
Bartolomeo Stellato — Fall 2020

4. The simplex method

ORF522 – Linear and Nonlinear Optimization



Ed forum

• Basic feasible solutions in geometric vs algebraic form (next slides)


• More efficient transformation methods from geometric to standard form when there is 
structure? (Pre-processing + do not need to calculate all extreme points)


• Do equality constraints in geometric form correspond to two linearly dependent 
inequalities?


• Equivalence proofs between corners (next slides)


• Definition of contain a line (Typo!)


• How do we start if initial solution is infeasible?


• Jupyter notebook: only pdf or also ipdb? Only pdf.


• Video/audio not in sync.
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Recap



Standard form polyhedra
Definition

4

cTx

Ax = b

x ≥ 0

<latexit sha1_base64="Zs8r51jllvVlqCLDc4l3JrKWQHU="></latexit>

Standard form LP P = {x | Ax = b, x ≥ 0}

<latexit sha1_base64="Pb1euq8zO1c1t7w61bGi+wUOyKs="></latexit>

Standard form polyhedron

x1

<latexit sha1_base64="qpqh7hiByCI+mm28AIIcKUzVuew="></latexit>

x2

<latexit sha1_base64="2b7zNai+/76/6tDM10UithgaioQ="></latexit>

x3

<latexit sha1_base64="Bu8vHqVPZKf1Xp59c7LxwwO6WNs="></latexit>

A ∈ R
m×n m ≤ n

<latexit sha1_base64="4E9mFuBAhFpYMiz36gYx/4CUGt4="></latexit>

Assumption

Interpretation

P (n−m)

<latexit sha1_base64="pKaiozJdIyKLr5+ySyyL82AT5ak="></latexit>



Transformation to standard form

5

cTx

Ax ≤ b

<latexit sha1_base64="UPvtrex6p4yaOxH9Gbcnr/uQ7VE="></latexit>



Transformation to standard form

5

cTx

Ax ≤ b

<latexit sha1_base64="UPvtrex6p4yaOxH9Gbcnr/uQ7VE="></latexit>

cT (x+ − x−)

[

A −A I

]







x+

x−

s






= b

(x+, x−, s) ≥ 0

<latexit sha1_base64="lmEd/M41nTyx4JLqAnaW7rkEMRY="></latexit>



Transformation to standard form

5

cTx

Ax ≤ b

<latexit sha1_base64="UPvtrex6p4yaOxH9Gbcnr/uQ7VE="></latexit>

cT (x+ − x−)

[

A −A I

]







x+

x−

s






= b

(x+, x−, s) ≥ 0

<latexit sha1_base64="lmEd/M41nTyx4JLqAnaW7rkEMRY="></latexit>

ñ = 2n+m

<latexit sha1_base64="XClXVnbf5avo8js1I6fHv/KOjAc="></latexit>

m̃ = m

<latexit sha1_base64="StRYTB5eduUIkM093oyNPjUtQZU="></latexit>

c̃T x̃

Ãx̃ = b

x̃ ≥ 0

<latexit sha1_base64="8AWAp8XJq2I4rXthgg0FkqJtbwA="></latexit>



Transformation to standard form

5

cTx

Ax ≤ b

<latexit sha1_base64="UPvtrex6p4yaOxH9Gbcnr/uQ7VE="></latexit>

m̃

<latexit sha1_base64="98OJ8ISVQFQsJW5No4pwda8ono8="></latexit>

ñ− m̃ = 2n ⇒ x̃i = 0

<latexit sha1_base64="D7JH1/cdap0uxriOubZpdyDXWmI="></latexit>

cT (x+ − x−)

[

A −A I

]







x+

x−

s






= b

(x+, x−, s) ≥ 0

<latexit sha1_base64="lmEd/M41nTyx4JLqAnaW7rkEMRY="></latexit>

ñ = 2n+m

<latexit sha1_base64="XClXVnbf5avo8js1I6fHv/KOjAc="></latexit>

m̃ = m

<latexit sha1_base64="StRYTB5eduUIkM093oyNPjUtQZU="></latexit>

c̃T x̃

Ãx̃ = b

x̃ ≥ 0

<latexit sha1_base64="8AWAp8XJq2I4rXthgg0FkqJtbwA="></latexit>



Transformation to standard form

5

cTx

Ax ≤ b

<latexit sha1_base64="UPvtrex6p4yaOxH9Gbcnr/uQ7VE="></latexit>

m̃

<latexit sha1_base64="98OJ8ISVQFQsJW5No4pwda8ono8="></latexit>

ñ− m̃ = 2n ⇒ x̃i = 0

<latexit sha1_base64="D7JH1/cdap0uxriOubZpdyDXWmI="></latexit>

m ⇒ x̃i > 0

<latexit sha1_base64="NC/WSFg/TF4EZ1K3YcbwVVrQu94="></latexit>

cT (x+ − x−)

[

A −A I

]







