≥ 0

<latexit sha1_base64="fASwrJghDVp/slgMtLi8hUv9aaY="></latexit>

<latexit sha1_base64="HK2vNyj9sPjuJIZpC1YN6q7CtT4="></latexit>

Ax = b, x ≥ 0 ⇒ xB = A−1

B
b ≥ 0

<latexit sha1_base64="UL7L0LquNE4HYKdHGQdof7EwjYE="></latexit>

AB



Primal and dual basic feasible solutions

28

Primal problem Dual problem

cTx

Ax = b

x ≥ 0

<latexit sha1_base64="HPMbYtzn0EM0OJtYXiUwEiG72Zc="></latexit>

−bT y

AT y + c ≥ 0

<latexit sha1_base64="AuCv/vET+aXjAnRcVrvP9bEk49I="></latexit>

AT y + c ≥ 0

<latexit sha1_base64="fASwrJghDVp/slgMtLi8hUv9aaY="></latexit>

<latexit sha1_base64="RhBD07sPVx7J9DlToZRQoSNH3EU="></latexit>

y = −A−T

B
cB ⇒ c−ATA−T

B
cB ≥ 0

<latexit sha1_base64="HK2vNyj9sPjuJIZpC1YN6q7CtT4="></latexit>

Ax = b, x ≥ 0 ⇒ xB = A−1

B
b ≥ 0

<latexit sha1_base64="UL7L0LquNE4HYKdHGQdof7EwjYE="></latexit>

AB



Primal and dual basic feasible solutions

28

Primal problem Dual problem

cTx

Ax = b

x ≥ 0

<latexit sha1_base64="HPMbYtzn0EM0OJtYXiUwEiG72Zc="></latexit>

−bT y

AT y + c ≥ 0

<latexit sha1_base64="AuCv/vET+aXjAnRcVrvP9bEk49I="></latexit>

Reduced costs

AT y + c ≥ 0

<latexit sha1_base64="fASwrJghDVp/slgMtLi8hUv9aaY="></latexit>

<latexit sha1_base64="RhBD07sPVx7J9DlToZRQoSNH3EU="></latexit>

y = −A−T

B
cB ⇒ c−ATA−T

B
cB ≥ 0

<latexit sha1_base64="HK2vNyj9sPjuJIZpC1YN6q7CtT4="></latexit>

Ax = b, x ≥ 0 ⇒ xB = A−1

B
b ≥ 0

<latexit sha1_base64="UL7L0LquNE4HYKdHGQdof7EwjYE="></latexit>

AB



Primal and dual basic feasible solutions

28

Primal problem Dual problem

cTx

Ax = b

x ≥ 0

<latexit sha1_base64="HPMbYtzn0EM0OJtYXiUwEiG72Zc="></latexit>

−bT y

AT y + c ≥ 0

<latexit sha1_base64="AuCv/vET+aXjAnRcVrvP9bEk49I="></latexit>

Reduced costs

AT y + c ≥ 0

<latexit sha1_base64="fASwrJghDVp/slgMtLi8hUv9aaY="></latexit>

<latexit sha1_base64="RhBD07sPVx7J9DlToZRQoSNH3EU="></latexit>

y = −A−T

B
cB ⇒ c−ATA−T

B
cB ≥ 0

<latexit sha1_base64="rsnkEOTGbW+AXwquMZJAQAyQQOo="></latexit>

cTx+ bT y = cBxB − bTA−T

B
cB = cBxB − cT

B
A−1

B
b = 0

<latexit sha1_base64="HK2vNyj9sPjuJIZpC1YN6q7CtT4="></latexit>

Ax = b, x ≥ 0 ⇒ xB = A−1

B
b ≥ 0

<latexit sha1_base64="UL7L0LquNE4HYKdHGQdof7EwjYE="></latexit>

AB

T T

¥



Primal and dual basic feasible solutions

28

Primal problem Dual problem

cTx

Ax = b

x ≥ 0

<latexit sha1_base64="HPMbYtzn0EM0OJtYXiUwEiG72Zc="></latexit>

−bT y

AT y + c ≥ 0

<latexit sha1_base64="AuCv/vET+aXjAnRcVrvP9bEk49I="></latexit>

Reduced costs

(by construction)

