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ORF522 – Linear and Nonlinear Optimization
15. Subgradient methods



Ed forum

• Convex functions rule: nonincreasing (instead of decreasing) and nondecreasing (instead of 
increasing)


• Without strong convexity,  objective error acts better than variable error. Does this mean that 
generally, we choose objective error in our algorithms for functions without strong convexity 
and objective error for functions with strong convexity? Or can we always look at the objective 
error for different functions? 
(We can look at both and The truth: we look at what’s easiest to prove :) ) 


• If we don't have L-smooth and strong convex in the whole domain, but within some subset of 
the domain, and the initial point is close to the optimal, can we still get linear convergence? It 
seems to me that as long as the quadratic approximation is relatively accurate, we can 
achieve similar result.  
(Yes, local strong convexity. There are also other conditions: regularity condition, Polyak-
Lojasiewicz (PL) condition)
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Recap



Slow convergence
Very dependent on scaling
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Non-differentiability
Wolfe’s example
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In general: gradient descent cannot handle non-differentiable 
functions and constraints
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Today’s lecture
[Chapter 3 and 8, Beck]  

[ee364b Lecture notes, Boyd] 

[Chapter 3, Lectures on Convex Optimization, Nesterov]

Subgradient methods 

• Geometric definitions


• Subgradients


• Subgradient calculus


• Optimality conditions based on subgradients


• Subgradient methods
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Geometric definitions



Supporting hyperplanes
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<latexit sha1_base64="7hf4StGHQC0jDT9ej/uILmD0Exk="></latexit>

C x C
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Function epigraph

9
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Sublevel sets
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Subgradients



Gradients and epigraphs
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f(y) ≥ f(x) +∇f(x)T (y − x), ∀y ∈ dom f



Gradients and epigraphs
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Subgradient
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Subgradient properties
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(Sub)gradients and sublevel sets
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(Sub)gradients and sublevel sets
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Subdifferential
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∂f(x) = {g | gT (y − x) ≤ f(x)− f(x), ∀y ∈ dom f}



Subdifferential
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∂f(x) f x
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∂f(x) = {g | gT (y − x) ≤ f(x)− f(x), ∀y ∈ dom f}
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Example
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Subgradient calculus



Subgradient calculus

19

<latexit sha1_base64="IZ9SDJ8+ExPZlqOdEZ4bBP4luIQ="></latexit>

g ∈ ∂f(x)

<latexit sha1_base64="hnAvrK4vxOqYxYjv4PdrgdvgrIY="></latexit>

∂f(x)



Subgradient calculus

19

<latexit sha1_base64="IZ9SDJ8+ExPZlqOdEZ4bBP4luIQ="></latexit>

g ∈ ∂f(x)

<latexit sha1_base64="hnAvrK4vxOqYxYjv4PdrgdvgrIY="></latexit>

∂f(x) Hard



Subgradient calculus
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Basic rules
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Basic rules
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Pointwise maxima
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<latexit sha1_base64="JAd1aerSxR1SCvv9tSrsU4Q31yI="></latexit>

f(x) = max
i=1,...,m

f(x)

∂f(x) = conv

⇣

[

{∂fi(x) | fi(x) = f(x)}
⌘

<latexit sha1_base64="31PIaQb+phuHtEsrC07Uu3G1NMI="></latexit>

f(x) = max
s∈S

fs(x)

∂f(x) = cl

⇣

conv

⇣

[

{∂fi(x) | fi(x) = f(x)}
⌘⌘

<latexit sha1_base64="X64GS6X7rpZfJW6WlFv1ImVEYvI="></latexit>

⊇

S fs s

@ PRIMUM)

& B



Example
Piecewise linear function
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a
T

i
x+ bi
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∂f(x) = conv{ai | i ∈ I(x)}

Subdifferential is a polyhedron
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Norms

Example
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Example
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Basic rules
Composition
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Optimality conditions



Fermat’s optimality condition
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Example: piecewise linear function
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f(x) = max
i=1,...,m

(aTi x+ bi)

<latexit sha1_base64="3fmMk1FfxZhZvHn7u+pb4x9WW/E="></latexit>

Optimality condition
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x+ bi = f(x)}
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λ ≥ 0, 1
T
λ = 1,

m∑

i=1

λiai = 0

<latexit sha1_base64="Bvr6sibyC2jFAZIjYBeaqXLOBv0="></latexit>

λi = 0 aT
i
x? + bi < f(x?)