x+

x−

s






= b

(x+, x−, s) ≥ 0

<latexit sha1_base64="lmEd/M41nTyx4JLqAnaW7rkEMRY="></latexit>

ñ = 2n+m

<latexit sha1_base64="XClXVnbf5avo8js1I6fHv/KOjAc="></latexit>

m̃ = m

<latexit sha1_base64="StRYTB5eduUIkM093oyNPjUtQZU="></latexit>

c̃T x̃

Ãx̃ = b

x̃ ≥ 0

<latexit sha1_base64="8AWAp8XJq2I4rXthgg0FkqJtbwA="></latexit>



Extreme points
Definition

6

v

<latexit sha1_base64="RfeNp0q9rHKQ609nKItZ3LrONTo="></latexit>

w

<latexit sha1_base64="ofZiVLlq2cHRUO4dlwAfPc5RJPE="></latexit>

u

<latexit sha1_base64="we9wkcA52GCq3HyCiVzWnPRFIro="></latexit>

y

<latexit sha1_base64="vRXLmWSWNUAkpy498Jp4HpfCIus="></latexit>

x

<latexit sha1_base64="mujD+dT4O/F7J4ucgnGEWKVHNJM="></latexit>

z

<latexit sha1_base64="j5eKkFSzQ2QI6dhe8BUqy3Ofpa4="></latexit>

x ∈ P P

<latexit sha1_base64="rO8xWCfYgnJIapd8S+W0jTf5fTc="></latexit>

6 9y, z 2 P (y 6= x, z 6= x) α 2 [0, 1] x = αy + (1� α)z

<latexit sha1_base64="9CU6AX8NnDzR/B+6yVSuHT3NAh0="></latexit>



Basic solutions
Standard form polyhedra

7

P = {x | Ax = b, x ≥ 0}

<latexit sha1_base64="Pb1euq8zO1c1t7w61bGi+wUOyKs="></latexit>

A ∈ R
m×n m ≤ n

<latexit sha1_base64="4E9mFuBAhFpYMiz36gYx/4CUGt4="></latexit>

with

x

<latexit sha1_base64="TFks65fuPWYdFjPRQCZQTuSQoxo="></latexit>

Ax = b

B(1), . . . , B(m)

AB(1), . . . , AB(m)

xi = 0 i 6= B(1), . . . , B(m)

<latexit sha1_base64="DT6vWfS/8uJWF7Y+FAivj2sZMek="></latexit>

x x x ≥ 0

<latexit sha1_base64="df+98hYlyvhUk5fNeo5uTY0jIIM="></latexit>



Constructing basic solution

8

m A AB(1), . . . , AB(m)

xi = 0 i 6= B(1), . . . , B(m)
Ax = b xB(1), . . . , xB(m)

<latexit sha1_base64="fUNKnmFFvJt39//9EjlNOIIAqpU="></latexit>

xB = B
−1

b

<latexit sha1_base64="d8zRzIVroXk+wOGAzi09QDB88Hk="></latexit>

B =






AB(1) AB(2) . . . AB(m)






, xB =









xB(1)

xB(m)









<latexit sha1_base64="CHlm/yBR4ULEDJpVQOQpzzJrCqs="></latexit>

Basis 
matrix

Basis columns Basic variables

xB ≥ 0 x

<latexit sha1_base64="V3mx688Q0Bofe66WYuWEhT+dzkA="></latexit>



Equivalence

9

P = {x | Ax ≤ b}

<latexit sha1_base64="s9qCnMF9xZ3KGk5vRIKD1AvJVtM="></latexit>

Theorem

x ∈ P

<latexit sha1_base64="XS5zs+hqLCv00t5nOH9Se/OMLtA="></latexit>

x ⇐⇒ x ⇐⇒ x

<latexit sha1_base64="CZipqTCt+czbO/EWv7Or38SO+Oc="></latexit>

x

<latexit sha1_base64="m3P6ekWQxPLQ1yTpoX784/8KsZc="></latexit>



Equivalent theorem proof
Vertex —> Extreme point

10

x 9c cTx < cT y, 8y 2 P, y 6= x

<latexit sha1_base64="E97h0pA8p/deIYkZMo6NZMCcQqQ="></latexit>



Equivalent theorem proof
Vertex —> Extreme point

10

x 9c cTx < cT y, 8y 2 P, y 6= x

<latexit sha1_base64="E97h0pA8p/deIYkZMo6NZMCcQqQ="></latexit>

x 9y, z 6= x x = λy + (1� λ)z

<latexit sha1_base64="rRkdVUxoDp6qymRMgul19krZtRY="></latexit>



Equivalent theorem proof
Vertex —> Extreme point

10

x 9c cTx < cT y, 8y 2 P, y 6= x

<latexit sha1_base64="E97h0pA8p/deIYkZMo6NZMCcQqQ="></latexit>

x 9y, z 6= x x = λy + (1� λ)z

<latexit sha1_base64="rRkdVUxoDp6qymRMgul19krZtRY="></latexit>

x cTx < cT y cTx < cT z

<latexit sha1_base64="heqLNFRPJhsMlhzRQaZLpziYXwU="></latexit>



Equivalent theorem proof
Vertex —> Extreme point

10

x 9c cTx < cT y, 8y 2 P, y 6= x

<latexit sha1_base64="E97h0pA8p/deIYkZMo6NZMCcQqQ="></latexit>

x 9y, z 6= x x = λy + (1� λ)z

<latexit sha1_base64="rRkdVUxoDp6qymRMgul19krZtRY="></latexit>

x cTx < cT y cTx < cT z

<latexit sha1_base64="heqLNFRPJhsMlhzRQaZLpziYXwU="></latexit>

cTx = λcT y+(1−λ)cT z > λcTx+(1−λ)cTx = cTx

<latexit sha1_base64="taRrB/v4xXr5ddbEygLxSMHg2SA="></latexit>



Equivalent theorem proof
Extreme point —> Basic feasible solution

11

Proof by contraposition

x ∈ P

<latexit sha1_base64="7wVdLbNjyWINDOq3FKpYt4JxTJE="></latexit>



Equivalent theorem proof
Extreme point —> Basic feasible solution

11

Proof by contraposition

∃d ∈ R
n aT

i
d = 0, ∀i ∈ I(x)

<latexit sha1_base64="mgcwXo5NQk0NwGTTnDcLg6oC2cs="></latexit>

{ai | i ∈ I(x)} R
n

<latexit sha1_base64="5datbaVabgt5YtSy7fa2kSvw1Fg="></latexit>

x ∈ P

<latexit sha1_base64="7wVdLbNjyWINDOq3FKpYt4JxTJE="></latexit>



Equivalent theorem proof
Extreme point —> Basic feasible solution

11

Proof by contraposition

∃d ∈ R
n aT

i
d = 0, ∀i ∈ I(x)

