
Bartolomeo Stellato — Fall 2020

ORF522 – Linear and Nonlinear Optimization
9. Sensitivity analysis for linear optimization



Ed forum

• The strong duality statement doesn't state that when the primal is not 
feasible, the dual is unbounded (p=+∞, d=+∞). Why it's not possible to have 
p=+∞ and d is some finite value?


• Does the dual simplex index j refer to the basis matrix index? Or the full A?
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General forms

4

DualPrimal

cTx

Ax = b

x ≥ 0

<latexit sha1_base64="HPMbYtzn0EM0OJtYXiUwEiG72Zc="></latexit>

−bT y

AT y + c ≥ 0

<latexit sha1_base64="AuCv/vET+aXjAnRcVrvP9bEk49I="></latexit>

Standard form LP

Primal
Inequality form LP

Dual
cTx

Ax ≤ b

<latexit sha1_base64="4SLIyybDLsW4EisEGAZzVa/nhY8="></latexit>

−bT y

AT y + c = 0

y ≥ 0

<latexit sha1_base64="oaj5YVrar4QqelpzNtZl3ufiwOM="></latexit>



Today’s lecture
[Chapter 5, Bertsimas and Tsitsiklis]

Sensitivity analysis in linear optimization 

• Adding new constraints and variables


• Change problem data


• Differentiable optimization
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Adding new constraints and 
variables



Adding new variables
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cTx

Ax = b

x ≥ 0

<latexit sha1_base64="HPMbYtzn0EM0OJtYXiUwEiG72Zc="></latexit>

x
?
, y

?

<latexit sha1_base64="ALx/XKLFSX79bBi2eAend+v8+xk="></latexit>



Adding new variables

7

cTx

Ax = b

x ≥ 0

<latexit sha1_base64="HPMbYtzn0EM0OJtYXiUwEiG72Zc="></latexit>

cTx+ cn+1xn+1

Ax+An+1xn+1 = b

x, xn+1 ≥ 0

<latexit sha1_base64="RzG62pB5EbGcgI0G5gR22zhmylU="></latexit>

x
?
, y

?

<latexit sha1_base64="ALx/XKLFSX79bBi2eAend+v8+xk="></latexit>



Adding new variables

7

cTx

Ax = b

x ≥ 0

<latexit sha1_base64="HPMbYtzn0EM0OJtYXiUwEiG72Zc="></latexit>

cTx+ cn+1xn+1

Ax+An+1xn+1 = b

x, xn+1 ≥ 0

<latexit sha1_base64="RzG62pB5EbGcgI0G5gR22zhmylU="></latexit>

x
?
, y

?

<latexit sha1_base64="ALx/XKLFSX79bBi2eAend+v8+xk="></latexit>

(x?
, 0), y?

<latexit sha1_base64="w95Il2nmLW7pvUAMWLbQ2+ZnlK4="></latexit>



Adding new variables
Optimality conditions
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cTx+ cn+1xn+1

Ax+An+1xn+1 = b

x, xn+1 ≥ 0

<latexit sha1_base64="RzG62pB5EbGcgI0G5gR22zhmylU="></latexit>

(x?
, 0)

<latexit sha1_base64="riy/Pp4wAikQWsTzGnJJwxrpMhY="></latexit>



Adding new variables
Optimality conditions
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cTx+ cn+1xn+1

Ax+An+1xn+1 = b

x, xn+1 ≥ 0

<latexit sha1_base64="RzG62pB5EbGcgI0G5gR22zhmylU="></latexit>

(x?
, 0)

<latexit sha1_base64="riy/Pp4wAikQWsTzGnJJwxrpMhY="></latexit>

y
?

<latexit sha1_base64="aIW9ks0+sV8wpbkMZue1U0Wv3qY="></latexit>

AT

n+1y
⋆
+ cn+1 ≥ 0

<latexit sha1_base64="G0QzW3nH2KI1Bti1gLRiIlSrAz4="></latexit>

Arg -1C ZO



Adding new variables
Optimality conditions
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cTx+ cn+1xn+1

Ax+An+1xn+1 = b

x, xn+1 ≥ 0

<latexit sha1_base64="RzG62pB5EbGcgI0G5gR22zhmylU="></latexit>

(x?
, 0)

<latexit sha1_base64="riy/Pp4wAikQWsTzGnJJwxrpMhY="></latexit>

y
?