AT y + c ≥ 0

<latexit sha1_base64="fASwrJghDVp/slgMtLi8hUv9aaY="></latexit>

<latexit sha1_base64="RhBD07sPVx7J9DlToZRQoSNH3EU="></latexit>

y = −A−T

B
cB ⇒ c−ATA−T

B
cB ≥ 0

<latexit sha1_base64="rsnkEOTGbW+AXwquMZJAQAyQQOo="></latexit>

cTx+ bT y = cBxB − bTA−T

B
cB = cBxB − cT

B
A−1

B
b = 0

<latexit sha1_base64="HK2vNyj9sPjuJIZpC1YN6q7CtT4="></latexit>

Ax = b, x ≥ 0 ⇒ xB = A−1

B
b ≥ 0

<latexit sha1_base64="UL7L0LquNE4HYKdHGQdof7EwjYE="></latexit>

AB



The primal (dual) simplex method

29

Primal problem Dual problem

cTx

Ax = b

x ≥ 0

<latexit sha1_base64="HPMbYtzn0EM0OJtYXiUwEiG72Zc="></latexit>

−bT y

AT y + c ≥ 0

<latexit sha1_base64="AuCv/vET+aXjAnRcVrvP9bEk49I="></latexit>

Primal simplex

• Primal feasibility


• Zero duality gap

Dual feasibility

Dual simplex

• Dual feasibility


• Zero duality gap

Primal feasibility



Feasible dual directions

30

Conditions

y

<latexit sha1_base64="w19+ly4tlaI6ECLM3xAot5xHta8="></latexit>

P = {y | AT y + c ≥ 0}

<latexit sha1_base64="o4Gtl9J13U+KzAy1FRIrVqtivGY="></latexit>

c̄ = AT y + c ≥ 0

<latexit sha1_base64="2IHf+7HinUA1lJARW331XnjkWVc="></latexit>

<latexit sha1_base64="RKPJOwaXFx6NpSt29r7+c5O3Y3A="></latexit>

AB =

h

AB(1) . . . AB(m)

i



Feasible dual directions

30

Conditions

y

<latexit sha1_base64="w19+ly4tlaI6ECLM3xAot5xHta8="></latexit>

P = {y | AT y + c ≥ 0}

<latexit sha1_base64="o4Gtl9J13U+KzAy1FRIrVqtivGY="></latexit>

y + θd

<latexit sha1_base64="IqMWA56RjQTVFQC07Nv3wcXanDg="></latexit>

d

<latexit sha1_base64="GW+lSNxO6xoTsv8RwkvoBK24b3U="></latexit>

c̄ = AT y + c ≥ 0

<latexit sha1_base64="2IHf+7HinUA1lJARW331XnjkWVc="></latexit>

<latexit sha1_base64="RKPJOwaXFx6NpSt29r7+c5O3Y3A="></latexit>

AB =

h

AB(1) . . . AB(m)

i



Feasible dual directions

30

Conditions

y

<latexit sha1_base64="w19+ly4tlaI6ECLM3xAot5xHta8="></latexit>

P = {y | AT y + c ≥ 0}

<latexit sha1_base64="o4Gtl9J13U+KzAy1FRIrVqtivGY="></latexit>

y + θd

<latexit sha1_base64="IqMWA56RjQTVFQC07Nv3wcXanDg="></latexit>

d

<latexit sha1_base64="GW+lSNxO6xoTsv8RwkvoBK24b3U="></latexit>

c̄ = AT y + c ≥ 0

<latexit sha1_base64="2IHf+7HinUA1lJARW331XnjkWVc="></latexit>

Reduced cost change

A
T
d = z

<latexit sha1_base64="GjYssetYE2iV6dIhYTd6Hq/Dwxg="></latexit>

(subspace restriction)

c+AT (y + θd) ≥ 0 ⇒ c̄+ θz ≥ 0

<latexit sha1_base64="A4gUouSDcmOctQQKSM58+2hNloA="></latexit>

<latexit sha1_base64="RKPJOwaXFx6NpSt29r7+c5O3Y3A="></latexit>

AB =

h

AB(1) . . . AB(m)

i



Feasible directions

31

Computation

A
T
d = z

<latexit sha1_base64="GjYssetYE2iV6dIhYTd6Hq/Dwxg="></latexit>

Subspace restriction
<latexit sha1_base64="7PiIGg/QIdjyhX6kbsT/xPFhG10="></latexit>

A
T

B
d = zB

A
T

N
d = zN

A- {i. ¢13}



Feasible directions

31

Computation

A
T
d = z

<latexit sha1_base64="GjYssetYE2iV6dIhYTd6Hq/Dwxg="></latexit>

Subspace restriction
<latexit sha1_base64="7PiIGg/QIdjyhX6kbsT/xPFhG10="></latexit>

A
T

B
d = zB

A
T

N
d = zN

Basic indices
<latexit sha1_base64="azy3Oc57zIBYW/jJiC0udWuirI0="></latexit>

zB = ei

<latexit sha1_base64="4pZNYSNCp/Mcqjb4cjowv00L6bE="></latexit>

B(`) = i
<latexit sha1_base64="OL1saVjbYABhcpo/NPAW8kKjj6c="></latexit>

d AT

B
d = zN



Feasible directions

31

Computation

A
T
d = z

<latexit sha1_base64="GjYssetYE2iV6dIhYTd6Hq/Dwxg="></latexit>

Subspace restriction
<latexit sha1_base64="7PiIGg/QIdjyhX6kbsT/xPFhG10="></latexit>