<latexit sha1_base64="mgcwXo5NQk0NwGTTnDcLg6oC2cs="></latexit>

{ai | i ∈ I(x)} R
n

<latexit sha1_base64="5datbaVabgt5YtSy7fa2kSvw1Fg="></latexit>

x ∈ P

<latexit sha1_base64="7wVdLbNjyWINDOq3FKpYt4JxTJE="></latexit>

✏ > 0 y = x+ ✏d z = x− ✏d

<latexit sha1_base64="/W/uqpY3Q73RO/GfEQyK97Lnfs4="></latexit>

i ∈ I(x) aT
i
y = bi aT

i
z = bi

<latexit sha1_base64="6PLKU4K7e70VzKAwha0txs/c2xU="></latexit>

i /∈ I(x) aT
i
x < bi ⇒ aT

i
(x+ ✏d) < bi aT

i
(x− ✏d) < bi

<latexit sha1_base64="vSuQyTkZIIMaWqRGmqsrIrUb+js="></latexit>



Equivalent theorem proof
Extreme point —> Basic feasible solution

11

Proof by contraposition

∃d ∈ R
n aT

i
d = 0, ∀i ∈ I(x)

<latexit sha1_base64="mgcwXo5NQk0NwGTTnDcLg6oC2cs="></latexit>

{ai | i ∈ I(x)} R
n

<latexit sha1_base64="5datbaVabgt5YtSy7fa2kSvw1Fg="></latexit>

x ∈ P

<latexit sha1_base64="7wVdLbNjyWINDOq3FKpYt4JxTJE="></latexit>

✏ > 0 y = x+ ✏d z = x− ✏d

<latexit sha1_base64="/W/uqpY3Q73RO/GfEQyK97Lnfs4="></latexit>

i ∈ I(x) aT
i
y = bi aT

i
z = bi

<latexit sha1_base64="6PLKU4K7e70VzKAwha0txs/c2xU="></latexit>

i /∈ I(x) aT
i
x < bi ⇒ aT

i
(x+ ✏d) < bi aT

i
(x− ✏d) < bi

<latexit sha1_base64="vSuQyTkZIIMaWqRGmqsrIrUb+js="></latexit>

x

<latexit sha1_base64="G/5ZbgAicLx3U+/sCPXDytfs/AI="></latexit>

y, z ∈ P x = λy + (1− λ)z λ = 0.5

<latexit sha1_base64="lnNEJJJrWolisulBG37XLFdpvEk="></latexit>



Equivalent theorem proof
Extreme point —> Basic feasible solution

12

Proof by contraposition

x ∈ P

<latexit sha1_base64="7wVdLbNjyWINDOq3FKpYt4JxTJE="></latexit>

x

<latexit sha1_base64="G/5ZbgAicLx3U+/sCPXDytfs/AI="></latexit>

y, z ∈ P x = λy + (1− λ)z λ = 0.5

<latexit sha1_base64="lnNEJJJrWolisulBG37XLFdpvEk="></latexit>

x

<latexit sha1_base64="m3P6ekWQxPLQ1yTpoX784/8KsZc="></latexit>

{ai | i ∈ I(x)}

<latexit sha1_base64="4KVdAd3tqopwmDI0cViBBPNKCQ8="></latexit>

d

<latexit sha1_base64="WsUCwA7K6QMDAjFTLONLqCqpBS0="></latexit>

y

<latexit sha1_base64="KoB4NUJYVht9YOipvyMj2J0QdkU="></latexit>

z

<latexit sha1_base64="I+7UcK7KsHQt1EaluDqviLZLdms="></latexit>



Equivalent theorem proof
Basic feasible solution —> Vertex

13

Left as exercise

Hint

c =

P
i∈I(x) ai

<latexit sha1_base64="M/AG5HNIOBxaZiAn+eiHbD3Gn6E="></latexit>



Optimality of extreme points

14

We only need to search between extreme points

cTx

Ax ≤ b

<latexit sha1_base64="g90jmK0cXwHA1Y1Wd8c6+HlybTQ="></latexit>

P

x
?

<latexit sha1_base64="jZVdiAJsIbHjxXo3DFpfpKo+L6o="></latexit>

If

P

<latexit sha1_base64="8E4YOFsTmSfbOBTfirH2kB2dSh4="></latexit>

Ax ≤ b

<latexit sha1_base64="ZRhkbszLWVuWOFb8QIGL8a5FsiA="></latexit>

−c

<latexit sha1_base64="v2CH+OmaKXnJzyJgAQ3Umbc79yo="></latexit>

x
⋆

<latexit sha1_base64="Xf4s8Xxn1VLrcVs2ZzPFTzHijSE="></latexit>



Conceptual algorithm

• Start at corner


• Visit neighboring corner that 
improves the objective

15

x1

<latexit sha1_base64="qpqh7hiByCI+mm28AIIcKUzVuew="></latexit>

x2

<latexit sha1_base64="2b7zNai+/76/6tDM10UithgaioQ="></latexit>

x3

<latexit sha1_base64="Bu8vHqVPZKf1Xp59c7LxwwO6WNs="></latexit>



Today’s agenda
Readings: [Chapter 3, Bertsimas and Tsitsiklis]

Simplex method 

- Iterate between neighboring basic solutions


- Optimality conditions


- Simplex iterations

16



The simplex method
Top 10 algorithms of the 20th century

17[SIAM News (2000)]

1946: Metropolis algorithm 

1947: Simplex method 
1950: Krylov subspace method  
1951: The decompositional approach to matrix computations  
1957: The Fortran optimizing compiler 
1959: QR algorithm 

1962: Quicksort  
1965: Fast Fourier transform 

1977: Integer relation detection  
1987: Fast multipole method



The simplex method
Top 10 algorithms of the 20th century

17[SIAM News (2000)]

1946: Metropolis algorithm 

1947: Simplex method 
1950: Krylov subspace method  
1951: The decompositional approach to matrix computations  
1957: The Fortran optimizing compiler 
1959: QR algorithm 