<latexit sha1_base64="aIW9ks0+sV8wpbkMZue1U0Wv3qY="></latexit>

AT

n+1y
⋆
+ cn+1 ≥ 0

<latexit sha1_base64="G0QzW3nH2KI1Bti1gLRiIlSrAz4="></latexit>

Yes

(x?
, 0)

<latexit sha1_base64="WKi7UAD5rar81cTo2pA+WyN2XCE="></latexit>

Otherwise

Primal simplex



Adding new variables
Example
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−60x1 − 30x2 − 20x3

8x1 + 6x2 + x3 ≤ 48

4x1 + 2x2 + 1.5x3 ≤ 20

2x1 + 1.5x2 + 0.5x3 ≤ 8

x ≥ 0

<latexit sha1_base64="AwlEQSlXr9zdcH3sB+v4h/qIYhU="></latexit>



Adding new variables
Example

9

−60x1 − 30x2 − 20x3

8x1 + 6x2 + x3 ≤ 48

4x1 + 2x2 + 1.5x3 ≤ 20

2x1 + 1.5x2 + 0.5x3 ≤ 8

x ≥ 0

<latexit sha1_base64="AwlEQSlXr9zdcH3sB+v4h/qIYhU="></latexit>

-profit
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-profit

material
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Adding new variables
Example
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-profit

material

production

quality control

cTx

Ax = b

x ≥ 0

<latexit sha1_base64="exWKsXdGCX1Qfu3yNbHGzeW4fdU="></latexit>

c = (−60,−30,−20, 0, 0, 0)

A =







8 6 1 1 0 0

4 2 1.5 0 1 0

2 1.5 0.5 0 0 1







b = (48, 20, 8)

<latexit sha1_base64="nb8EjmHuqyCI2FXf/o+cYitaWQ0="></latexit>



Adding new variables
Example

9

−60x1 − 30x2 − 20x3

8x1 + 6x2 + x3 ≤ 48

4x1 + 2x2 + 1.5x3 ≤ 20

2x1 + 1.5x2 + 0.5x3 ≤ 8

x ≥ 0

<latexit sha1_base64="AwlEQSlXr9zdcH3sB+v4h/qIYhU="></latexit>

-profit

material

production

quality control

cTx

Ax = b

x ≥ 0

<latexit sha1_base64="exWKsXdGCX1Qfu3yNbHGzeW4fdU="></latexit>

c = (−60,−30,−20, 0, 0, 0)

A =







8 6 1 1 0 0

4 2 1.5 0 1 0

2 1.5 0.5 0 0 1







b = (48, 20, 8)

<latexit sha1_base64="nb8EjmHuqyCI2FXf/o+cYitaWQ0="></latexit>

x
? = (2, 0, 8, 24, 0, 0), y

? = (0, 10, 10), c
T
x
? = −280, {1, 3, 4}

<latexit sha1_base64="LH0IUqKGk23f79KLHOpqdIMV+FI="></latexit>



Adding new variables
Example: add new product?
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cTx+ cn+1xn+1

Ax+An+1xn+1 = b

x, xn+1 ≥ 0

<latexit sha1_base64="RzG62pB5EbGcgI0G5gR22zhmylU="></latexit>

c = (−60,−30,−20, 0, 0, 0,−15)

A =







8 6 1 1 0 0 1

4 2 1.5 0 1 0 1

2 1.5 0.5 0 0 1 1







b = (48, 20, 8)

<latexit sha1_base64="OHdI2lFZ4Wbr8ZaNBEEUX/OAoSk="></latexit>



Adding new variables
Example: add new product?
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cTx+ cn+1xn+1

Ax+An+1xn+1 = b

x, xn+1 ≥ 0

<latexit sha1_base64="RzG62pB5EbGcgI0G5gR22zhmylU="></latexit>

Previous solution

x
? = (2, 0, 8, 24, 0, 0), y

? = (0, 10, 10), c
T
x
? = −280, {1, 3, 4}

<latexit sha1_base64="LH0IUqKGk23f79KLHOpqdIMV+FI="></latexit>

c = (−60,−30,−20, 0, 0, 0,−15)
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


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4 2 1.5 0 1 0 1
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




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<latexit sha1_base64="OHdI2lFZ4Wbr8ZaNBEEUX/OAoSk="></latexit>



Adding new variables
Example: add new product?
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


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


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<latexit sha1_base64="OHdI2lFZ4Wbr8ZaNBEEUX/OAoSk="></latexit>

AT

n+1y
⋆
+ cn+1 =

[

1 1 1

]







0

10

10






− 15 = 5 ≥ 0

<latexit sha1_base64="8cMhSO1OYCpvQnSKnWTHog1sVsc="></latexit>

Still optimal (do not add new product)



Adding new constraints

11

cTx

Ax = b

x ≥ 0

<latexit sha1_base64="HPMbYtzn0EM0OJtYXiUwEiG72Zc="></latexit>

x
?
, y

?

