
Bartolomeo Stellato — Fall 2020

ORF522 – Linear and Nonlinear Optimization
5. The simplex method



Ed forum

• What is the geometric picture of the standard form? Given a standard form P, can we 
always convert it back to the version defined by halfspaces? (next slides)


• Extent to which these methods are generalizable to infinite-dimensional restrictions 
e.g. linear difference equations when t goes to infinity. 


• Efficient way to deal with inverses? (next lecture)


• How to pick index entering the basis? (this lecture)


• Adjacent solutions why defined that way? (Same active constraints except 1)


• Feasibility LP condition in no strong arbitrage from Arrow-Debreu theory (That’s 
correct! We will discuss feasibility in duality lectures)
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Recap



Standard form polyhedra
Definition

4

cTx

Ax = b

x ≥ 0

<latexit sha1_base64="Zs8r51jllvVlqCLDc4l3JrKWQHU="></latexit>

Standard form LP P = {x | Ax = b, x ≥ 0}

<latexit sha1_base64="Pb1euq8zO1c1t7w61bGi+wUOyKs="></latexit>

Standard form polyhedron

x1

<latexit sha1_base64="qpqh7hiByCI+mm28AIIcKUzVuew="></latexit>

x2

<latexit sha1_base64="2b7zNai+/76/6tDM10UithgaioQ="></latexit>

x3

<latexit sha1_base64="Bu8vHqVPZKf1Xp59c7LxwwO6WNs="></latexit>

A ∈ R
m×n m ≤ n

<latexit sha1_base64="4E9mFuBAhFpYMiz36gYx/4CUGt4="></latexit>

Assumption

Interpretation

P (n−m)

<latexit sha1_base64="pKaiozJdIyKLr5+ySyyL82AT5ak="></latexit>



Standard form polyhedra
Visualization

5

x1

<latexit sha1_base64="qpqh7hiByCI+mm28AIIcKUzVuew="></latexit>

x2

<latexit sha1_base64="2b7zNai+/76/6tDM10UithgaioQ="></latexit>

x3

<latexit sha1_base64="Bu8vHqVPZKf1Xp59c7LxwwO6WNs="></latexit>

x
1
=
0

<latexit sha1_base64="vUI2x4DFP8pWbSkB8mPq6vCvJwk="></latexit>

x2
= 0

<latexit sha1_base64="HjGchzv7wORPe3VrfA2B6GQf69E="></latexit>

x
3
=
0

<latexit sha1_base64="4QY8aNLBoe4lgAp4nJh1BhVRMlw="></latexit>

x
4 =

0

<latexit sha1_base64="DCS6uqKPwEN7OTGXWt6Qg9Ti3vw="></latexit>

x
5
=
0

<latexit sha1_base64="QdaZ1PVIvC20/sSvDkK+5YWA02Q="></latexit>

Three dimensions Higher dimensions

P = {x | Ax = b, x ≥ 0}, n−m = 2

<latexit sha1_base64="BNiXh854hs9dhJnfMQwquzRvcCo="></latexit>
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Constructing basic solution

6

m A AB(1), . . . , AB(m)

xi = 0 i 6= B(1), . . . , B(m)
Ax = b xB(1), . . . , xB(m)

<latexit sha1_base64="fUNKnmFFvJt39//9EjlNOIIAqpU="></latexit>



Constructing basic solution

6

m A AB(1), . . . , AB(m)

xi = 0 i 6= B(1), . . . , B(m)
Ax = b xB(1), . . . , xB(m)

<latexit sha1_base64="fUNKnmFFvJt39//9EjlNOIIAqpU="></latexit>

xB = B
−1

b

<latexit sha1_base64="d8zRzIVroXk+wOGAzi09QDB88Hk="></latexit>

B =






AB(1) AB(2) . . . AB(m)






, xB =









xB(1)

xB(m)









<latexit sha1_base64="CHlm/yBR4ULEDJpVQOQpzzJrCqs="></latexit>

Basis 
matrix

Basis columns Basic variables



Constructing basic solution

6

m A AB(1), . . . , AB(m)

xi = 0 i 6= B(1), . . . , B(m)
Ax = b xB(1), . . . , xB(m)