1962: Quicksort  
1965: Fast Fourier transform 

1977: Integer relation detection  
1987: Fast multipole method

George Dantzig



Neighboring basic solutions



Feasible directions and neighboring solutions

19

Definition

x ∈ P d x

<latexit sha1_base64="VlY1U59cuBPxPCz8Kmw+UBIxQPw="></latexit>

x

<latexit sha1_base64="H3tO1OlS6re8CGmMtrCXjzGdbE0="></latexit>

y

<latexit sha1_base64="wO7JwEx9yskURCE8d1DLTnSuRPY="></latexit>

Two basic solutions are neighboring if their 
basic indices differ by exactly one variable

∃θ > 0 x+ θd ∈ P

<latexit sha1_base64="eA3gMT/UNWKcaWVZpEeWk7NGjgs="></latexit>



Feasible directions

20

P = {x | Ax = b, x ≥ 0}

<latexit sha1_base64="Pb1euq8zO1c1t7w61bGi+wUOyKs="></latexit>

xB = B−1b

xi = 0, 8i 6= B(1), . . . , B(m)

<latexit sha1_base64="GIZjomA+SvqlQM16rq6jgZpfuwA="></latexit>

B =

h

AB(1) . . . AB(m)

i

<latexit sha1_base64="DtiCD7lzxM7K8+0+Zzj7YIxXXoo="></latexit>

x

<latexit sha1_base64="GfvWojYGOg5KCDp6XdPuqR4HkW4="></latexit>

Conditions§
"#

A-

AGeld) - b



Feasible directions

20

P = {x | Ax = b, x ≥ 0}

<latexit sha1_base64="Pb1euq8zO1c1t7w61bGi+wUOyKs="></latexit>

xB = B−1b

xi = 0, 8i 6= B(1), . . . , B(m)

<latexit sha1_base64="GIZjomA+SvqlQM16rq6jgZpfuwA="></latexit>

B =

h

AB(1) . . . AB(m)

i

<latexit sha1_base64="DtiCD7lzxM7K8+0+Zzj7YIxXXoo="></latexit>

x

<latexit sha1_base64="GfvWojYGOg5KCDp6XdPuqR4HkW4="></latexit>

Conditions

d

<latexit sha1_base64="aaXKfgHpgww2AjIgi2u5dGhEIiI="></latexit>

A(x+ θd) = b =⇒ Ad = 0
x+ θd ≥ 0

<latexit sha1_base64="cKZ7cXmBaTTGVD43OlEe5II8WZ8="></latexit>



Feasible directions

21

Nonbasic indices

Computation

Basic directiondj = 1
dk = 0, ∀k /∈ {j, B(1), . . . , B(m)}

<latexit sha1_base64="j7gjCALL3UxrZCYogKBTUMPfWbI="></latexit>



Feasible directions

21

Nonbasic indices

Basic indices

Ad = 0 =

n∑

i=1

Aidi = BdB +Aj = 0 =⇒ dB = −B
−1

Aj

<latexit sha1_base64="aKHg5QLdDXzvSNQw868p7jBJigI="></latexit>

Computation

Basic directiondj = 1
dk = 0, ∀k /∈ {j, B(1), . . . , B(m)}

<latexit sha1_base64="j7gjCALL3UxrZCYogKBTUMPfWbI="></latexit>



Feasible directions

21

Nonbasic indices

Basic indices

Ad = 0 =

n∑

i=1

Aidi = BdB +Aj = 0 =⇒ dB = −B
−1

Aj

<latexit sha1_base64="aKHg5QLdDXzvSNQw868p7jBJigI="></latexit>

Computation

Basic directiondj = 1
dk = 0, ∀k /∈ {j, B(1), . . . , B(m)}

<latexit sha1_base64="j7gjCALL3UxrZCYogKBTUMPfWbI="></latexit>

Non-negativity (non-degenerate assumption)

xi = 0 di ≥ 0

xB > 0 ∃θ > 0 xB + θdB ≥ 0

<latexit sha1_base64="veYMvytyChEhq40fjAfVjnrCL1w="></latexit>



x1

<latexit sha1_base64="qpqh7hiByCI+mm28AIIcKUzVuew="></latexit>

x2

<latexit sha1_base64="2b7zNai+/76/6tDM10UithgaioQ="></latexit>

x3

<latexit sha1_base64="Bu8vHqVPZKf1Xp59c7LxwwO6WNs="></latexit>

x

<latexit sha1_base64="JvuulZ2BKPaZlOrtWwU5mYllQ5c="></latexit>

Feasible directions
Example

22

B =

[

1 0 0

]

<latexit sha1_base64="2WEWeZ5U6Ig4BQn9J9Qq6uz2J1s="></latexit>

P = {x | x1 + x2 + x3 = 2, x ≥ 0}

<latexit sha1_base64="0zlKL7If00PkAEXJXNKZM1gKuXY="></latexit>

x = (2, 0, 0)

<latexit sha1_base64="V6NygxApep1GYwlz2VmyzDi/Qd0="></latexit>

BB



Feasible directions
Example

22

B =

[

1 0 0

]

<latexit sha1_base64="2WEWeZ5U6Ig4BQn9J9Qq6uz2J1s="></latexit>

P = {x | x1 + x2 + x3 = 2, x ≥ 0}

<latexit sha1_base64="0zlKL7If00PkAEXJXNKZM1gKuXY="></latexit>

x = (2, 0, 0)

<latexit sha1_base64="V6NygxApep1GYwlz2VmyzDi/Qd0="></latexit>

j = 3

<latexit sha1_base64="ia73nZ4XPxK85MUiFS7MGbtzp8Y="></latexit>

dB = −B
−1

Aj

<latexit sha1_base64="q475cspN/gz1cCablhr4/KN45j8="></latexit>

dj = 1

<latexit sha1_base64="rGktQHZKP18eHhSwbqG1Ujo4s2M="></latexit>

d = (−1, 0, 1)