<latexit sha1_base64="ALx/XKLFSX79bBi2eAend+v8+xk="></latexit>
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Ax = b

x ≥ 0

<latexit sha1_base64="HPMbYtzn0EM0OJtYXiUwEiG72Zc="></latexit>

cTx

Ax = b

aT
m+1x = bm+1

x ≥ 0

<latexit sha1_base64="ALDRFR269zIXpoJMo4yyOrIMD5E="></latexit>

x
?
, y

?

<latexit sha1_base64="ALx/XKLFSX79bBi2eAend+v8+xk="></latexit>



Adding new constraints
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cTx

Ax = b

x ≥ 0

<latexit sha1_base64="HPMbYtzn0EM0OJtYXiUwEiG72Zc="></latexit>

cTx

Ax = b

aT
m+1x = bm+1

x ≥ 0

<latexit sha1_base64="ALDRFR269zIXpoJMo4yyOrIMD5E="></latexit>

x
?
, y

?

<latexit sha1_base64="ALx/XKLFSX79bBi2eAend+v8+xk="></latexit>

−bT y

AT y + am+1ym+1 + c ≥ 0

<latexit sha1_base64="ZEzedihoh1StbNj++jDBYSFcl0E="></latexit>

Dual



Adding new constraints
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cTx

Ax = b

x ≥ 0

<latexit sha1_base64="HPMbYtzn0EM0OJtYXiUwEiG72Zc="></latexit>

cTx

Ax = b

aT
m+1x = bm+1

x ≥ 0

<latexit sha1_base64="ALDRFR269zIXpoJMo4yyOrIMD5E="></latexit>

x
?
, y

?

<latexit sha1_base64="ALx/XKLFSX79bBi2eAend+v8+xk="></latexit>

x
?
, (y?, 0)

<latexit sha1_base64="qqW8RHru31fTk3rzvcbUzHx2Ze8="></latexit>

−bT y

AT y + am+1ym+1 + c ≥ 0

<latexit sha1_base64="ZEzedihoh1StbNj++jDBYSFcl0E="></latexit>

Dual



Adding new constraints
Optimality conditions

12

−bT y

AT y + am+1ym+1 + c ≥ 0

<latexit sha1_base64="ZEzedihoh1StbNj++jDBYSFcl0E="></latexit>

(y?, 0)

<latexit sha1_base64="/e9+F3FmQLhDJKbjplD+eUxkJOs="></latexit>



Adding new constraints
Optimality conditions
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−bT y

AT y + am+1ym+1 + c ≥ 0

<latexit sha1_base64="ZEzedihoh1StbNj++jDBYSFcl0E="></latexit>

(y?, 0)

<latexit sha1_base64="/e9+F3FmQLhDJKbjplD+eUxkJOs="></latexit>

x
?

<latexit sha1_base64="wRuWNwE80TelGL+enEWWUxY+Abs="></latexit>

Ax = b

aT
m+1x = bm+1

x, xn+1 ≥ 0

<latexit sha1_base64="IvawNPyVuGqR9CBK1VDlw67zwYM="></latexit>



Adding new constraints
Optimality conditions
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−bT y

AT y + am+1ym+1 + c ≥ 0

<latexit sha1_base64="ZEzedihoh1StbNj++jDBYSFcl0E="></latexit>

(y?, 0)

<latexit sha1_base64="/e9+F3FmQLhDJKbjplD+eUxkJOs="></latexit>

x
?

<latexit sha1_base64="wRuWNwE80TelGL+enEWWUxY+Abs="></latexit>

Ax = b

aT
m+1x = bm+1

x, xn+1 ≥ 0

<latexit sha1_base64="IvawNPyVuGqR9CBK1VDlw67zwYM="></latexit>

Yes

(x?
, 0)

<latexit sha1_base64="WKi7UAD5rar81cTo2pA+WyN2XCE="></latexit>

Otherwise

Dual simplex

Bri

as



Adding new constraints
Example

x
⋆

<latexit sha1_base64="+jDiYZ6ROT1P7S+wPmpE8k10UWU="></latexit>

Add new constraint

x
⋆

<latexit sha1_base64="+jDiYZ6ROT1P7S+wPmpE8k10UWU="></latexit>

x
?