A
T

B
d = zB

A
T

N
d = zN

Nonbasic indices
<latexit sha1_base64="67Bk3oTBQQTy7BC34I1EEBXDwpw="></latexit>

zN = A
T

N
d = A

T

N
A

−T

B
ei

Basic indices
<latexit sha1_base64="azy3Oc57zIBYW/jJiC0udWuirI0="></latexit>

zB = ei

<latexit sha1_base64="4pZNYSNCp/Mcqjb4cjowv00L6bE="></latexit>

B(`) = i
<latexit sha1_base64="OL1saVjbYABhcpo/NPAW8kKjj6c="></latexit>

d AT

B
d = zN0 BB



Feasible directions

31

Computation

A
T
d = z

<latexit sha1_base64="GjYssetYE2iV6dIhYTd6Hq/Dwxg="></latexit>

Subspace restriction
<latexit sha1_base64="7PiIGg/QIdjyhX6kbsT/xPFhG10="></latexit>

A
T

B
d = zB

A
T

N
d = zN

Nonbasic indices
<latexit sha1_base64="67Bk3oTBQQTy7BC34I1EEBXDwpw="></latexit>

zN = A
T

N
d = A

T

N
A

−T

B
ei

Basic indices
<latexit sha1_base64="azy3Oc57zIBYW/jJiC0udWuirI0="></latexit>

zB = ei

<latexit sha1_base64="4pZNYSNCp/Mcqjb4cjowv00L6bE="></latexit>

B(`) = i
<latexit sha1_base64="OL1saVjbYABhcpo/NPAW8kKjj6c="></latexit>

d AT

B
d = zN

Non-negativity of reduced costs (non-degenerate assumption)

c̄B = 0 zB ≥ 0

c̄N > 0 ∃θ > 0 c̄N + θzN ≥ 0

<latexit sha1_base64="5R74HRRBSWeCdGeW5QX8Ct5/qHw="></latexit>

B



Stepsize

32

How far can we go?

θ
⋆
= max{θ | θ ≥ 0 c̄+ θz ≥ 0}

<latexit sha1_base64="Vnv829pvvUgBGNsUCCmJ2Q6rYDw="></latexit>



Stepsize

32

How far can we go?

θ
⋆
= max{θ | θ ≥ 0 c̄+ θz ≥ 0}

<latexit sha1_base64="Vnv829pvvUgBGNsUCCmJ2Q6rYDw="></latexit>

Unbounded

z ≥ 0 θ
?
= ∞

<latexit sha1_base64="VuwIIe2GtIQWcE2t6smZnNADZ/4="></latexit>



Stepsize

32

How far can we go?

θ
⋆
= max{θ | θ ≥ 0 c̄+ θz ≥ 0}

<latexit sha1_base64="Vnv829pvvUgBGNsUCCmJ2Q6rYDw="></latexit>

Unbounded

z ≥ 0 θ
?
= ∞

<latexit sha1_base64="VuwIIe2GtIQWcE2t6smZnNADZ/4="></latexit>

Bounded
<latexit sha1_base64="9fIN+0KjFRceP/Ujt77L/dwnLRU="></latexit>

zj < 0 j

<latexit sha1_base64="zLXvWSOGP8lyMdH6wdLaWVakQ18="></latexit>

θ
⋆
= min

{j|zj<0}

(

−

c̄j

zj

)

= min
{j∈N |zj<0}

(

−

c̄j

zj

)

<latexit sha1_base64="9t82QYBPGs6f/9RBb0yLIGEdnfo="></latexit>

zj ≥ 0, j ∈ B



Moving to a new basis

33

Next reduced cost
c̄+ θ

⋆
z

<latexit sha1_base64="ugPW35KWUinc5YklxSMt5DK17GM="></latexit>

<latexit sha1_base64="ch+ke8SzX9gboPeEPX2wyIS3LlA="></latexit>

j /∈ {B(1), . . . , B(m)} θ
? = −

c̄j
zj<latexit sha1_base64="zpTkabca05Ei96GeORlo6o+rFMI="></latexit>

c̄j + θ
⋆
zj = 0



Moving to a new basis

33

Next reduced cost
c̄+ θ

⋆
z

<latexit sha1_base64="ugPW35KWUinc5YklxSMt5DK17GM="></latexit>

New basis
<latexit sha1_base64="CYnfmciSQ91C30SERG3RQucH4Ok="></latexit>

AB̄ =

[

AB(1) . . . AB(ℓ−1) Aj AB(ℓ+1) . . . AB(m)

]