<latexit sha1_base64="x1l4w1J2mtUJGW8qmH/f/k96D+8="></latexit>

0 ∈ ∂f(x) = conv{ai | a
T

i
x+ bi = f(x)}

<latexit sha1_base64="UD7c8VUy2EVI+TtSM6Y4uMzNOaU="></latexit>

t

Ax+ b ≤ t1

<latexit sha1_base64="HC00Yg4eLSvQeWww2AXuoCq1Kr4="></latexit>

<latexit sha1_base64="yhoUadxNEQDoUyhO3TKqj2Hy/io="></latexit>

bTλ

AT
λ = 0

λ ≥ 0, 1
T
λ = 1

I
*



Subgradient method



Negative subgradients are not necessarily descent directions

29

<latexit sha1_base64="xgrvJIGOdaMW8w8TRooCKpPMTnA="></latexit>

f(x) = |x1|+ 2|x2|

<latexit sha1_base64="5KuLUeWpdID+G4BaQTxSgiQQJO8="></latexit>

−g1

<latexit sha1_base64="d953DTwY/SBfOPz/j/bLTP7eJR0="></latexit>

−g2

<latexit sha1_base64="UW7AB526jdEvVofTaExEaoabYDI="></latexit>

g1 = (1, 0) ∈ ∂f(x)
−g1

<latexit sha1_base64="ZCNXxkFjK+oWW+ju7EUpM1jtNbU="></latexit>

g2 = (1, 2) ∈ ∂f(x)
−g2

<latexit sha1_base64="c8MXToBRMSsNEzwEo6ydZXM5WHQ="></latexit>

x = (1, 0)

I
-

#



Subgradient method
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<latexit sha1_base64="sW8vlYVygm5nfBAcHcEr66EcPak="></latexit>

f(x) f⋆

Convex optimization problem



Subgradient method
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<latexit sha1_base64="sW8vlYVygm5nfBAcHcEr66EcPak="></latexit>

f(x) f⋆

Convex optimization problem

<latexit sha1_base64="6EQP0f8mJoQ1EMfCt9wuoRwRgx0="></latexit>

xk+1 = xk
− tkg

k, gk ∈ ∂f(xk)
<latexit sha1_base64="Zek46QtTjLbLAZyAFfgkb/oJmho="></latexit>

gk f xk

Iterations



Subgradient method

30

Not a descent method, keep track of the best point
<latexit sha1_base64="J+WaXCegH8LhapLXvkYDk1Mvjvo="></latexit>

fk
best

= min
i=1,...,k

f(xi)

<latexit sha1_base64="sW8vlYVygm5nfBAcHcEr66EcPak="></latexit>

f(x) f⋆

Convex optimization problem

<latexit sha1_base64="6EQP0f8mJoQ1EMfCt9wuoRwRgx0="></latexit>

xk+1 = xk
− tkg

k, gk ∈ ∂f(xk)
<latexit sha1_base64="Zek46QtTjLbLAZyAFfgkb/oJmho="></latexit>

gk f xk

Iterations



Step sizes

31

Step sizes pre-specified, not adaptively computed  
(different than gradient descent)

Line search can lead to suboptimal points



Step sizes

31

Step sizes pre-specified, not adaptively computed  
(different than gradient descent)

Square summable but not summable 
(goes to 0 but not too fast)

<latexit sha1_base64="IsDpGeN9kaJwpBWPcN5eWtUEIQc="></latexit>

tk = O(1/k)

<latexit sha1_base64="ca7dnZWIQTmOaoJmbFNoblJ19Ys="></latexit>

tk = t k = 0, . . .