<latexit sha1_base64="fUNKnmFFvJt39//9EjlNOIIAqpU="></latexit>

xB = B
−1

b

<latexit sha1_base64="d8zRzIVroXk+wOGAzi09QDB88Hk="></latexit>

B =






AB(1) AB(2) . . . AB(m)






, xB =









xB(1)

xB(m)









<latexit sha1_base64="CHlm/yBR4ULEDJpVQOQpzzJrCqs="></latexit>

Basis 
matrix

Basis columns Basic variables

xB ≥ 0 x

<latexit sha1_base64="V3mx688Q0Bofe66WYuWEhT+dzkA="></latexit>



Feasible directions

7

P = {x | Ax = b, x ≥ 0}

<latexit sha1_base64="Pb1euq8zO1c1t7w61bGi+wUOyKs="></latexit>

xB = B−1b

xi = 0, 8i 6= B(1), . . . , B(m)

<latexit sha1_base64="GIZjomA+SvqlQM16rq6jgZpfuwA="></latexit>

B =

h

AB(1) . . . AB(m)

i

<latexit sha1_base64="DtiCD7lzxM7K8+0+Zzj7YIxXXoo="></latexit>

x

<latexit sha1_base64="GfvWojYGOg5KCDp6XdPuqR4HkW4="></latexit>

Conditions



Feasible directions

7

P = {x | Ax = b, x ≥ 0}

<latexit sha1_base64="Pb1euq8zO1c1t7w61bGi+wUOyKs="></latexit>

xB = B−1b

xi = 0, 8i 6= B(1), . . . , B(m)

<latexit sha1_base64="GIZjomA+SvqlQM16rq6jgZpfuwA="></latexit>

B =

h

AB(1) . . . AB(m)

i

<latexit sha1_base64="DtiCD7lzxM7K8+0+Zzj7YIxXXoo="></latexit>

x

<latexit sha1_base64="GfvWojYGOg5KCDp6XdPuqR4HkW4="></latexit>

Conditions

d

<latexit sha1_base64="aaXKfgHpgww2AjIgi2u5dGhEIiI="></latexit>

A(x+ θd) = b =⇒ Ad = 0
x+ θd ≥ 0

<latexit sha1_base64="cKZ7cXmBaTTGVD43OlEe5II8WZ8="></latexit>



Feasible directions

8

Nonbasic indices

Computation

Basic directiondj = 1
dk = 0, ∀k /∈ {j, B(1), . . . , B(m)}

<latexit sha1_base64="j7gjCALL3UxrZCYogKBTUMPfWbI="></latexit>



Feasible directions

8

Nonbasic indices

Basic indices

Ad = 0 =

n∑

i=1

Aidi = BdB +Aj = 0 =⇒ dB = −B
−1

Aj

<latexit sha1_base64="aKHg5QLdDXzvSNQw868p7jBJigI="></latexit>

Computation

Basic directiondj = 1
dk = 0, ∀k /∈ {j, B(1), . . . , B(m)}

<latexit sha1_base64="j7gjCALL3UxrZCYogKBTUMPfWbI="></latexit>



Feasible directions

8

Nonbasic indices

Basic indices

Ad = 0 =

n∑

i=1

Aidi = BdB +Aj = 0 =⇒ dB = −B
−1

Aj

<latexit sha1_base64="aKHg5QLdDXzvSNQw868p7jBJigI="></latexit>

Computation

Basic directiondj = 1
dk = 0, ∀k /∈ {j, B(1), . . . , B(m)}

<latexit sha1_base64="j7gjCALL3UxrZCYogKBTUMPfWbI="></latexit>

Non-negativity (non-degenerate assumption)

xi = 0 di ≥ 0

xB > 0 ∃θ > 0 xB + θdB ≥ 0

<latexit sha1_base64="veYMvytyChEhq40fjAfVjnrCL1w="></latexit>



Stepsize

9

c̄j

<latexit sha1_base64="BgA/N1KyykZ8lWmPqGNPoSyhhDk="></latexit>

xj

<latexit sha1_base64="e/pT3QbcUYxP8s5/CyE6OC3Qp+c="></latexit>



Stepsize

9

c̄j

<latexit sha1_base64="BgA/N1KyykZ8lWmPqGNPoSyhhDk="></latexit>

xj

<latexit sha1_base64="e/pT3QbcUYxP8s5/CyE6OC3Qp+c="></latexit>

How far can we go?