<latexit sha1_base64="ch+ke8SzX9gboPeEPX2wyIS3LlA="></latexit>

j /∈ {B(1), . . . , B(m)} θ
? = −

c̄j
zj<latexit sha1_base64="zpTkabca05Ei96GeORlo6o+rFMI="></latexit>

c̄j + θ
⋆
zj = 0



Moving to a new basis

33

Next reduced cost
c̄+ θ

⋆
z

<latexit sha1_base64="ugPW35KWUinc5YklxSMt5DK17GM="></latexit>

New basis
<latexit sha1_base64="CYnfmciSQ91C30SERG3RQucH4Ok="></latexit>

AB̄ =

[

AB(1) . . . AB(ℓ−1) Aj AB(ℓ+1) . . . AB(m)

]

New solution
<latexit sha1_base64="jOvaZ4jUQGQZQ4VmtNrBxexORkk="></latexit>

AB̄xB̄ = b

<latexit sha1_base64="ch+ke8SzX9gboPeEPX2wyIS3LlA="></latexit>

j /∈ {B(1), . . . , B(m)} θ
? = −

c̄j
zj<latexit sha1_base64="zpTkabca05Ei96GeORlo6o+rFMI="></latexit>

c̄j + θ
⋆
zj = 0



An iteration of the dual simplex method

34

Initialization
<latexit sha1_base64="ZX5V5+UZjFAPo/xstmpgoYrgYkg="></latexit>

y AT y + c ≥ 0

AB =

h

AB(1) . . . , AB(m)

i



An iteration of the dual simplex method

34

Initialization

Iteration steps

<latexit sha1_base64="KK/72m86h8Kzx0V1Sadfvk4hGRg="></latexit>

zN ≥ 0
+∞

θ
? = min

{j∈N |zj<0}

✓

−
c̄j
zj

◆

y + θ
?d

AB̄ = AB + (Aj −Ai)e
T
`

j i O(m2)

<latexit sha1_base64="vot4w9L0abR/p5y6DwqIhLPmVBM="></latexit>

x

ABxB = b O(m2)
xi = 0 i /∈ B

x ≥ 0 x

i xi < 0

z
zi = 1 AT

Bd = ei zN = AT
Nd O(m2)

<latexit sha1_base64="ZX5V5+UZjFAPo/xstmpgoYrgYkg="></latexit>

y AT y + c ≥ 0

AB =

h

AB(1) . . . , AB(m)

i

0

°

0



An iteration of the dual simplex method

34

Initialization

Iteration steps

<latexit sha1_base64="KK/72m86h8Kzx0V1Sadfvk4hGRg="></latexit>

zN ≥ 0
+∞

θ
? = min

{j∈N |zj<0}

✓

−
c̄j
zj

◆

y + θ
?d

AB̄ = AB + (Aj −Ai)e
T
`

j i O(m2)

<latexit sha1_base64="vot4w9L0abR/p5y6DwqIhLPmVBM="></latexit>

x

ABxB = b O(m2)
xi = 0 i /∈ B

x ≥ 0 x

i xi < 0

z
zi = 1 AT

Bd = ei zN = AT
Nd O(m2)

<latexit sha1_base64="ZX5V5+UZjFAPo/xstmpgoYrgYkg="></latexit>

y AT y + c ≥ 0

AB =

h

AB(1) . . . , AB(m)

i

Reduced costs nonnegative

objective non-decreasing 

Remark



Example

35

cTx

Ax = b

x ≥ 0

<latexit sha1_base64="GIZSzAxP0EwiwbSVaV/CjKtaKFM="></latexit>

Initialize

From lecture 6

c = (−10,−12,−12, 0, 0, 0)

A =







1 2 2 1 0 0

2 1 2 0 1 0

2 2 1 0 0 1







b = (20, 20, 20)

<latexit sha1_base64="hEvuL1DzEMS5HcEokapVQWmgZaw="></latexit>

−bT y

AT y + c ≥ 0

<latexit sha1_base64="AuCv/vET+aXjAnRcVrvP9bEk49I="></latexit>

Dual problem

<latexit sha1_base64="08WAuX/r0deZs4gJ6T0/eJnYz/A="></latexit>

y = (10, 0, 0)

<latexit sha1_base64="BenbRjkDFzGLy/ZxGa1lXdn15X0="></latexit>

c+AT y = (0, 8, 8, 10, 0, 0) ≥ 0

<latexit sha1_base64="+mENUGg5fVHUEmMHrKcitB0Pui4="></latexit>

B = {1, 5, 6}



Iteration 1

Example

36

<latexit sha1_base64="08WAuX/r0deZs4gJ6T0/eJnYz/A="></latexit>

y = (10, 0, 0) c = (−10,−12,−12, 0, 0, 0)

A =







1 2 2 1 0 0

2 1 2 0 1 0

2 2 1 0 0 1







b = (20, 20, 20)

<latexit sha1_base64="hEvuL1DzEMS5HcEokapVQWmgZaw="></latexit>

<latexit sha1_base64="nePRY9XaI1PZYcJFhOu4sA9Uy84="></latexit>

c+AT y = (0, 8, 8, 10, 0, 0)
<latexit sha1_base64="+mENUGg5fVHUEmMHrKcitB0Pui4="></latexit>