<latexit sha1_base64="ANqPlWiyvShcFRCWMxMCEQTDRjA="></latexit>

∞X

k=0

t
2

k
< ∞,

∞X

k=0

tk = ∞

Line search can lead to suboptimal points



Convergence

32

Assumptions

<latexit sha1_base64="ajjOPZls4RbopqCB1fusJNPjYZc="></latexit>

f dom f = R
n

f(x?) > �1

f G > 0

|f(x)� f(y)|  Gkx� yk2, 8x, y

kgk2  G, 8g 2 ∂f(x)
•
VX



Lipschitz continuity equivalence

33

Convergence
<latexit sha1_base64="am7alSvpptRBp8/yAKkrpGLp7S0="></latexit>

f G > 0

|f(x)� f(y)|  Gkx� yk2, 8x, y

kgk2  G, 8g 2 ∂f(x), 8x



Lipschitz continuity equivalence

33

Convergence
<latexit sha1_base64="am7alSvpptRBp8/yAKkrpGLp7S0="></latexit>

f G > 0

|f(x)� f(y)|  Gkx� yk2, 8x, y

kgk2  G, 8g 2 ∂f(x), 8x

Proof
<latexit sha1_base64="3oOBMqgDQdLjsKptgaJorW2+qLg="></latexit>

kgk  G x, gx 2 ∂f(x) y, gy 2 ∂f(y)
<latexit sha1_base64="aLvA5WcZPCyI4IMOzlNa5O4TMsw="></latexit>

gTx (x� y) � f(x)� f(y) � gTy (x� y)

=) Gkx� yk2 � f(x)� f(y) � �Gkx� yk2



Lipschitz continuity equivalence
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Convergence
<latexit sha1_base64="am7alSvpptRBp8/yAKkrpGLp7S0="></latexit>

f G > 0

|f(x)� f(y)|  Gkx� yk2, 8x, y

kgk2  G, 8g 2 ∂f(x), 8x

Proof
<latexit sha1_base64="3oOBMqgDQdLjsKptgaJorW2+qLg="></latexit>

kgk  G x, gx 2 ∂f(x) y, gy 2 ∂f(y)
<latexit sha1_base64="aLvA5WcZPCyI4IMOzlNa5O4TMsw="></latexit>

gTx (x� y) � f(x)� f(y) � gTy (x� y)

=) Gkx� yk2 � f(x)� f(y) � �Gkx� yk2

<latexit sha1_base64="YWoc9/NgFc+3sDssTFtYAcTCRNA="></latexit>

f(y) ≥ f(x) + gT (y − x) = f(x) + ‖g‖2 > f(x) +G

<latexit sha1_base64="rrnYeKXt6Ls/oAHLmbjEso/ok0c="></latexit>

kgk2 > G g 2 ∂f(x) y = x+ g/kgk2 kx� yk2 = 1



Convergence

34

Theorem
<latexit sha1_base64="LWqx2+/NewCXZD6Be+IpUTG3/os="></latexit>

G f

<latexit sha1_base64="WT67y64U2uy4Z8gQZvqNbIAArVw="></latexit>

kx0 � x
?k2  R

<latexit sha1_base64="8mwAdpBh571Xq1BKz0xWU+MbAdI="></latexit>

fk

best
− f⋆

≤
R2 +G2

∑
k

i=0
t2
i

2
∑

k

i=0
ti



Convergence
Proof

35

Key quantity: euclidean distance to optimal set     (not function value)

<latexit sha1_base64="obQMVjgQZQ0CQxLPs8pMKo+8sZQ="></latexit>

f? = f(x?) ≥ f(xk) + (gk)T (x? − xk)

<latexit sha1_base64="R3nnzB9ujI1DissAITBNoD06VfI="></latexit>

kxk+1 � x?k22 = kxk � tkg
k � x?k22

= kxk � x?k22 � 2tk(g
k)T (xk � x?) + t2

k
kgkk22

 kxk � x?k22 � 2tk(f(x
k)� f?) + t2

k
kgkk22



Convergence
Proof (continued)

36

Apply inequality recursively, obtaining
<latexit sha1_base64="p3y2t9te2FJ72JGxFi3rnH9XbDg="></latexit>

kxk+1 � x?k22  kx0 � x?k22 � 2
kX

i=0

ti(f(x
i)� f?) +

kX

i=0

t2
i
kgik22

 R2 � 2
kX

i=0

ti(f(x
i)� f?) +G2

kX

i=0

t2
i



Convergence
Proof (continued)