θ
⋆
= max{θ | θ ≥ 0 x+ θd ≥ 0}

<latexit sha1_base64="tVGmmOKi5CBkWULOkuXYuIEKvm4="></latexit>

d j

<latexit sha1_base64="HN8GbZ/sdUeyKll2x8TJqDqMub8="></latexit>



Stepsize

9

c̄j

<latexit sha1_base64="BgA/N1KyykZ8lWmPqGNPoSyhhDk="></latexit>

xj

<latexit sha1_base64="e/pT3QbcUYxP8s5/CyE6OC3Qp+c="></latexit>

Unbounded

d ≥ 0 θ
?
= ∞

<latexit sha1_base64="3dGuwBvjRt0t9tiXsM1UNTOQCGQ="></latexit>

How far can we go?

θ
⋆
= max{θ | θ ≥ 0 x+ θd ≥ 0}

<latexit sha1_base64="tVGmmOKi5CBkWULOkuXYuIEKvm4="></latexit>

d j

<latexit sha1_base64="HN8GbZ/sdUeyKll2x8TJqDqMub8="></latexit>



Stepsize

9

c̄j

<latexit sha1_base64="BgA/N1KyykZ8lWmPqGNPoSyhhDk="></latexit>

xj

<latexit sha1_base64="e/pT3QbcUYxP8s5/CyE6OC3Qp+c="></latexit>

Unbounded

d ≥ 0 θ
?
= ∞

<latexit sha1_base64="3dGuwBvjRt0t9tiXsM1UNTOQCGQ="></latexit>

How far can we go?

θ
⋆
= max{θ | θ ≥ 0 x+ θd ≥ 0}

<latexit sha1_base64="tVGmmOKi5CBkWULOkuXYuIEKvm4="></latexit>

d j

<latexit sha1_base64="HN8GbZ/sdUeyKll2x8TJqDqMub8="></latexit>

Bounded

di < 0 i

<latexit sha1_base64="WJW9niqTNIKuAXUe6HvWUCiQezQ="></latexit>

θ
⋆
= min

{i|di<0}

(

−

xi

di

)

= min
{i∈B|di<0}

(

−

xi

di

)

<latexit sha1_base64="F2doJCzsyGZmR+7xVwJgXp5AAok="></latexit>

di ≥ 0, i ∈ N

<latexit sha1_base64="cl13250lD1SIlCgNyWpuBG1jpYQ="></latexit>



Moving to a new basis
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Next feasible solution

x+ θ
⋆
d

<latexit sha1_base64="6G8G1nf6ziMxQYaYNzqBo5iDpv8="></latexit>



Moving to a new basis

10

B(`) ∈ {B(1), . . . , B(m)} ✓
? = −

xB(`)

dB(`)

<latexit sha1_base64="vn5XdzSb1je9KhJwkxDZ7Ut5yxI="></latexit>

xB(ℓ) + θ
⋆
dB(ℓ) = 0

<latexit sha1_base64="k2VkjGWKxdNMyvH9jXpOmiWYPlY="></latexit>

Next feasible solution

x+ θ
⋆
d

<latexit sha1_base64="6G8G1nf6ziMxQYaYNzqBo5iDpv8="></latexit>



Moving to a new basis

10

B(`) ∈ {B(1), . . . , B(m)} ✓
? = −

xB(`)

dB(`)

<latexit sha1_base64="vn5XdzSb1je9KhJwkxDZ7Ut5yxI="></latexit>

xB(ℓ) + θ
⋆
dB(ℓ) = 0

<latexit sha1_base64="k2VkjGWKxdNMyvH9jXpOmiWYPlY="></latexit>

Next feasible solution

x+ θ
⋆
d

<latexit sha1_base64="6G8G1nf6ziMxQYaYNzqBo5iDpv8="></latexit>

New solution
xB(`) 0

xj θ
?