<latexit sha1_base64="HZ0bVvjBdRp6qIYLMn16RQyj+P0="></latexit>

x
?

<latexit sha1_base64="uMQZLVMNn4+7MSssha1YqKhuZgA="></latexit>

x
⋆

<latexit sha1_base64="+jDiYZ6ROT1P7S+wPmpE8k10UWU="></latexit>



Changing problem data



Information from primal-dual solution

15

x
?
, y

?

<latexit sha1_base64="RdlIDuM0CyX90mOGyXQbdA+NRy8="></latexit>

p
?(u)

<latexit sha1_base64="BnecA8wxgMfaMyJ4OB2RAM1562s="></latexit>

Modified LP

cTx

Ax = b+ u

x ≥ 0

<latexit sha1_base64="EZdJ9+wVkD/5UceOzpPEXzMuziU="></latexit>



Global sensitivity

16

Dual of modified LP

−(b+ u)T y

AT y + c ≥ 0

<latexit sha1_base64="93Op7bnvmnHIy4uUa2lpaYU3juY="></latexit>



Global sensitivity

16

Dual of modified LP

Global lower bound

y
?

u = 0

<latexit sha1_base64="oUX/mCQ1iXbYWTmGblUNqVo+jaQ="></latexit>

p?(u) ≥ −(b+ u)T y?

= p?(0)− uT y?

<latexit sha1_base64="HeXnr+PleJv4aMG0bOIXgb4oZ9U="></latexit>

(from weak duality and  
dual feasibility)

−(b+ u)T y

AT y + c ≥ 0

<latexit sha1_base64="93Op7bnvmnHIy4uUa2lpaYU3juY="></latexit>



Global sensitivity
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Dual of modified LP

Global lower bound

y
?

u = 0

<latexit sha1_base64="oUX/mCQ1iXbYWTmGblUNqVo+jaQ="></latexit>

p?(u) ≥ −(b+ u)T y?

= p?(0)− uT y?

<latexit sha1_base64="HeXnr+PleJv4aMG0bOIXgb4oZ9U="></latexit>

(from weak duality and  
dual feasibility)

u

<latexit sha1_base64="pO45dFV4oTd5nsH+8kz95DO/TDs="></latexit>

−(b+ u)T y

AT y + c ≥ 0

<latexit sha1_base64="93Op7bnvmnHIy4uUa2lpaYU3juY="></latexit>



Global sensitivity
Example

17

u = td d ∈ R
m

<latexit sha1_base64="+F1tTKHeGsV43/FkHoMzr51KyMc="></latexit>

p?(td) t

<latexit sha1_base64="Umn2TSfLjkAn7ZebWgFKdly/6JM="></latexit>

p⋆(0)− tdT y⋆

<latexit sha1_base64="OryaIktJWNbEpHmwbjuCqpqlAZY="></latexit>

t

<latexit sha1_base64="i36ULjhz8kD6sYGmb2Pl2w2aIkM="></latexit>

p⋆(td)

<latexit sha1_base64="f+6wwktCT4p/bmHjKEr0LR9JtXg="></latexit>

cTx

Ax = b+ td

x ≥ 0

<latexit sha1_base64="FV1ArJGSbuN3tHAJx1TsnI461E0="></latexit>
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t

<latexit sha1_base64="i36ULjhz8kD6sYGmb2Pl2w2aIkM="></latexit>

p⋆(td)

<latexit sha1_base64="f+6wwktCT4p/bmHjKEr0LR9JtXg="></latexit>

dT y? ≥ 0

<latexit sha1_base64="9/xGD3WnsfEAtmpwIo6NMPGrjHs="></latexit>

t < 0

t > 0 t

<latexit sha1_base64="RXm4cgCX8NaYmwUsDv1crvjjW9I="></latexit>

cTx

Ax = b+ td

x ≥ 0

<latexit sha1_base64="FV1ArJGSbuN3tHAJx1TsnI461E0="></latexit>



Optimal value function

18

p
?(0)

<latexit sha1_base64="ZtFLlBbkM40hO8nRdFuxQIKwuik="></latexit>

Properties

p?(u) > −∞

{u | p?(u) < +∞}

p?(u)