<latexit sha1_base64="th8JJhkccOYDaY+lqfKC2AIoMhc="></latexit>

d1

<latexit sha1_base64="Yq7ecvXxveZBirZrhwYz6k0ZE7M="></latexit>

x1

<latexit sha1_base64="qpqh7hiByCI+mm28AIIcKUzVuew="></latexit>

x2

<latexit sha1_base64="2b7zNai+/76/6tDM10UithgaioQ="></latexit>

x3

<latexit sha1_base64="Bu8vHqVPZKf1Xp59c7LxwwO6WNs="></latexit>

x

<latexit sha1_base64="JvuulZ2BKPaZlOrtWwU5mYllQ5c="></latexit>

d3

<latexit sha1_base64="b02m/wEg2wcOvyj8GguiWrShPR8="></latexit>

d

<latexit sha1_base64="WsUCwA7K6QMDAjFTLONLqCqpBS0="></latexit>

"" "

§] ABE T

B



How does the cost change?

23

c̄j xj

<latexit sha1_base64="LHPZnoXOcBDzIAJRrvuArqepn+g="></latexit>

c̄j = c
T
d =

n∑

i=1

cjdj = cj − c
T
BdB = cj − c

T
BB

−1
Aj

<latexit sha1_base64="fdW8JBUfYtcytvvZMymhBTwbWeA="></latexit>

c
T (x+ θd)− c

T
x = θc

T
d

<latexit sha1_base64="GgdMuz37QyGYYXUuOxIHQDua6CI="></latexit>

c
T (x+ θd)

<latexit sha1_base64="jU/nXCofo7nXzbvDo/lOMvEu140="></latexit>

*



Reduced costs

24

Meaning

c̄j = cj − c
T
BB

−1
Aj

<latexit sha1_base64="GDcEEqm6ak/MEldZdSzU0UP2Rks="></latexit>

xj

<latexit sha1_base64="gemyJhJSZ2EZJi6rrzuB8T+o2Rk="></latexit>



Reduced costs

24

Meaning

c̄j = cj − c
T
BB

−1
Aj

<latexit sha1_base64="GDcEEqm6ak/MEldZdSzU0UP2Rks="></latexit>

xj

<latexit sha1_base64="gemyJhJSZ2EZJi6rrzuB8T+o2Rk="></latexit>

xj

<latexit sha1_base64="DbN/s4J08PZt8e5kwllrJf9lOs0="></latexit>



Reduced costs

24

Meaning

c̄j = cj − c
T
BB

−1
Aj

<latexit sha1_base64="GDcEEqm6ak/MEldZdSzU0UP2Rks="></latexit>

xj

<latexit sha1_base64="gemyJhJSZ2EZJi6rrzuB8T+o2Rk="></latexit>

xj

<latexit sha1_base64="DbN/s4J08PZt8e5kwllrJf9lOs0="></latexit>

xj

Ax = b

<latexit sha1_base64="TmN6yO/EEZDrWRbkBbZkjursIiA="></latexit>



Reduced costs

24

Meaning

c̄j = cj − c
T
BB

−1
Aj

<latexit sha1_base64="GDcEEqm6ak/MEldZdSzU0UP2Rks="></latexit>

xj

<latexit sha1_base64="gemyJhJSZ2EZJi6rrzuB8T+o2Rk="></latexit>

xj

<latexit sha1_base64="DbN/s4J08PZt8e5kwllrJf9lOs0="></latexit>

xj

Ax = b

<latexit sha1_base64="TmN6yO/EEZDrWRbkBbZkjursIiA="></latexit>

cj > 0 xj

cj < 0 xj

<latexit sha1_base64="iaIaSNE+mxuxL4BUxMtgK8Chi6c="></latexit>



Reduced costs

24

Meaning

c̄j = cj − c
T
BB

−1
Aj

<latexit sha1_base64="GDcEEqm6ak/MEldZdSzU0UP2Rks="></latexit>

xj

<latexit sha1_base64="gemyJhJSZ2EZJi6rrzuB8T+o2Rk="></latexit>

Reduced costs for basic variables is 0

c̄B(i) = cB(i) − c
T

B
B

−1
AB(i) = cB(i) − c

T

B
ei = cB(i) − cB(i) = 0

<latexit sha1_base64="cZ2N6ZB8MgFnVzxgg8avLVOo4ao="></latexit>

xj

<latexit sha1_base64="DbN/s4J08PZt8e5kwllrJf9lOs0="></latexit>

xj

Ax = b

<latexit sha1_base64="TmN6yO/EEZDrWRbkBbZkjursIiA="></latexit>

cj > 0 xj

cj < 0 xj

<latexit sha1_base64="iaIaSNE+mxuxL4BUxMtgK8Chi6c="></latexit>
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Optimality conditions



Optimality conditions
Theorem

26

c̄ ≥ 0 x

<latexit sha1_base64="GOymXuiptvHwIVi3usaJkA5R1eY="></latexit>

x B

<latexit sha1_base64="GgrfrvXlOPDlSBhsmYcBHWUlEPU="></latexit>

c̄

<latexit sha1_base64="s5wGd0bFCq/yu0vBEU71jO2dr74="></latexit>



Optimality conditions
Theorem

26

c̄ ≥ 0 x

<latexit sha1_base64="GOymXuiptvHwIVi3usaJkA5R1eY="></latexit>

x B

<latexit sha1_base64="GgrfrvXlOPDlSBhsmYcBHWUlEPU="></latexit>

c̄

<latexit sha1_base64="s5wGd0bFCq/yu0vBEU71jO2dr74="></latexit>

Remark

This is a stopping criterion for the simplex algorithm.

If the neighboring solutions do not improve the cost, we are done (because of 
convexity).