<latexit sha1_base64="raiwTiVOmO4qzrWZjCTxLb0OK6Q="></latexit>



Moving to a new basis

10

B(`) ∈ {B(1), . . . , B(m)} ✓
? = −

xB(`)

dB(`)

<latexit sha1_base64="vn5XdzSb1je9KhJwkxDZ7Ut5yxI="></latexit>

xB(ℓ) + θ
⋆
dB(ℓ) = 0

<latexit sha1_base64="k2VkjGWKxdNMyvH9jXpOmiWYPlY="></latexit>

Next feasible solution

x+ θ
⋆
d

<latexit sha1_base64="6G8G1nf6ziMxQYaYNzqBo5iDpv8="></latexit>

New solution
xB(`) 0

xj θ
?

<latexit sha1_base64="raiwTiVOmO4qzrWZjCTxLb0OK6Q="></latexit>

New basis

B̄ =

[

AB(1) . . . AB(ℓ−1) Aj AB(ℓ+1) . . . AB(m)

]

<latexit sha1_base64="HTnHutqXUqi/qpAQnx23ElvmOZA="></latexit>



An iteration of the simplex method

11

x B =

h

AB(1) . . . , AB(m)

i

<latexit sha1_base64="W4xxHz7TGeMiaXYUBUAt1I476AY="></latexit>

First part



An iteration of the simplex method

11

x B =

h

AB(1) . . . , AB(m)

i

<latexit sha1_base64="W4xxHz7TGeMiaXYUBUAt1I476AY="></latexit>

c̄j = cj − cTBB
−1Aj j ∈ N

c̄j ≥ 0 x

j c̄j < 0

<latexit sha1_base64="fYUEYkg++HB1Ieu7GjCx0v/sXis="></latexit>

First part



An iteration of the simplex method

12

dB = −B−1Aj

dB ≥ 0 −∞

θ
? = min

{i∈B|di<0}

✓

−
xi

di

◆

y y = x+ θ
?d

<latexit sha1_base64="fYUEYkg++HB1Ieu7GjCx0v/sXis="></latexit>

Second part



Today’s agenda

• Find initial feasible solution


• Degeneracy


• Complexity

13



Find an initial point in simplex 
method



Initial basic feasible solution

15

cTx

Ax = b

x ≥ 0

<latexit sha1_base64="Zs8r51jllvVlqCLDc4l3JrKWQHU="></latexit>

x B

<latexit sha1_base64="tKevXtWiEptAnsP8pNu8UY95kDw="></latexit> <latexit sha1_base64="IXn75ocirHeI/qVynG5Acefv+B8="></latexit>



Finding an initial basic feasible solution

16

cTx

Ax = b

x ≥ 0

<latexit sha1_base64="Zs8r51jllvVlqCLDc4l3JrKWQHU="></latexit>



Finding an initial basic feasible solution

16

cTx

Ax = b

x ≥ 0

<latexit sha1_base64="Zs8r51jllvVlqCLDc4l3JrKWQHU="></latexit>

Auxiliary problem

1
T y

Ax+ y = b

x ≥ 0, y ≥ 0

<latexit sha1_base64="+pCm4bomt6xnRomjEw91XEDHRfg="></latexit>



Finding an initial basic feasible solution

16

cTx

Ax = b

x ≥ 0

<latexit sha1_base64="Zs8r51jllvVlqCLDc4l3JrKWQHU="></latexit>

Minimize  
violations

Auxiliary problem

1
T y

Ax+ y = b

x ≥ 0, y ≥ 0

<latexit sha1_base64="+pCm4bomt6xnRomjEw91XEDHRfg="></latexit>



Finding an initial basic feasible solution

16

cTx

Ax = b

x ≥ 0

<latexit sha1_base64="Zs8r51jllvVlqCLDc4l3JrKWQHU="></latexit>

b ≥ 0 −1

<latexit sha1_base64="M6ps24wDXV5g3iX8BJh4xYBweDA="></latexit>

x = 0, y = b

<latexit sha1_base64="Zhegg7WC8SwT03pybBFSEMcCUwE="></latexit>

Minimize  
violations

Auxiliary problem

1
T y

Ax+ y = b

x ≥ 0, y ≥ 0

<latexit sha1_base64="+pCm4bomt6xnRomjEw91XEDHRfg="></latexit>



Finding an initial basic feasible solution

16

cTx

Ax = b

x ≥ 0

<latexit sha1_base64="Zs8r51jllvVlqCLDc4l3JrKWQHU="></latexit>

b ≥ 0 −1

<latexit sha1_base64="M6ps24wDXV5g3iX8BJh4xYBweDA="></latexit>

x = 0, y = b

<latexit sha1_base64="Zhegg7WC8SwT03pybBFSEMcCUwE="></latexit>

Minimize  
violations

Possible outcomes

y? = 0 x?