36

Apply inequality recursively, obtaining
<latexit sha1_base64="p3y2t9te2FJ72JGxFi3rnH9XbDg="></latexit>

kxk+1 � x?k22  kx0 � x?k22 � 2
kX

i=0

ti(f(x
i)� f?) +

kX

i=0

t2
i
kgik22

 R2 � 2
kX

i=0

ti(f(x
i)� f?) +G2

kX

i=0

t2
i

<latexit sha1_base64="MiaTqcceqZRAEPvqlwsi5GrDzto="></latexit>

kxk+1 � x
?k22 � 0

<latexit sha1_base64="dGH5crTzbxl8uAvvuF1qkrJ8O18="></latexit>

2
kX

i=0

ti(f(x
i)− f?) ≤ R2 +G2

kX

i=0

t2
i



Convergence
Proof (continued)

37

<latexit sha1_base64="dGH5crTzbxl8uAvvuF1qkrJ8O18="></latexit>

2
kX

i=0

ti(f(x
i)− f?) ≤ R2 +G2

kX

i=0

t2
i



Convergence
Proof (continued)

37

<latexit sha1_base64="dGH5crTzbxl8uAvvuF1qkrJ8O18="></latexit>

2
kX

i=0

ti(f(x
i)− f?) ≤ R2 +G2

kX

i=0

t2
i

Combine it with
<latexit sha1_base64="iZW2CP8JFn1TJEHLe14W2S9WDyM="></latexit>

k
∑

i=0

ti(f(x
i)− f(x⋆)) ≥

(

k
∑

i=0

ti

)

min
i=0,...,k

(f(xi)− f⋆) =

(

k
∑

i=0

ti

)

(fk
best

− f⋆)



Convergence
Proof (continued)
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<latexit sha1_base64="dGH5crTzbxl8uAvvuF1qkrJ8O18="></latexit>

2
kX

i=0

ti(f(x
i)− f?) ≤ R2 +G2

kX

i=0

t2
i

Combine it with
<latexit sha1_base64="iZW2CP8JFn1TJEHLe14W2S9WDyM="></latexit>

k
∑

i=0

ti(f(x
i)− f(x⋆)) ≥

(

k
∑

i=0

ti

)

min
i=0,...,k

(f(xi)− f⋆) =

(

k
∑

i=0

ti

)

(fk
best

− f⋆)

to get
<latexit sha1_base64="8mwAdpBh571Xq1BKz0xWU+MbAdI="></latexit>

fk

best
− f⋆

≤
R2 +G2

∑
k

i=0
t2
i

2
∑

k

i=0
ti



Implications for step size rules

38

<latexit sha1_base64="8mwAdpBh571Xq1BKz0xWU+MbAdI="></latexit>

fk

best
− f⋆

≤
R2 +G2

∑
k

i=0
t2
i

2
∑

k

i=0
ti



Implications for step size rules

38

<latexit sha1_base64="8mwAdpBh571Xq1BKz0xWU+MbAdI="></latexit>

fk

best
− f⋆

≤
R2 +G2

∑
k

i=0
t2
i

2
∑

k

i=0
ti

May be suboptimal
<latexit sha1_base64="740IfHqQh04zC1J005StX6dWn3M="></latexit>

lim
k→∞

fk

best
≤ f⋆

+
G2t

2

<latexit sha1_base64="ca7dnZWIQTmOaoJmbFNoblJ19Ys="></latexit>

tk = t k = 0, . . .
<latexit sha1_base64="FJ3OOxr2E7U4PqAXwH7cQWxhfq8="></latexit>

fk

best
− f⋆

≤
R2 +G2(k + 1)t2

2(k + 1)t



Implications for step size rules
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Optimal
<latexit sha1_base64="ANqPlWiyvShcFRCWMxMCEQTDRjA="></latexit>