Optimality conditions
Proof

27

x B c̄ ≥ 0

<latexit sha1_base64="niFPJH1+FuD/apZffA5tsHJrDqs="></latexit>



Optimality conditions
Proof

27

y d = y − x

<latexit sha1_base64="S/wQiJ5bEfkADOcb82C0pTOBVpM="></latexit>

x B c̄ ≥ 0

<latexit sha1_base64="niFPJH1+FuD/apZffA5tsHJrDqs="></latexit>



Optimality conditions
Proof

27

y d = y − x

<latexit sha1_base64="S/wQiJ5bEfkADOcb82C0pTOBVpM="></latexit>

x B c̄ ≥ 0

<latexit sha1_base64="niFPJH1+FuD/apZffA5tsHJrDqs="></latexit>

x y Ax = Ay = b Ad = 0

<latexit sha1_base64="szOYJ87sVde8bVile2Wx6dADb5o="></latexit>

Ad = BdB +

∑

i∈N

Aidi = 0 ⇒ dB = −

∑

i∈N

B
−1

Aidi

<latexit sha1_base64="cY6a6ZqYPsL6oYomQ040LF4jSgc="></latexit>

N

<latexit sha1_base64="HabOP6qa45mf+pcjk00i6iT0XPU="></latexit>



Optimality conditions
Proof

27

y d = y − x

<latexit sha1_base64="S/wQiJ5bEfkADOcb82C0pTOBVpM="></latexit>

The change in objective is

c
T
d = c

T

B
dB +

∑

i∈N

cidi =
∑

i∈N

(ci − c
T

B
B

−1
Ai)di =

∑

i∈N

c̄idi

<latexit sha1_base64="OQhqt0dNw2FYA+Hj7NyfN+loQxM="></latexit>

x B c̄ ≥ 0

<latexit sha1_base64="niFPJH1+FuD/apZffA5tsHJrDqs="></latexit>

x y Ax = Ay = b Ad = 0

<latexit sha1_base64="szOYJ87sVde8bVile2Wx6dADb5o="></latexit>

Ad = BdB +

∑

i∈N

Aidi = 0 ⇒ dB = −

∑

i∈N

B
−1

Aidi

<latexit sha1_base64="cY6a6ZqYPsL6oYomQ040LF4jSgc="></latexit>

N

<latexit sha1_base64="HabOP6qa45mf+pcjk00i6iT0XPU="></latexit>
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Optimality conditions
Proof

27

y d = y − x

<latexit sha1_base64="S/wQiJ5bEfkADOcb82C0pTOBVpM="></latexit>

The change in objective is

c
T
d = c

T

B
dB +

∑

i∈N

cidi =
∑

i∈N

(ci − c
T

B
B

−1
Ai)di =

∑

i∈N

c̄idi

<latexit sha1_base64="OQhqt0dNw2FYA+Hj7NyfN+loQxM="></latexit>

x B c̄ ≥ 0

<latexit sha1_base64="niFPJH1+FuD/apZffA5tsHJrDqs="></latexit>

y ≥ 0 xi = 0, i ∈ N di = yi − xi ≥ 0, i ∈ N

<latexit sha1_base64="Q1+K5PEkPOtKRlWFPsgvQjG4FOI="></latexit>

cT d = cT (y − x) ≥ 0 ⇒ cT y ≥ cTx.

<latexit sha1_base64="3AovL4EiSeKXRyQIMBlCPRNAHuk="></latexit>

x y Ax = Ay = b Ad = 0

<latexit sha1_base64="szOYJ87sVde8bVile2Wx6dADb5o="></latexit>

Ad = BdB +

∑

i∈N

Aidi = 0 ⇒ dB = −

∑

i∈N

B
−1

Aidi

<latexit sha1_base64="cY6a6ZqYPsL6oYomQ040LF4jSgc="></latexit>

N

<latexit sha1_base64="HabOP6qa45mf+pcjk00i6iT0XPU="></latexit>



Simplex iterations



Stepsize

29

c̄j

<latexit sha1_base64="BgA/N1KyykZ8lWmPqGNPoSyhhDk="></latexit>

xj

<latexit sha1_base64="e/pT3QbcUYxP8s5/CyE6OC3Qp+c="></latexit>



Stepsize

29

c̄j

<latexit sha1_base64="BgA/N1KyykZ8lWmPqGNPoSyhhDk="></latexit>

xj

<latexit sha1_base64="e/pT3QbcUYxP8s5/CyE6OC3Qp+c="></latexit>

How far can we go?

θ
⋆
= max{θ | θ ≥ 0 x+ θd ≥ 0}

<latexit sha1_base64="tVGmmOKi5CBkWULOkuXYuIEKvm4="></latexit>

d j

<latexit sha1_base64="HN8GbZ/sdUeyKll2x8TJqDqMub8="></latexit>



Stepsize

29

c̄j

<latexit sha1_base64="BgA/N1KyykZ8lWmPqGNPoSyhhDk="></latexit>

xj

<latexit sha1_base64="e/pT3QbcUYxP8s5/CyE6OC3Qp+c="></latexit>

Unbounded

d ≥ 0 θ
?
= ∞

<latexit sha1_base64="3dGuwBvjRt0t9tiXsM1UNTOQCGQ="></latexit>

How far can we go?

θ
⋆
= max{θ | θ ≥ 0 x+ θd ≥ 0}

<latexit sha1_base64="tVGmmOKi5CBkWULOkuXYuIEKvm4="></latexit>

d j

<latexit sha1_base64="HN8GbZ/sdUeyKll2x8TJqDqMub8="></latexit>



Stepsize

29

c̄j

<latexit sha1_base64="BgA/N1KyykZ8lWmPqGNPoSyhhDk="></latexit>

xj

<latexit sha1_base64="e/pT3QbcUYxP8s5/CyE6OC3Qp+c="></latexit>

Unbounded

d ≥ 0 θ
?
= ∞

<latexit sha1_base64="3dGuwBvjRt0t9tiXsM1UNTOQCGQ="></latexit>

How far can we go?

