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ORF307 – Optimization
21. Integer optimization algorithms



Recap



Relaxations

3

<latexit sha1_base64="befPf9r59Il/F3i5xNZNGeyFymg="></latexit>

TPUPTPaL cTx

Z\IQLJ[ [V Ax ≤ b

xi ∈ Z, i ∈ I

Remove integrality constraints
<latexit sha1_base64="Oyz4X11UQiNkROjMwlzWyoAOIzk="></latexit>

TPUPTPaL cTx

Z\IQLJ[ [V Ax ≤ b<latexit sha1_base64="k40Z0h5tW0jbDX4xC9mUuv7VQoA="></latexit>

Pip

<latexit sha1_base64="/afKiCO4h/6ozryTnb9SWjD0DwI="></latexit>

Prel

<latexit sha1_base64="COG2/UHCgs+e4XitozVlEIISHaw="></latexit>

9LSH_H[PVUZ WYV]PKL
SV^LY IV\UKZ [V p?ip

<latexit sha1_base64="hCvofOEPRI0jyDFB6A+myca2o6U="></latexit>

p⋆rel ≤ p⋆ip

<latexit sha1_base64="a2jQ3VcM8H3P8Ga5dPJruMDzuM8="></latexit>

Pip ⊂ Prel



Ideal formulations

4

<latexit sha1_base64="befPf9r59Il/F3i5xNZNGeyFymg="></latexit>

TPUPTPaL cTx

Z\IQLJ[ [V Ax ≤ b

xi ∈ Z, i ∈ I

A formulation is ideal if solving its relaxation gives 
 an integer feasible point

<latexit sha1_base64="Oyz4X11UQiNkROjMwlzWyoAOIzk="></latexit>

TPUPTPaL cTx

Z\IQLJ[ [V Ax ≤ b
<latexit sha1_base64="W/xiUaOdnIWNQ5R5zAdxUSbNGhY="></latexit>

x⋆

integer feasible

This happens if 
<latexit sha1_base64="KdEAnrZ2oX0DioiK7Imzshd7Xcw="></latexit>

convP = {Ax ≤ b}

It is very hard to construct ideal formulations!



How do we solve integer optimization problems?
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<latexit sha1_base64="befPf9r59Il/F3i5xNZNGeyFymg="></latexit>

TPUPTPaL cTx

Z\IQLJ[ [V Ax ≤ b

xi ∈ Z, i ∈ I

Refine the feasible set until the relaxation 
gives integer feasible solutions!

Main idea



Today’s lecture
Integer optimization algorithms

• Branch and bound algorithm


• Branch and bound rules


• Examples


• Cardinality minimization

6



Branch-and-bound algorithm



Example

8

<latexit sha1_base64="CYteRTw1L4NgaGA0QNXkzjqPGuU="></latexit>

TPUPTPaL cTx

Z\IQLJ[ [V Ax  b

x1 2 {0, 1}
How do you solve it?

<latexit sha1_base64="HX3WoGEAL4QkpoVUS+Tj8zLYP90="></latexit>

TPUPTPaL cTx

Z\IQLJ[ [V Ax  b

xi 2 {0, 1}, i = 1, . . . , 10

<latexit sha1_base64="/klCVvW3xZw003levX52IUrhQcc="></latexit>

࠮ :VS]L 210 = 1024 37Z
࠮ 7HYHSSLSPaL ZVS\[PVUZ
࠮ >HYT�Z[HY[! ZPTPSHY WYVISLTZ

Branch and bound works more systematically  
and 

(hopefully) decreases the number of subproblems

<latexit sha1_base64="I4HKvPEpIwciW6+soQKkYS6V0TE="></latexit>

0[ JHU X\PJRS` L_WSVKL! 230 ⇡ 1 ISU



Branch and bound algorithm
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<latexit sha1_base64="vMeA88QuzRb0KAWkjBtWRaK3+Mk="></latexit>

Pip = {x | Ax ≤ b, xi ∈ Z, i ∈ I}

Divide and conquer
<latexit sha1_base64="kQXmW2lH5yLZkAXjO4NmMdch+Ko="></latexit>

࠮ 7HY[P[PVU Pip PU ZTHSSLY ZL[Z Sj

࠮ :VS]L Z\IWYVISLTZ
<latexit sha1_base64="exzA41JLP4gm9YA0XrDJmimpE+E="></latexit>

TPUPTPaL cTx

Z\IQLJ[ [V x ∈ Sj

<latexit sha1_base64="7pRlb4me05dIn7v/iOmFdlIagko="></latexit>

࠮ <U[PS VW[PTHS x? PZ MV\UK

<latexit sha1_base64="4P4Db8jOme+ZbVY+YoZ5QiETp2k="></latexit>

TPUPTPaL cTx

Z\IQLJ[ [V x ∈ Pip



Two efficient subroutines
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Lower and upper bounds
(they must be cheap to compute)

<latexit sha1_base64="dmOHbOc8QxzM/iiNA9LTP0XqCmk="></latexit>

Φlb(S
j) ≤ Φ(Sj) ≤ Φub(S

j)Lower bound 
(relaxation)

Upper bound 
(evaluate any point)

Bounds guide us in the search!