∞X

k=0

t
2

k
< ∞,

∞X

k=0

tk = ∞
<latexit sha1_base64="eYiH1UABZAvO1PzdiLKSAxAorpU="></latexit>

lim
k→∞

fk

best
= f⋆

<latexit sha1_base64="vUPXJMqbfVk6ogmoBX5DXI+/AsE="></latexit>

tk = τ/(k + 1) tk = τ/
√

k + 1

<latexit sha1_base64="8mwAdpBh571Xq1BKz0xWU+MbAdI="></latexit>

fk

best
− f⋆

≤
R2 +G2

∑
k

i=0
t2
i

2
∑

k

i=0
ti

May be suboptimal
<latexit sha1_base64="740IfHqQh04zC1J005StX6dWn3M="></latexit>

lim
k→∞

fk

best
≤ f⋆

+
G2t

2

<latexit sha1_base64="ca7dnZWIQTmOaoJmbFNoblJ19Ys="></latexit>

tk = t k = 0, . . .
<latexit sha1_base64="FJ3OOxr2E7U4PqAXwH7cQWxhfq8="></latexit>

fk

best
− f⋆

≤
R2 +G2(k + 1)t2

2(k + 1)t



Optimal step size and convergence rate

39

<latexit sha1_base64="iquSmvMuds1UBaASiatNpbXClSE="></latexit>

R2 +G2
∑

k

i=0
t2
i

2
∑

k

i=0
ti

≤ ε

<latexit sha1_base64="b6dVpyGjQQtSHx7/TyE9OGtenfA="></latexit>

✏ > 0 tk k
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<latexit sha1_base64="iquSmvMuds1UBaASiatNpbXClSE="></latexit>

R2 +G2
∑

k

i=0
t2
i

2
∑

k

i=0
ti

≤ ε

<latexit sha1_base64="b6dVpyGjQQtSHx7/TyE9OGtenfA="></latexit>

✏ > 0 tk k

<latexit sha1_base64="qfIt7Vl5nuL1lnEYqNKHfoYfCvY="></latexit>

R2 +G2(k + 1)t2

2(k + 1)t

<latexit sha1_base64="EyysdiufkxSzvSR3Fy3mVihnQ9A="></latexit>

(t0, . . . , tk)
ti = t

<latexit sha1_base64="Yu3hJ9+jX6mqrQxQ4BkJZSHYNos="></latexit>

t =
R

G
√

k + 1



Optimal step size and convergence rate
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<latexit sha1_base64="iquSmvMuds1UBaASiatNpbXClSE="></latexit>

R2 +G2
∑

k

i=0
t2
i

2
∑

k

i=0
ti

≤ ε

<latexit sha1_base64="b6dVpyGjQQtSHx7/TyE9OGtenfA="></latexit>

✏ > 0 tk k

<latexit sha1_base64="qfIt7Vl5nuL1lnEYqNKHfoYfCvY="></latexit>

R2 +G2(k + 1)t2

2(k + 1)t

<latexit sha1_base64="EyysdiufkxSzvSR3Fy3mVihnQ9A="></latexit>

(t0, . . . , tk)
ti = t

<latexit sha1_base64="Yu3hJ9+jX6mqrQxQ4BkJZSHYNos="></latexit>

t =
R

G
√

k + 1

<latexit sha1_base64="XRpdOlaqnDR5NQ1rHZ262EwkmwY="></latexit>

fk

best
− f⋆ ≤

RG
√
k + 1

Iterations required
<latexit sha1_base64="3LfjcIngVFUFyKuUM9JLMujoAn8="></latexit>

k = O(1/ε2)
<latexit sha1_base64="TCFZhk6F+GMrN6KfU/mF06VEgO0="></latexit>

k = O(1/✏)

Convergence rate



Stopping criterion
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<latexit sha1_base64="iquSmvMuds1UBaASiatNpbXClSE="></latexit>

R2 +G2
∑

k

i=0
t2
i

2
∑

k

i=0
ti

≤ ε

Terminating when 

is really, really slow.

There is not really a good stopping criterion for the subgradient method

Bad news



Polyak step size
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<latexit sha1_base64="MG2rgvuI+f9YuyhxzZ5AoMNqVbE="></latexit>

f?

<latexit sha1_base64="Pf1IO3aw/eAhrY+4YZuTlgYhi7s="></latexit>

tk =
f(xk)− f⋆

‖gk‖2
2



Polyak step size
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<latexit sha1_base64="MG2rgvuI+f9YuyhxzZ5AoMNqVbE="></latexit>

f?