θ
⋆
= max{θ | θ ≥ 0 x+ θd ≥ 0}

<latexit sha1_base64="tVGmmOKi5CBkWULOkuXYuIEKvm4="></latexit>

d j

<latexit sha1_base64="HN8GbZ/sdUeyKll2x8TJqDqMub8="></latexit>

Bounded

di < 0 i

<latexit sha1_base64="WJW9niqTNIKuAXUe6HvWUCiQezQ="></latexit>

θ
⋆
= min

{i|di<0}

(

−

xi

di

)

= min
{i∈B|di<0}

(

−

xi

di

)

<latexit sha1_base64="F2doJCzsyGZmR+7xVwJgXp5AAok="></latexit>

di ≥ 0, i ∈ N

<latexit sha1_base64="cl13250lD1SIlCgNyWpuBG1jpYQ="></latexit>
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Moving to a new basis

30

Next feasible solution

x+ θ
⋆
d

<latexit sha1_base64="6G8G1nf6ziMxQYaYNzqBo5iDpv8="></latexit>



Moving to a new basis

30

B(`) ∈ {B(1), . . . , B(m)} ✓
? = −

xB(`)

dB(`)

<latexit sha1_base64="vn5XdzSb1je9KhJwkxDZ7Ut5yxI="></latexit>

xB(ℓ) + θ
⋆
dB(ℓ) = 0

<latexit sha1_base64="k2VkjGWKxdNMyvH9jXpOmiWYPlY="></latexit>

Next feasible solution

x+ θ
⋆
d

<latexit sha1_base64="6G8G1nf6ziMxQYaYNzqBo5iDpv8="></latexit>



Moving to a new basis

30

B(`) ∈ {B(1), . . . , B(m)} ✓
? = −

xB(`)

dB(`)

<latexit sha1_base64="vn5XdzSb1je9KhJwkxDZ7Ut5yxI="></latexit>

xB(ℓ) + θ
⋆
dB(ℓ) = 0

<latexit sha1_base64="k2VkjGWKxdNMyvH9jXpOmiWYPlY="></latexit>

Next feasible solution

x+ θ
⋆
d

<latexit sha1_base64="6G8G1nf6ziMxQYaYNzqBo5iDpv8="></latexit>

New solution
xB(`) 0

xj θ
?

<latexit sha1_base64="raiwTiVOmO4qzrWZjCTxLb0OK6Q="></latexit>



Moving to a new basis

30

B(`) ∈ {B(1), . . . , B(m)} ✓
? = −

xB(`)

dB(`)

<latexit sha1_base64="vn5XdzSb1je9KhJwkxDZ7Ut5yxI="></latexit>

xB(ℓ) + θ
⋆
dB(ℓ) = 0

<latexit sha1_base64="k2VkjGWKxdNMyvH9jXpOmiWYPlY="></latexit>

Next feasible solution

x+ θ
⋆
d

<latexit sha1_base64="6G8G1nf6ziMxQYaYNzqBo5iDpv8="></latexit>

New solution
xB(`) 0

xj θ
?

<latexit sha1_base64="raiwTiVOmO4qzrWZjCTxLb0OK6Q="></latexit>

New basis

B̄ =

[

AB(1) . . . AB(ℓ−1) Aj AB(ℓ+1) . . . AB(m)

]

<latexit sha1_base64="HTnHutqXUqi/qpAQnx23ElvmOZA="></latexit>



d1

<latexit sha1_base64="Yq7ecvXxveZBirZrhwYz6k0ZE7M="></latexit>

x1

<latexit sha1_base64="qpqh7hiByCI+mm28AIIcKUzVuew="></latexit>

x2

<latexit sha1_base64="2b7zNai+/76/6tDM10UithgaioQ="></latexit>

x3

<latexit sha1_base64="Bu8vHqVPZKf1Xp59c7LxwwO6WNs="></latexit>

x

<latexit sha1_base64="JvuulZ2BKPaZlOrtWwU5mYllQ5c="></latexit>

d3

<latexit sha1_base64="b02m/wEg2wcOvyj8GguiWrShPR8="></latexit>

d

<latexit sha1_base64="WsUCwA7K6QMDAjFTLONLqCqpBS0="></latexit>

Example

31

B =

[

1 0 0

]

<latexit sha1_base64="2WEWeZ5U6Ig4BQn9J9Qq6uz2J1s="></latexit>

P = {x | x1 + x2 + x3 = 2, x ≥ 0}

<latexit sha1_base64="0zlKL7If00PkAEXJXNKZM1gKuXY="></latexit>

x = (2, 0, 0)

<latexit sha1_base64="V6NygxApep1GYwlz2VmyzDi/Qd0="></latexit>

j = 3

<latexit sha1_base64="ia73nZ4XPxK85MUiFS7MGbtzp8Y="></latexit>

dB = −B
−1

Aj

<latexit sha1_base64="q475cspN/gz1cCablhr4/KN45j8="></latexit>

dj = 1

<latexit sha1_base64="rGktQHZKP18eHhSwbqG1Ujo4s2M="></latexit>

d = (−1, 0, 1)

<latexit sha1_base64="th8JJhkccOYDaY+lqfKC2AIoMhc="></latexit>

-
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d1

<latexit sha1_base64="Yq7ecvXxveZBirZrhwYz6k0ZE7M="></latexit>

x1

<latexit sha1_base64="qpqh7hiByCI+mm28AIIcKUzVuew="></latexit>

x2

<latexit sha1_base64="2b7zNai+/76/6tDM10UithgaioQ="></latexit>

x3

<latexit sha1_base64="Bu8vHqVPZKf1Xp59c7LxwwO6WNs="></latexit>

x

<latexit sha1_base64="JvuulZ2BKPaZlOrtWwU5mYllQ5c="></latexit>

d3

<latexit sha1_base64="b02m/wEg2wcOvyj8GguiWrShPR8="></latexit>

d

<latexit sha1_base64="WsUCwA7K6QMDAjFTLONLqCqpBS0="></latexit>

Example

31

B =

[

1 0 0

]