B = {1, 5, 6}
<latexit sha1_base64="pg/xNr30Z23CgY5CI9JJ9DhzaD4="></latexit>

AB =







1 0 0

2 1 0

2 0 1







<latexit sha1_base64="GexnrfLMo7MSbpDzYqZyVNoB5TI="></latexit>

−bT y = −200



Iteration 1

Example

36

Primal solution
<latexit sha1_base64="26yaghAIaPrwq8sYRbJQzr8DUzM="></latexit>

x = (20, 0, 0, 0,−20,−20)
<latexit sha1_base64="c00WNV/fENqMhbaqGOljYMMjmYQ="></latexit>

AxB = b ⇒ xB = (20,−20,−20)

<latexit sha1_base64="08WAuX/r0deZs4gJ6T0/eJnYz/A="></latexit>

y = (10, 0, 0) c = (−10,−12,−12, 0, 0, 0)

A =







1 2 2 1 0 0

2 1 2 0 1 0

2 2 1 0 0 1







b = (20, 20, 20)

<latexit sha1_base64="hEvuL1DzEMS5HcEokapVQWmgZaw="></latexit>

<latexit sha1_base64="nePRY9XaI1PZYcJFhOu4sA9Uy84="></latexit>

c+AT y = (0, 8, 8, 10, 0, 0)
<latexit sha1_base64="+mENUGg5fVHUEmMHrKcitB0Pui4="></latexit>

B = {1, 5, 6}
<latexit sha1_base64="pg/xNr30Z23CgY5CI9JJ9DhzaD4="></latexit>

AB =







1 0 0

2 1 0

2 0 1







<latexit sha1_base64="GexnrfLMo7MSbpDzYqZyVNoB5TI="></latexit>

−bT y = −200



Iteration 1

Example

36

Primal solution
<latexit sha1_base64="26yaghAIaPrwq8sYRbJQzr8DUzM="></latexit>

x = (20, 0, 0, 0,−20,−20)
<latexit sha1_base64="c00WNV/fENqMhbaqGOljYMMjmYQ="></latexit>

AxB = b ⇒ xB = (20,−20,−20)

Direction
<latexit sha1_base64="VB/JE95PCepUOaaFfagzPFy7YXM="></latexit>

AT

B
d = ei ⇒ d = (−2, 1, 0)

<latexit sha1_base64="jjwWVI0/gh2BDxwWh9tbkqUAUbM="></latexit>

zN = AT

N
d = (−3,−2,−2)

<latexit sha1_base64="EHEFC3/eURHjRCGnfruW4659+OY="></latexit>

z = (0,−3,−2,−2, 1, 0), i = 5

<latexit sha1_base64="08WAuX/r0deZs4gJ6T0/eJnYz/A="></latexit>

y = (10, 0, 0) c = (−10,−12,−12, 0, 0, 0)

A =







1 2 2 1 0 0

2 1 2 0 1 0

2 2 1 0 0 1







b = (20, 20, 20)

<latexit sha1_base64="hEvuL1DzEMS5HcEokapVQWmgZaw="></latexit>

<latexit sha1_base64="nePRY9XaI1PZYcJFhOu4sA9Uy84="></latexit>

c+AT y = (0, 8, 8, 10, 0, 0)
<latexit sha1_base64="+mENUGg5fVHUEmMHrKcitB0Pui4="></latexit>

B = {1, 5, 6}
<latexit sha1_base64="pg/xNr30Z23CgY5CI9JJ9DhzaD4="></latexit>

AB =







1 0 0

2 1 0

2 0 1







<latexit sha1_base64="GexnrfLMo7MSbpDzYqZyVNoB5TI="></latexit>

−bT y = −200



Iteration 1

Example

36

Primal solution
<latexit sha1_base64="26yaghAIaPrwq8sYRbJQzr8DUzM="></latexit>

x = (20, 0, 0, 0,−20,−20)
<latexit sha1_base64="c00WNV/fENqMhbaqGOljYMMjmYQ="></latexit>

AxB = b ⇒ xB = (20,−20,−20)

Direction
<latexit sha1_base64="VB/JE95PCepUOaaFfagzPFy7YXM="></latexit>

AT

B
d = ei ⇒ d = (−2, 1, 0)

<latexit sha1_base64="jjwWVI0/gh2BDxwWh9tbkqUAUbM="></latexit>

zN = AT

N
d = (−3,−2,−2)