<latexit sha1_base64="YSVNAO15fzNCwt6YDZGD0VUCq34="></latexit>

Φ(Sj) = min
x∈Sj

cTx

<latexit sha1_base64="CRiJQJvDZsibe6AyyCKsz5A8Uck="></latexit>

-VY L]LY` YLNPVU Sj

<latexit sha1_base64="2asQ/a5saqgai0+UPtpC0r6s99A="></latexit>

Sj



Branch and bound algorithm
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2. Bound: 

<latexit sha1_base64="2WJWkkyNQ57M0QYqi4vEULlXonM="></latexit>

�� 0M U � L  ✏� IYLHR

<latexit sha1_base64="qrdVOhRZ48/g9t7jfrqby8oRCjo="></latexit>

�� )YHUJO! JYLH[L�YLÄUL [OL WHY[P[PVU PM Pip

HUK NL[ Sj

<latexit sha1_base64="sfLLq1NG2qRlDdmYe5uOZZ4Cd8Q="></latexit>

࠮ *VTW\[L SV^LY HUK \WWLY IV\UKZ
Lj = �lb(Sj), Uj = �ub(Sj), 8j

࠮ <WKH[L NSVIHS IV\UKZ VU cTx?

L = min
j

{Lj}, U = min
j

{Uj}

Iterations

<latexit sha1_base64="vMeA88QuzRb0KAWkjBtWRaK3+Mk="></latexit>

Pip = {x | Ax ≤ b, xi ∈ Z, i ∈ I}
<latexit sha1_base64="4P4Db8jOme+ZbVY+YoZ5QiETp2k="></latexit>

TPUPTPaL cTx

Z\IQLJ[ [V x ∈ Pip



Branch and bound
Example in 2D
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<latexit sha1_base64="T3vAfCC66NWdjbGp/t/ANog9QJs="></latexit>

Pip

<latexit sha1_base64="ZJtPmUlu8u+aLv+9XNdxyJfPGoA="></latexit>

U = 8.5
<latexit sha1_base64="0GUR6TkeALiwoBB/ur1qIXTnVTk="></latexit>

L = 2

<latexit sha1_base64="2eoiAq0A/eUVYxdei0PmmB1A1Jc="></latexit>

S1
<latexit sha1_base64="XK4pQhoewgDU+8xmj+Izqydfc/k="></latexit>

S2

<latexit sha1_base64="c5wlNLISajP+M4qztVgNHSswYTM="></latexit>

U1 = 8.5
<latexit sha1_base64="1nU3V0xORStbe+3dUgQb4VCEnxY="></latexit>

L1 = 6

<latexit sha1_base64="zud4s7gnAPCdsOKl01wpW3Jn2sw="></latexit>

U2 = 4.2
<latexit sha1_base64="bBFI7u0NiEAl0iarNGQGroctS+o="></latexit>

L2 = 2

<latexit sha1_base64="IJJei28c5lFBlLuNxdiG1YTTkfY="></latexit>

>OH[ KVLZ [OPZ ZH`
HIV\[ NSVIHS IV\UKZ
L HUK U&



Partition as a binary tree
Example in 2D

13

Partition Binary tree

At each step we have a binary tree
Children correspond to subregions formed by splitting parents

Example

partitionedrectangleinR2,andassociatedbinarytree,after3iterations

EE364b,StanfordUniversity8



Certifying optimality

14

certify optimality return feasible point 
“incumbent”

Optimality certificate in 
integer optimization

Example

partitioned rectangle in R2, and associated binary tree, after 3 iterations

EE364b, Stanford University 8

Partition = Leaves

Optimality certificate in 
linear optimization

Dual variables and cost



Branch and bound rules



Partitioning

16

Pick one subproblem 
and solve its relaxation

Two possible outcomes

<latexit sha1_base64="kAJH751Yo5844hKl3f8uxwno20Y="></latexit>

࠮ 0M x̄ PZ UV[ PU[LNYHS� [OLU
[OLYL PZ HU x̄i� i 2 I [OH[ PZ MYHJ[PVUHS
HUK ^L WHY[P[PVU

<latexit sha1_base64="W5/ubmB07EZxPHFxEnc1lutMYzA="></latexit>

࠮ 0M x̄ PU[LNYHS �x̄ 2 Sj �� [OLU
x̄ PZ [OL VW[PTHS ZVS\[PVU [V [OL Z\IWYVISLT

Create two subproblems

<latexit sha1_base64="s83/8MqBipncZdfqapYgk4Tv21c="></latexit>

x̄← TPUPTPaL cTx

Z\IQLJ[ [V x ∈ Sj
rel



Branching rules
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Branching decisions
<latexit sha1_base64="9LfP36rFMgZoYmVWyVLTsiu/NlM="></latexit>