<latexit sha1_base64="2WEWeZ5U6Ig4BQn9J9Qq6uz2J1s="></latexit>

P = {x | x1 + x2 + x3 = 2, x ≥ 0}

<latexit sha1_base64="0zlKL7If00PkAEXJXNKZM1gKuXY="></latexit>

x = (2, 0, 0)

<latexit sha1_base64="V6NygxApep1GYwlz2VmyzDi/Qd0="></latexit>

θ
⋆
= −

x1

d1
= 2

<latexit sha1_base64="uZyIR3uIyTQMiGU4M4SsxKi84Ao="></latexit>

Stepsize

j = 3

<latexit sha1_base64="ia73nZ4XPxK85MUiFS7MGbtzp8Y="></latexit>

dB = −B
−1

Aj

<latexit sha1_base64="q475cspN/gz1cCablhr4/KN45j8="></latexit>

dj = 1

<latexit sha1_base64="rGktQHZKP18eHhSwbqG1Ujo4s2M="></latexit>

d = (−1, 0, 1)

<latexit sha1_base64="th8JJhkccOYDaY+lqfKC2AIoMhc="></latexit>

>•



d1

<latexit sha1_base64="Yq7ecvXxveZBirZrhwYz6k0ZE7M="></latexit>

x1

<latexit sha1_base64="qpqh7hiByCI+mm28AIIcKUzVuew="></latexit>

x2

<latexit sha1_base64="2b7zNai+/76/6tDM10UithgaioQ="></latexit>

x3

<latexit sha1_base64="Bu8vHqVPZKf1Xp59c7LxwwO6WNs="></latexit>

x

<latexit sha1_base64="JvuulZ2BKPaZlOrtWwU5mYllQ5c="></latexit>

d3

<latexit sha1_base64="b02m/wEg2wcOvyj8GguiWrShPR8="></latexit>

d

<latexit sha1_base64="WsUCwA7K6QMDAjFTLONLqCqpBS0="></latexit>

Example

31

B =

[

1 0 0

]

<latexit sha1_base64="2WEWeZ5U6Ig4BQn9J9Qq6uz2J1s="></latexit>

P = {x | x1 + x2 + x3 = 2, x ≥ 0}

<latexit sha1_base64="0zlKL7If00PkAEXJXNKZM1gKuXY="></latexit>

x = (2, 0, 0)

<latexit sha1_base64="V6NygxApep1GYwlz2VmyzDi/Qd0="></latexit>

y

<latexit sha1_base64="0DzzaOjvnm3TEFKEaeNi+awmPIc="></latexit>

θ
⋆
= −

x1

d1
= 2

<latexit sha1_base64="uZyIR3uIyTQMiGU4M4SsxKi84Ao="></latexit>

Stepsize

y = x+ θ
⋆d = (0, 0, 2)

<latexit sha1_base64="ab7qMaz547EdpFdEF59B8zURGdQ="></latexit>

New solution

j = 3

<latexit sha1_base64="ia73nZ4XPxK85MUiFS7MGbtzp8Y="></latexit>

dB = −B
−1

Aj

<latexit sha1_base64="q475cspN/gz1cCablhr4/KN45j8="></latexit>

dj = 1

<latexit sha1_base64="rGktQHZKP18eHhSwbqG1Ujo4s2M="></latexit>

d = (−1, 0, 1)

<latexit sha1_base64="th8JJhkccOYDaY+lqfKC2AIoMhc="></latexit>
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An iteration of the simplex method

32

x B =

h

AB(1) . . . , AB(m)

i

<latexit sha1_base64="W4xxHz7TGeMiaXYUBUAt1I476AY="></latexit>

First part



An iteration of the simplex method

32

x B =

h

AB(1) . . . , AB(m)

i

<latexit sha1_base64="W4xxHz7TGeMiaXYUBUAt1I476AY="></latexit>

c̄j = cj − cTBB
−1Aj j ∈ N

c̄j ≥ 0 x

j c̄j < 0

<latexit sha1_base64="fYUEYkg++HB1Ieu7GjCx0v/sXis="></latexit>

First part



An iteration of the simplex method

33

dB = −B−1Aj

dB ≥ 0 −∞

θ
? = min

{i∈B|di<0}

✓

−
xi

di

◆

y y = x+ θ
?d

<latexit sha1_base64="fYUEYkg++HB1Ieu7GjCx0v/sXis="></latexit>

Second part



Finite convergence

34

Assume that

P = {x | Ax = b, x ≥ 0}

<latexit sha1_base64="dydeeSYf+VULqcJJQQN0QHFnoE8="></latexit>



Finite convergence

34

Assume that

P = {x | Ax = b, x ≥ 0}

<latexit sha1_base64="dydeeSYf+VULqcJJQQN0QHFnoE8="></latexit>

Then

B

d Ad = 0, d ≥ 0, cT d < 0 −∞

<latexit sha1_base64="SGXb6IXbFsE80EcQVr0UPdmbNFc="></latexit>



Finite convergence
Proof sketch

35

At each iteration the algorithm improves 

θ
?

d cT d < 0

<latexit sha1_base64="0KMr+Xc3a75OH1iMrF88mfz620c="></latexit>



Finite convergence
Proof sketch

35

At each iteration the algorithm improves 

θ
?

d cT d < 0

<latexit sha1_base64="0KMr+Xc3a75OH1iMrF88mfz620c="></latexit>

Therefore

<latexit sha1_base64="yDvq+hu3TUNFlpkRqMJbZWHtx/U="></latexit>
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Since there is a finite number of basic feasible solutions

The algorithm must eventually terminate



The simplex method

Today, we learned to:


• Iterate between basic feasible solutions


• Verify optimality and unboundedness conditions 

• Apply a single iteration of the simplex method


• Prove finite convergence of the simplex method in the non-degenerate case
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Next lecture

• Finding initial basic feasible solution


• Degeneracy


• Complexity
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