y? > 0

<latexit sha1_base64="IbKyAgvLSJQhdj0E9x+Cvdznou0="></latexit>

Auxiliary problem

1
T y

Ax+ y = b

x ≥ 0, y ≥ 0

<latexit sha1_base64="+pCm4bomt6xnRomjEw91XEDHRfg="></latexit>



Two-phase simplex method

17

Phase I

Phase II 

y

x

B

<latexit sha1_base64="kUlWWvxvuy1786iV6NsqoR3g5fw="></latexit>

b ≥ 0
(x, y) = (0, b)

0

<latexit sha1_base64="DCFBzVwUmb+lA/IyLdgAFid9r+4="></latexit>

togged

)/



Big-M method

18

cTx+M1
T y

Ax+ y = b

x ≥ 0, y ≥ 0

<latexit sha1_base64="V//CIzKwChlIMInr0rM4m3zdoYM="></latexit>



Big-M method

18

cTx+M1
T y

Ax+ y = b

x ≥ 0, y ≥ 0

<latexit sha1_base64="V//CIzKwChlIMInr0rM4m3zdoYM="></latexit>

Very large 
constant



Big-M method

18

cTx+M1
T y

Ax+ y = b

x ≥ 0, y ≥ 0

<latexit sha1_base64="V//CIzKwChlIMInr0rM4m3zdoYM="></latexit>

Very large 
constant

Incorporate penalty in the cost

y = b ≥ 0

y

<latexit sha1_base64="CkSKlf811LSPMDsyhRkHWBzMBB4="></latexit>



Big-M method

18

cTx+M1
T y

Ax+ y = b

x ≥ 0, y ≥ 0

<latexit sha1_base64="V//CIzKwChlIMInr0rM4m3zdoYM="></latexit>

Very large 
constant

Incorporate penalty in the cost

y = b ≥ 0

y

<latexit sha1_base64="CkSKlf811LSPMDsyhRkHWBzMBB4="></latexit>

M

<latexit sha1_base64="/8zVo6u8i3YGJOGgcYQfjuuVX4M="></latexit>

Remarks



Degeneracy



Degenerate basic feasible solutions

20

x̄ |I(x̄)| > n

<latexit sha1_base64="3Uie9Z0G0tHumd5qauI3eapUO0I="></latexit>

P

<latexit sha1_base64="FmklyEZzjjTLBeAdUsLiJPb7K3w="></latexit>

x

<latexit sha1_base64="m3P6ekWQxPLQ1yTpoX784/8KsZc="></latexit>

y

<latexit sha1_base64="0DzzaOjvnm3TEFKEaeNi+awmPIc="></latexit>



Degenerate basic feasible solutions

21

xB = B−1b

xi = 0, 8i 6= B(1), . . . , B(m)

<latexit sha1_base64="GIZjomA+SvqlQM16rq6jgZpfuwA="></latexit>

B =

h

AB(1) . . . AB(m)

i

<latexit sha1_base64="DtiCD7lzxM7K8+0+Zzj7YIxXXoo="></latexit>

x

<latexit sha1_base64="GfvWojYGOg5KCDp6XdPuqR4HkW4="></latexit>

Definition



Degenerate basic feasible solutions

21

xB = B−1b

xi = 0, 8i 6= B(1), . . . , B(m)

<latexit sha1_base64="GIZjomA+SvqlQM16rq6jgZpfuwA="></latexit>

B =

h

AB(1) . . . AB(m)

i

<latexit sha1_base64="DtiCD7lzxM7K8+0+Zzj7YIxXXoo="></latexit>

x

<latexit sha1_base64="GfvWojYGOg5KCDp6XdPuqR4HkW4="></latexit>

xB = 0

<latexit sha1_base64="jCR/fN7UmhEYPIjtHLq2noD1djo="></latexit>

Definition



Degenerate basic feasible solutions

21

xB = B−1b

xi = 0, 8i 6= B(1), . . . , B(m)