<latexit sha1_base64="0hqGnUvonwjMMDeU1IrX/5P1o6A="></latexit>

p⋆(u) = min{cTx | Ax = b+ u, x ≥ 0}

<latexit sha1_base64="tqGpNp3rFyZmyiN9F/kh25B9oAs="></latexit>



Optimal value function is piecewise linear
Proof

19

p⋆(u) = min{cTx | Ax = b+ u, x ≥ 0}

<latexit sha1_base64="tqGpNp3rFyZmyiN9F/kh25B9oAs="></latexit>



Optimal value function is piecewise linear
Proof

19

p
?(0)

<latexit sha1_base64="ZtFLlBbkM40hO8nRdFuxQIKwuik="></latexit>

D = {y | AT y + c ≥ 0}

<latexit sha1_base64="DKdkZhG+nql+0QUG1DgNKQdjQEM="></latexit>

Dual feasible set

p⋆(u) = min{cTx | Ax = b+ u, x ≥ 0}

<latexit sha1_base64="tqGpNp3rFyZmyiN9F/kh25B9oAs="></latexit>



Optimal value function is piecewise linear
Proof
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p
?(0)

<latexit sha1_base64="ZtFLlBbkM40hO8nRdFuxQIKwuik="></latexit>

D = {y | AT y + c ≥ 0}

<latexit sha1_base64="DKdkZhG+nql+0QUG1DgNKQdjQEM="></latexit>

Dual feasible set

p
?(u)

<latexit sha1_base64="9sptrkDT3uQTOed4khggwQRrwEw="></latexit>

y1, . . . , yr D

<latexit sha1_base64="HSkPd8jJy13LpMbPrLkB/dm/QeI="></latexit>

p⋆(u) = max
y∈D

−(b− u)T y = max
k=1,...,r

−yTk u− bT yk

<latexit sha1_base64="9yacFDGTSKZcF73x8t/Y80BfpOg="></latexit>

p⋆(u) = min{cTx | Ax = b+ u, x ≥ 0}

<latexit sha1_base64="tqGpNp3rFyZmyiN9F/kh25B9oAs="></latexit>
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Local sensitivity

20

Original LP

cTx

Ax = b

x ≥ 0

<latexit sha1_base64="37kDWxYzfWmwzJ8PCmqbpnkpSjM="></latexit>

u

<latexit sha1_base64="7CM1i84FNeXha/qIDykPURoWX80="></latexit>
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Original LP

cTx

Ax = b

x ≥ 0

<latexit sha1_base64="37kDWxYzfWmwzJ8PCmqbpnkpSjM="></latexit>

Optimal solution

y? = −B−T cB

<latexit sha1_base64="cTyuCUPQrSrKOnC+/hBzH7I7Eko="></latexit>

x
⋆

B
= B

−1
b

<latexit sha1_base64="FauL73avrewI/tiPdUMdQboMRzA="></latexit>

u

<latexit sha1_base64="7CM1i84FNeXha/qIDykPURoWX80="></latexit>
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Derivative of the optimal value function
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Sensitivity example
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−60x1 − 30x2 − 20x3

8x1 + 6x2 + x3 ≤ 48

4x1 + 2x2 + 1.5x3 ≤ 20

2x1 + 1.5x2 + 0.5x3 ≤ 8

x ≥ 0
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Differentiable optimization



Training a neural network
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Optimization layers
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Optimization layers
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Features

• Add domain knowledge and hard constraints 

• End-to-end training and optimization


• Nice theory and algorithms for general convex optimization 

• Applications in RL, control, meta-learning, game theory, etc.
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Implicit function theorem
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Optimality conditions
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Computing derivatives
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Take differentials
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Is it always differentiable?
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The linear system matrix must be invertible 
(the problem must have unique solution)
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
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Example
Learning to play Sudoku

30
[OptNet: Differentiable Optimization as a Layer in Neural Networks, B. Amos and J. Z. Kolter ICML 2017]
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4 1

2 4 1 3

1 3 2 4

3 1 4 2

4 2 3 1

Sudoku constraint satisfaction problem

0

Ax = b

x ∈ Z
d
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Linear optimization layer

z = x
⋆
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Sensitivity analysis in linear optimization

Today, we learned to:


• Use the most appropriate primal/dual simplex algorithm when variables and/
or constraints are added 

• Analyze sensitivity of the cost with respect to change in the data  

• Apply sensitivity analysis to differentiable linear optimization layers

31



Next lecture

• Barrier methods for linear optimization
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