<latexit sha1_base64="EHEFC3/eURHjRCGnfruW4659+OY="></latexit>

z = (0,−3,−2,−2, 1, 0), i = 5

Step
<latexit sha1_base64="M6eDP+ySUlPJ0O6xonFcR2ihjBk="></latexit>

θ
⋆
= 2.66, j = 2

<latexit sha1_base64="G1ZSgWodmWh7AyLYnBiS6hN0b6c="></latexit>

θ
⋆ = min

{j|zj<0}
(−c̄j/zj) = {2.66, 4, 5}

<latexit sha1_base64="TzOM/7niaAZxwqNBxquwu+WZTrA="></latexit>

y ← y + θ
?d = (4.66, 2.66, 0)

<latexit sha1_base64="08WAuX/r0deZs4gJ6T0/eJnYz/A="></latexit>

y = (10, 0, 0) c = (−10,−12,−12, 0, 0, 0)

A =







1 2 2 1 0 0

2 1 2 0 1 0

2 2 1 0 0 1







b = (20, 20, 20)

<latexit sha1_base64="hEvuL1DzEMS5HcEokapVQWmgZaw="></latexit>

<latexit sha1_base64="nePRY9XaI1PZYcJFhOu4sA9Uy84="></latexit>

c+AT y = (0, 8, 8, 10, 0, 0)
<latexit sha1_base64="+mENUGg5fVHUEmMHrKcitB0Pui4="></latexit>

B = {1, 5, 6}
<latexit sha1_base64="pg/xNr30Z23CgY5CI9JJ9DhzaD4="></latexit>

AB =







1 0 0

2 1 0

2 0 1







<latexit sha1_base64="GexnrfLMo7MSbpDzYqZyVNoB5TI="></latexit>

−bT y = −200



Iteration 2

Example

37

c = (−10,−12,−12, 0, 0, 0)

A =







1 2 2 1 0 0

2 1 2 0 1 0

2 2 1 0 0 1







b = (20, 20, 20)

<latexit sha1_base64="hEvuL1DzEMS5HcEokapVQWmgZaw="></latexit>

<latexit sha1_base64="bUjDUc5IKcZghGVcy0GzNmrcZQY="></latexit>

y = (4.66, 2.66, 0)
<latexit sha1_base64="PzuCotc7QvxSHD3KK89ZkkQYsw0="></latexit>

−bT y = −146.66

<latexit sha1_base64="Jl9N696r2b3v01wGzTspKEgP1xo="></latexit>

B = {1, 2, 6}
<latexit sha1_base64="D9VaklNMTZ9Zm5Nd1ZJXSkz7lYA="></latexit>

AB =







1 2 0

2 1 0

2 2 1







<latexit sha1_base64="YtpmY89eAMEYIfk7eN0q8xC5aRM="></latexit>

c+AT y = (0, 0, 2.66, 4.66, 2.66, 0)



Iteration 2

Example

37

Primal solution
<latexit sha1_base64="OKUq7Ja0HkumCAVag+oNVVysRw8="></latexit>

x = (6.66, 6.66, 0, 0, 0,−6.66)
<latexit sha1_base64="25fmok9WXuc7qA69/Xo/ijyzUwI="></latexit>

AxB = b ⇒ xB = (6.66, 6.66,−6.66)

c = (−10,−12,−12, 0, 0, 0)

A =







1 2 2 1 0 0

2 1 2 0 1 0

2 2 1 0 0 1







b = (20, 20, 20)

<latexit sha1_base64="hEvuL1DzEMS5HcEokapVQWmgZaw="></latexit>

<latexit sha1_base64="bUjDUc5IKcZghGVcy0GzNmrcZQY="></latexit>

y = (4.66, 2.66, 0)
<latexit sha1_base64="PzuCotc7QvxSHD3KK89ZkkQYsw0="></latexit>

−bT y = −146.66

<latexit sha1_base64="Jl9N696r2b3v01wGzTspKEgP1xo="></latexit>

B = {1, 2, 6}
<latexit sha1_base64="D9VaklNMTZ9Zm5Nd1ZJXSkz7lYA="></latexit>

AB =







1 2 0

2 1 0

2 2 1







<latexit sha1_base64="YtpmY89eAMEYIfk7eN0q8xC5aRM="></latexit>

c+AT y = (0, 0, 2.66, 4.66, 2.66, 0)
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Primal solution
<latexit sha1_base64="OKUq7Ja0HkumCAVag+oNVVysRw8="></latexit>

x = (6.66, 6.66, 0, 0, 0,−6.66)
<latexit sha1_base64="25fmok9WXuc7qA69/Xo/ijyzUwI="></latexit>

AxB = b ⇒ xB = (6.66, 6.66,−6.66)

Direction
<latexit sha1_base64="+dmWcR9omGKvhmlwyCnMTky6TUM="></latexit>

AT

B
d = ei ⇒ d = (−0.66,−0.66, 1)

<latexit sha1_base64="g7e9VuVWd6MWBINn9s34rmBvzdI="></latexit>

zN = AT

N
d = (−1.66,−0.66,−0.66)

