ORF522 - Linear and Nonlinear Optimization

10. Interior-point methods for linear optimization

Bartolomeo Stellato — Fall 2020



Ed forum

* how do we usually solve for x in f(x) = 0, where f is already given?

* we performed a global sensitivity analysis when the b vector is perturbed, but | do not
think we covered the case when the constraint matrix A is changed. Can we extract
information on the sensitivities of x* and y* with respect to such changes?

 The Sudoku problem is a discrete constraint satisfaction problem, while we have been
looking at linear programs. What was the connection between this discrete version and
the linear optimization layer? It appears to be a relaxation of the discrete case, since
the constraints are relaxed. Did we discuss how to connect the solution to this relaxed
problem back to the discrete case?

* |f we want to add both a new variable and a new constraint, should we just add them
sequentially using the above approach? Or is there a better way to do this?






Training a neural network

Single layer model
| o Training
Datapoints (z*, y") minimize L£(0) =>_.", (=", y")

Xz Z
—_—p Vg —

Gradient descent (more on this later)

2 = f(2:0) 6 < 6 — tVoL(0)

Sensitivity

!
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Can f be an optimization layer?




Optimality conditions

minimize L r Parameters: 6 = {c, A, b}
subjectto Ax <b Solution x* ()

Solve and obtain primal-dual pair z*, y* (forward-pass)

Optimality conditions

Aty+c=0
diag(y)(Axz — b) =0
y>0,0—Ax >0

Mapping (6, z(6)) = 0



Computing derivatives

Take differentials

At y* + ¢ = dATy* + Atdy =0
(y*)(Az —b) = diag(Az — b)dy + diag(y*)(dAz* + Adz — db) = 0
Linear system
0 At | [dz] B dAty* + dc
diag(y*)A diag(Axz* —b)| |dy|  |diag(y*)(dAz™ —db)

Example: How does = change with b;?

Set db = e;,dA = 0,dc = 0 and solve the linear system.

ox

The solution dz will correspond to — 6

0b



Example
Learning to play Sudoku

Sudoku constraint satisfaction problem
minimize 0

subjectto Az =10 10

r e 7

1072 :

SE

Linear optimization layer (parameters 6 = {A,b}) *

1073 :

*

z =x = argmin 0

subjectto Az =0
r > 0

[OptNet: Differentiable Optimization as a Layer in Neural Networks, B. Amos and J. Z. Kolter ICML 2017]

.
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Reference readings for differentiable optimization

[OptNet: Differentiable Optimization as a Layer in Neural Networks, B. Amos and J. Z. Kolter, ICML 2017]

[Differentiating Through a Conic Program, A. Agrawal, Barratt S., Boyd S., Busseti E., and Moursi W. M., Journal of Applied and Numerical Optimization, 2019]

[Differentiable Convex Optimization Layers, A. Agrawal, Amos B., Barratt S., Boyd S., Diamond S., and Kolter Z. NeurlPS 2019]

[Learning Convex Optimization Control Policies, A. Agrawal, Barratt S., Boyd S., Stellato, B., Proceedings MLR 2020]

[Learning Convex Optimization Models, A. Agrawal, Amos B., Barratt S., Boyd S., arXiv:2006.04248, 2020]

And many more...



Today'’s lecture
[Chapter 14, Nocedal Wright][Chapters17/18, Vanderbei]

e History
e Newton’s method
* Central path

* Primal-dual path-following algorithm



History
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 Karmarkar’s algorithm (1984 e

millions of telephone calls over long
distances. Linear p is

rogramming
particularly useful whenever a limited,
expensive resource must be spread
most efficiently among competing
users. And investment companies use

» Competitive with simplex, often faster -5l

The Bell Labs mathematician, Dr.
Narendra Karmarkar, has devised a

for larger problems S e

“This is a path-breaking result,” 1 2

said Dr. Ronald L. Graham, director of
mathematical sciences for Bell Labs in
Murray Hill, N.J. “‘Science has {ts mo-
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Newton’s method



Newton’s method for nonlinear equations

Derivative
Ohy .. Ohy
0x1 0Ty,
Goal: solve Dl — . . .
h(fL’) — O - - -
Ohpm  Ohmy
_ (9:13‘1 8azn _
First-order approximation Ilteratively set to zero

h(z) ~ h(z) + Dh(Z)(z —z) ——> h(z")+ Dh(z")(z""" —2") =0

Iterations
- Solve Dh(x")Ax = —h(xF)
o phtl o 2k 4 Ax

14



Newton method

Convergence

Iterations
- Solve Dh(2*)Az = —h(z")
o phtl ok 4 Ag

Remarks

» [terations can be expensive (linear system solution)
- Fast (quadratic) convergence close to the solution x>

15



Symmetric primal-dual problems

Primal Dual
minimize ¢!z minimize ¢!z maximize —bly
subjectto Ax <b - subjectto Ax+s=0> subjectto A‘y+c=0

s >0 y >0

Optimality conditions

Ar+s—b=0
Aty+c=0
$iYi = 0

s,y = 0 16



Main idea

Optimality conditions

hz,s,y) = | Aly+c
SY1

s,y >0

_ALB—I—S—I?_

= (

S = diag(s)
Y = diag(y)

» Apply variants of Newton’s method to solve h(x, s,y) =0

» Enforce s,y > 0 (strictly) at every iteration

» Motivation avoid getting stuck in “corners”

17



Duality measure

Definition
sTy
’[L p—
Tr

Average value of the pairs s;y;

It describes the “desirability” of each point in the search space

18



Newton’s method for optimality conditions

Linear system

Dh
0 A I
AT 0 0
'S 0 Y| |

Ay
Ax
As

—SY1.