<latexit sha1_base64="Pf1IO3aw/eAhrY+4YZuTlgYhi7s="></latexit>

tk =
f(xk)− f⋆

‖gk‖2
2

Motivation: minimize righthand side of
<latexit sha1_base64="fCKRz3DZNZsxYp32zbN74UhRhUk="></latexit>

‖xk+1 − x⋆‖22 ≤ ‖xk − x⋆‖22 − 2tk(f(x
k)− f⋆) + t2

k
‖gk‖22

<latexit sha1_base64="xKTCCE1iGq65wdy5YyuQQPfAkFM="></latexit>

(f(xk)� f?)2 
�

kxk+1 � x?k22 � kxk � x?k22
�

G2
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<latexit sha1_base64="MG2rgvuI+f9YuyhxzZ5AoMNqVbE="></latexit>

f?

<latexit sha1_base64="Pf1IO3aw/eAhrY+4YZuTlgYhi7s="></latexit>

tk =
f(xk)− f⋆

‖gk‖2
2

Motivation: minimize righthand side of
<latexit sha1_base64="fCKRz3DZNZsxYp32zbN74UhRhUk="></latexit>

‖xk+1 − x⋆‖22 ≤ ‖xk − x⋆‖22 − 2tk(f(x
k)− f⋆) + t2

k
‖gk‖22

<latexit sha1_base64="xKTCCE1iGq65wdy5YyuQQPfAkFM="></latexit>

(f(xk)� f?)2 
�

kxk+1 � x?k22 � kxk � x?k22
�

G2

<latexit sha1_base64="tU0Uwg/m0FHM6Zvc/yPz06LPZM0="></latexit>

fk

best
− f? ≤

GR
√
k + 1
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<latexit sha1_base64="MG2rgvuI+f9YuyhxzZ5AoMNqVbE="></latexit>

f?

<latexit sha1_base64="Pf1IO3aw/eAhrY+4YZuTlgYhi7s="></latexit>

tk =
f(xk)− f⋆

‖gk‖2
2

Motivation: minimize righthand side of
<latexit sha1_base64="fCKRz3DZNZsxYp32zbN74UhRhUk="></latexit>

‖xk+1 − x⋆‖22 ≤ ‖xk − x⋆‖22 − 2tk(f(x
k)− f⋆) + t2

k
‖gk‖22

<latexit sha1_base64="xKTCCE1iGq65wdy5YyuQQPfAkFM="></latexit>

(f(xk)� f?)2 
�

kxk+1 � x?k22 � kxk � x?k22
�

G2

<latexit sha1_base64="tU0Uwg/m0FHM6Zvc/yPz06LPZM0="></latexit>

fk

best
− f? ≤

GR
√
k + 1

Iterations required
<latexit sha1_base64="3LfjcIngVFUFyKuUM9JLMujoAn8="></latexit>

k = O(1/ε2)

still not great



Example: 1-norm minimization

42

<latexit sha1_base64="3ivR8qGhUtKfFEHzGSZPyHWjTsM="></latexit>

g = AT sign(Ax− b) ∈ ∂f(x)
<latexit sha1_base64="LRIpfWUsDIoqr9QgMmYqxgM8sRY="></latexit>

f(x) = ‖Ax− b‖1
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Efficient packages to automatically compute (sub)gradients: 
Python: JAX, PyTorch  
Julia: Zygote.jl, ForwardDiff.jl, ReverseDiff.jl



Summary subgradient method

43

<latexit sha1_base64="BmGrOHscvUKq6u4RJLVkwooheOY="></latexit>

O(1/✏2)



Summary subgradient method
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<latexit sha1_base64="BmGrOHscvUKq6u4RJLVkwooheOY="></latexit>

O(1/✏2)

Can we do better?

Can we incorporate constraints?



Subgradient methods

Today, we learned to:


• Define subgradients


• Apply subgradient calculus


• Derive optimality conditions from subgradients


• Define subgradient method and analyze its convergence

44



Next lecture

• Proximal algorithms

45