<latexit sha1_base64="bcpajQ5dQ3HHwbn07AI5RwBHCOQ="></latexit>

z = (0, 0,−1.66,−0.66,−0.66, 1), i = 6

c = (−10,−12,−12, 0, 0, 0)

A =







1 2 2 1 0 0

2 1 2 0 1 0

2 2 1 0 0 1







b = (20, 20, 20)

<latexit sha1_base64="hEvuL1DzEMS5HcEokapVQWmgZaw="></latexit>

<latexit sha1_base64="bUjDUc5IKcZghGVcy0GzNmrcZQY="></latexit>

y = (4.66, 2.66, 0)
<latexit sha1_base64="PzuCotc7QvxSHD3KK89ZkkQYsw0="></latexit>

−bT y = −146.66

<latexit sha1_base64="Jl9N696r2b3v01wGzTspKEgP1xo="></latexit>

B = {1, 2, 6}
<latexit sha1_base64="D9VaklNMTZ9Zm5Nd1ZJXSkz7lYA="></latexit>

AB =







1 2 0

2 1 0

2 2 1







<latexit sha1_base64="YtpmY89eAMEYIfk7eN0q8xC5aRM="></latexit>

c+AT y = (0, 0, 2.66, 4.66, 2.66, 0)
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Example
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Primal solution
<latexit sha1_base64="OKUq7Ja0HkumCAVag+oNVVysRw8="></latexit>

x = (6.66, 6.66, 0, 0, 0,−6.66)
<latexit sha1_base64="25fmok9WXuc7qA69/Xo/ijyzUwI="></latexit>

AxB = b ⇒ xB = (6.66, 6.66,−6.66)

Direction
<latexit sha1_base64="+dmWcR9omGKvhmlwyCnMTky6TUM="></latexit>

AT

B
d = ei ⇒ d = (−0.66,−0.66, 1)

<latexit sha1_base64="g7e9VuVWd6MWBINn9s34rmBvzdI="></latexit>

zN = AT

N
d = (−1.66,−0.66,−0.66)

<latexit sha1_base64="bcpajQ5dQ3HHwbn07AI5RwBHCOQ="></latexit>

z = (0, 0,−1.66,−0.66,−0.66, 1), i = 6

Step
<latexit sha1_base64="xdXl/XROLmvxuy6b1Ot9RIxn0vE="></latexit>

θ
⋆
= 1.6, j = 3

<latexit sha1_base64="26sk6vcObdDfVMG2dqTvC/au5JU="></latexit>

θ
⋆ = min

{j|zj<0}
(−c̄j/zj) = {1.6, 7, 4}

<latexit sha1_base64="OY8xXzA0CzrsJ/dxmv/A36zI5AE="></latexit>

y ← y + θ
?d = (3.6, 1.6, 1.6)

c = (−10,−12,−12, 0, 0, 0)

A =







1 2 2 1 0 0

2 1 2 0 1 0

2 2 1 0 0 1







b = (20, 20, 20)

<latexit sha1_base64="hEvuL1DzEMS5HcEokapVQWmgZaw="></latexit>

<latexit sha1_base64="bUjDUc5IKcZghGVcy0GzNmrcZQY="></latexit>

y = (4.66, 2.66, 0)
<latexit sha1_base64="PzuCotc7QvxSHD3KK89ZkkQYsw0="></latexit>

−bT y = −146.66

<latexit sha1_base64="Jl9N696r2b3v01wGzTspKEgP1xo="></latexit>

B = {1, 2, 6}
<latexit sha1_base64="D9VaklNMTZ9Zm5Nd1ZJXSkz7lYA="></latexit>

AB =







1 2 0

2 1 0

2 2 1







<latexit sha1_base64="YtpmY89eAMEYIfk7eN0q8xC5aRM="></latexit>

c+AT y = (0, 0, 2.66, 4.66, 2.66, 0)
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c = (−10,−12,−12, 0, 0, 0)

A =







1 2 2 1 0 0

2 1 2 0 1 0

2 2 1 0 0 1







b = (20, 20, 20)

<latexit sha1_base64="hEvuL1DzEMS5HcEokapVQWmgZaw="></latexit>

<latexit sha1_base64="eRXSNx5SzUZPnuPPs+c55w+qj1k="></latexit>

y = (3.6, 1.6, 1.6)
<latexit sha1_base64="bKAfuGYl+WzA/H6QTRJAUrRQTng="></latexit>

−bT y = −136
<latexit sha1_base64="F5kLTOFpaDO7/3LYkspa5DzVKeQ="></latexit>

c+AT y = (0, 0, 0, 3.6, 1.6, 1.6)
<latexit sha1_base64="MAx5/jMKiFlcpejDrhdKrR3lok8="></latexit>