Line search to enforce x,s > 0

(,8,y) < (z,5,y) + a(Az, As, Ay)

Residuals

r, =Ax +s—0b

rqg = Aty + ¢

Issue

Pure Newton’s step does not
allow significant progress towards

h(xz,s,y) =0and x,y > 0.

19



Central path



Smoothed optimality conditions

Optimality conditions

Ar+s—b=0

Aty+c=0
S;y; =T <+—— Same 7 for every pair

s,y >0

Same optimality conditions for a “smoothed” version of our problem

21



Newton’s method for smoothed optimality conditions

Smoothed optimality conditions

he(z,s,y) =

Linear system

0 A I
AT 0 0
S 0 Y

Axr+s—0b
Aly+c | =0
SY1—71
s,y >0
Ay —T) )
Ax| = —7ry
As —SY + 71

Line search to enforce x,s > 0
(,8,y) < (@, 5,y) + a(Az, As, Ay)

22



Logarithmic barrier

—7 > i1 108(si)

1.0

ondomain s; > 0

As 7 — O It approximates

5207 ) o otherwise

23



Smoothed problem
minimize ¢’z
subjectto Ar+s=b6 —

s >0

minimize c¢lx ¢(x) = cla — 7221 log(s;)
subjectto Az +s=5b

Dual cost

g(y) = minimize L(z, s,y) = ¢’z + ¢(s) + y* (Az + s — b)

T,S

a—ﬁzATy%—c:O
ox
oL 1
= —T Fy;, =0 = sy, =T

88@ S,

24



Analytic

Central path Center 1000
T — OO
minimize ¢’z — 7> " log(s;)
subjectto Az +s=050 |
Set of points (z*(7), s*(7),y* (7))
with 7 > 0 such that
Ar+s5s—-0=0 1/5
Aty +c=0
SiYi = T
s,y > 0
Main idea 1/100
T 25

Follow central pathas  — 0



Primal-dual path-following
method




Algorithm step

Linear system

0 A I| |Ay —r, Duality measure
A0 0| |Az| = —Tq = sty
S 0 Y| |As —SY1+oul m

Centering parameter =0 = Newton step
o€ 0,1 c=1 = Centering step towards (x* (), s* (1), y* (1))

Line search to enforce x,s > 0
(z,8,y) « (z,5,y) + a(Az, As, Ay) 27



Path-following algorithm idea

Newton step .

-y

~Centering step. "}

o=1

|

’I

o =0

Combined step

Centering step
It brings towards the central path

and Is usually biased towards s,y > 0.
No progress on duality measure u

Newton step

It brings towards the zero duality
measure ;.. Quickly violates s,y > 0.

Combined step
Best of both worlds with longer

steps 28



Primal-dual path-following algorithm

Initialization

1. Given (CC(), S0 ; y()) such that sg, yg > 0

Iterations

1. Choose o € |0, 1]

2. Solve

0 A I
AT 0 0
S 0 Y

—5Y1

ol

where 1 = st y/m

3. Find maximum « such that y + Ay > 0and s + aAs > 0

4. Update (z,s,y) < (z,s,y) + a(Ax, As, Ay)

29



Working towards optimality conditions

Optimality conditions satisfied only at convergence

Primal residual Stopping criteria
r,=Ar+s—b—0 |7pl| < €pri

Dual residual
Td:ATy—I—c%O I7q]] < €dua

Complementary slackness
T
sty — 0 S™ Y < €gap

30



Convergence



Definitions

Primal-dual strictly feasible set
Fe={(x,s,y) | Axr+s=b, A'ly+c=0, s,y >0}

Central path neighborhood
N(v) ={(z,s,y) € F° | sqys > yp}  withy € (0,1]  (almost all the feasible region)

32



Theorem
[Page 402-406, Nocedal Wright]

Smallest decrement

0 .
41 < (]. ) 935 with 0 > 0

T

Ilteration complexity
Given (xg, s0,v0) € N (7), there exists K = O(nlog(1/¢)) such that

up < eug forall k > K

Modified versions achieve O(1/nlog(1/¢))

33



Interior-point methods for linear optimization

Today, we learned to:
 Apply Newton’s method to solve optimality conditions
 Analyze the central path and the smoothed optimality conditions

 Develop a prototype primal-dual path-following algorithm

34



Next lecture

* Practical interior-point method (Mehrotra predictor-corrector algorithm)
* Linear algebra implementation detalils

* Linear optimization recap

35