<latexit sha1_base64="GIZjomA+SvqlQM16rq6jgZpfuwA="></latexit>

B =

h

AB(1) . . . AB(m)

i

<latexit sha1_base64="DtiCD7lzxM7K8+0+Zzj7YIxXXoo="></latexit>

x

<latexit sha1_base64="GfvWojYGOg5KCDp6XdPuqR4HkW4="></latexit>

xB = 0

<latexit sha1_base64="jCR/fN7UmhEYPIjtHLq2noD1djo="></latexit>

x
1
=
0

<latexit sha1_base64="vUI2x4DFP8pWbSkB8mPq6vCvJwk="></latexit>

x2
= 0

<latexit sha1_base64="HjGchzv7wORPe3VrfA2B6GQf69E="></latexit>

x
3
=
0

<latexit sha1_base64="4QY8aNLBoe4lgAp4nJh1BhVRMlw="></latexit>

x
4 =

0

<latexit sha1_base64="DCS6uqKPwEN7OTGXWt6Qg9Ti3vw="></latexit>

x
5
=
0

<latexit sha1_base64="QdaZ1PVIvC20/sSvDkK+5YWA02Q="></latexit>

x
6
=
0

<latexit sha1_base64="zI6ioGbcrADSokamZkRs5cefqqY="></latexit>

Definition



Degenerate basic feasible solutions

22

Example

x1 + x2 + x3 = 1

−x1 + x2 − x3 = 1

x1, x2, x3 ≥ 0

<latexit sha1_base64="u4knQCalVpynyGV9ftVs9qZNl+A="></latexit>



Degenerate basic feasible solutions

22

Example

Degenerate solutions

B = {1, 2}

<latexit sha1_base64="+8aHgAYXuk0GiD1sU3MlNn8pbe8="></latexit>

x = (0, 1, 0)

<latexit sha1_base64="2Rflfc8qBlzOPFGlssnZ+SgNQck="></latexit>

x1 + x2 + x3 = 1

−x1 + x2 − x3 = 1

x1, x2, x3 ≥ 0

<latexit sha1_base64="u4knQCalVpynyGV9ftVs9qZNl+A="></latexit>



Degenerate basic feasible solutions

22

Example

Degenerate solutions

B = {1, 2}

<latexit sha1_base64="+8aHgAYXuk0GiD1sU3MlNn8pbe8="></latexit>

x = (0, 1, 0)

<latexit sha1_base64="2Rflfc8qBlzOPFGlssnZ+SgNQck="></latexit>

x1 + x2 + x3 = 1

−x1 + x2 − x3 = 1

x1, x2, x3 ≥ 0
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Different basis
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Pivoting rules
Choose the index entering the basis 
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Simplex iterations
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Pivoting rules
Choose index exiting the basis

25

Simplex iterations
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Bland’s rule to avoid cycles
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Bland’s rule to avoid cycles
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Theorem
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Proof idea (left as exercise)

• Assume that Bland’s rule is applied and there exists a cycle with different 
basic feasible solutions. 


• Obtain same basic feasible solution.eq.ae#qEBeEtT&yggg@SEE



Perturbation approach to avoid cycles
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Estimate complexity of an algorithm
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Complexity

30

Notation
g(x) ∼ O(f(x)) c > 0 x0

|g(x)| ≤ cf(x), ∀x ≥ x0

<latexit sha1_base64="ZC2IwMMxncS5pD5t7xhY/T8VDDU="></latexit>
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Notation

Polynomial 
Practical 

 

Exponential 
Impractical!
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Example of worst-case behavior
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Complexity of the simplex method

Innocent-looking problem
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Complexity of the simplex method

34

We do not know any polynomial 
version of the simplex method, 
no matter which pivoting rule we 
pick.

Still open research question!
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Still open research question!

Worst-case

n m O(2n)
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Good news: average-case

O(n)
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The simplex method

Today, we learned to:


• Formulate auxiliary problem to find starting simplex solutions


• Apply pivoting rules to avoid cycling in degenerate linear programs 

• Analyze complexity of the simplex method

35



Next lecture

• Numerical linear algebra


• “Realistic" simplex implementation


• Examples

36