B = {1, 2, 3}
<latexit sha1_base64="hFEF4r0sWLA2qnCk9Sc5fRxIy4o="></latexit>

AB =







1 2 2

2 1 2

2 2 1






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Primal solution
<latexit sha1_base64="tElhLQo5fDlQ78wFyS0E6N1Lpjg="></latexit>

x = (4, 4, 4, 0, 0, 0)
<latexit sha1_base64="gy+dRxUkUpW1XPVj8/QwfmLy/IY="></latexit>

AxB = b ⇒ xB = (4, 4, 4)

c = (−10,−12,−12, 0, 0, 0)

A =







1 2 2 1 0 0

2 1 2 0 1 0

2 2 1 0 0 1







b = (20, 20, 20)

<latexit sha1_base64="hEvuL1DzEMS5HcEokapVQWmgZaw="></latexit>

<latexit sha1_base64="eRXSNx5SzUZPnuPPs+c55w+qj1k="></latexit>

y = (3.6, 1.6, 1.6)
<latexit sha1_base64="bKAfuGYl+WzA/H6QTRJAUrRQTng="></latexit>

−bT y = −136
<latexit sha1_base64="F5kLTOFpaDO7/3LYkspa5DzVKeQ="></latexit>

c+AT y = (0, 0, 0, 3.6, 1.6, 1.6)
<latexit sha1_base64="MAx5/jMKiFlcpejDrhdKrR3lok8="></latexit>

B = {1, 2, 3}
<latexit sha1_base64="hFEF4r0sWLA2qnCk9Sc5fRxIy4o="></latexit>

AB =







1 2 2

2 1 2

2 2 1






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Primal solution
<latexit sha1_base64="tElhLQo5fDlQ78wFyS0E6N1Lpjg="></latexit>

x = (4, 4, 4, 0, 0, 0)
<latexit sha1_base64="gy+dRxUkUpW1XPVj8/QwfmLy/IY="></latexit>

AxB = b ⇒ xB = (4, 4, 4)

c = (−10,−12,−12, 0, 0, 0)

A =







1 2 2 1 0 0

2 1 2 0 1 0

2 2 1 0 0 1







b = (20, 20, 20)

<latexit sha1_base64="hEvuL1DzEMS5HcEokapVQWmgZaw="></latexit>

<latexit sha1_base64="eRXSNx5SzUZPnuPPs+c55w+qj1k="></latexit>

y = (3.6, 1.6, 1.6)
<latexit sha1_base64="bKAfuGYl+WzA/H6QTRJAUrRQTng="></latexit>

−bT y = −136
<latexit sha1_base64="F5kLTOFpaDO7/3LYkspa5DzVKeQ="></latexit>

c+AT y = (0, 0, 0, 3.6, 1.6, 1.6)
<latexit sha1_base64="MAx5/jMKiFlcpejDrhdKrR3lok8="></latexit>

B = {1, 2, 3}
<latexit sha1_base64="hFEF4r0sWLA2qnCk9Sc5fRxIy4o="></latexit>

AB =







1 2 2

2 1 2

2 2 1







x ≥ 0

<latexit sha1_base64="8zZhIawi9+AmWcA0Wmk9IIL1z/E="></latexit>

Optimal solution
<latexit sha1_base64="uFfS77ZqpTvJt6agK32qn8WP2Gc="></latexit>

x
? = (4, 4, 4, 0, 0, 0)

Same as 
primal 

simplex!



Equivalence and symmetry
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The dual simplex is equivalent to the primal simplex applied to the dual problem.

Dual problem

−bT y

AT y + c ≥ 0

<latexit sha1_base64="AuCv/vET+aXjAnRcVrvP9bEk49I="></latexit>

bT y

AT y + c = w

w ≥ 0

<latexit sha1_base64="s0mHPB247RDPhhHOkmz/wKxcA7A="></latexit>

Symmetrized dual

w ≥ 0

<latexit sha1_base64="3OsEgDhisoU9L91QkJ75/rry/v0="></latexit>



Dual simplex efficiency

40

Sequence of problems with varying feasible region

y

<latexit sha1_base64="DXR+CBm9RymZyS4iD7eh9CUtcwM="></latexit> <latexit sha1_base64="a04uZxm05dgvCjMLEkMTae8dl2E="></latexit>



Dual simplex efficiency

40

Sequence of problems with varying feasible region

y

<latexit sha1_base64="DXR+CBm9RymZyS4iD7eh9CUtcwM="></latexit> <latexit sha1_base64="a04uZxm05dgvCjMLEkMTae8dl2E="></latexit>

Applied in many different contexts, for example: 
 

1. sequential decision-making 
 

2. mixed-integer optimization to solve subproblems 
 

(more later in the course…)



Linear optimization duality

Today, we learned to:


• Interpret linear optimization duality using game theory


• Prove Farkas lemma using duality


• Geometrically link primal and dual solutions with complementary slackness


• Implement the dual simplex method

41



Next lecture

• Sensitivity analysis

42