࠮ >OPJO YLNPVU Sj [V ZWSP[
࠮ >OPJO MYHJ[PVUHS ]HYPHISL x̄i

Goal
Get tight global 

bounds as quickly 
as possible

Example heuristic (best-bound search)
<latexit sha1_base64="gGha2akQ9tsxzuWLzqL8oxmDx5s="></latexit>

࠮ 6W[PTPZT! ZWSP[ Sj ^P[O SV^LZ[ Lj

࠮ .YLLK! ZWSP[ TVZ[ MYHJ[PVUHS x̄i

They can dramatically affect performance



Pruning
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Key performance component

<latexit sha1_base64="ClHqljjylLD5nP130cz3f1VB9Qc="></latexit>

L = L2

U = U2

Questions

<latexit sha1_base64="2eoiAq0A/eUVYxdei0PmmB1A1Jc="></latexit>

S1
<latexit sha1_base64="XK4pQhoewgDU+8xmj+Izqydfc/k="></latexit>

S2

<latexit sha1_base64="1nU3V0xORStbe+3dUgQb4VCEnxY="></latexit>

L1 = 6

<latexit sha1_base64="zud4s7gnAPCdsOKl01wpW3Jn2sw="></latexit>

U2 = 4.2
<latexit sha1_base64="FZ6M37+WV5YwztpmbuJvOeSf75s="></latexit>

U1 = 10
<latexit sha1_base64="xb4uA0IDB69IOhsFGeqnZRECD/s="></latexit>

L2 = 1.5

<latexit sha1_base64="Tq2Vippm9yZHQh2UUmIGHYMZQSQ="></latexit>

>OH[ PZ S1& HJ[P]L�PUHJ[P]L
<latexit sha1_base64="JNG2Cr7T+jpBDYrrF1PUAMKOPtY="></latexit>

>OH[ PZ S2& HJ[P]L�PUHJ[P]L

<latexit sha1_base64="pGEGSDh19AMLa0hdrrmieLozD4s="></latexit>

L = min
j

Lj ≤ cTx⋆ ≤ min
j

Uj = U

<latexit sha1_base64="97XZr1J2rVULYqZK6YQhd0bbNQM="></latexit>

Sj PZ HJ[P]L PM Lj  min
j

Uj
<latexit sha1_base64="92TORY/ML0v5fW6yjTfEF3LUMs4="></latexit>

6[OLY^PZL P[ PZ PUHJ[P]L �x? /2 Sj �
HUK ^L JHU WY\UL P[



Bounding rules
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Lower bounds. Solve relaxation
<latexit sha1_base64="2asQ/a5saqgai0+UPtpC0r6s99A="></latexit>

Sj
<latexit sha1_base64="4MOp+ds84yD2HSuCDXoY/qewvtc="></latexit>

Sj
rel

<latexit sha1_base64="AqdxjTRA8vRjXMPSrvYHnTiC3A4="></latexit>

x̄← TPUPTPaL cTx

Z\IQLJ[ [V x ∈ Sj
rel

<latexit sha1_base64="5B7OLf6VMx8+kVWItAYza7yL3a8="></latexit>

࠮ Lj = cT x̄
࠮ Lj = 1 PM PUMLHZPISL

Upper bounds. Try to get feasible point
<latexit sha1_base64="KhTDRNUIboyVgh/58joCDzi0MW4="></latexit>

࠮ [x̄] 9V\UK x̄ �YLSH_H[PVU ZVS\[PVU�
࠮ Uj = cT [x̄]
࠮ Uj =1 PM [x̄] /2 Sj �UV[ MLHZPISL�



Branch and bound convergence

20

Branch and bound

hope: it works better for our problem

Brute force

<latexit sha1_base64="qSNOmun91TOm1Wq9QcnuTatk8ds="></latexit>

�P[ ISV^Z \W MVY n � 20�



Practical considerations

21

Subproblem solutions are independent

Subproblems can be very similar 
(feasible region with added constraints)

We can warm start the subproblem algorithm

Which algorithm would you use LP subproblems?

We can solve them in parallel on multiple cores or computing nodes



Small examples



Branch and bound example

23

Optimal solution

Example

minimize −2x1 − 3x2

subject to (x1, x2) ∈ P

where

P = {x ∈ Z2
+ |

2

9
x1 +

1

4
x2 ≤ 1,

1

7
x1 +

1

3
x2 ≤ 1}

x1

x2 −c

optimal point: (2, 2)

Integer linear programming 18–6



<latexit sha1_base64="DFtuJ/TiNHWCA3pLyw8WjTMNqBc="></latexit>

x̄ = (0, 3)

Branch and bound example

24

Example

minimize −2x1 − 3x2

subject to (x1, x2) ∈ P

where

P = {x ∈ Z2
+ |

2

9
x1 +

1

4
x2 ≤ 1,

1

7
x1 +

1

3
x2 ≤ 1}

x1

x2 −c

optimal point: (2, 2)

Integer linear programming 18–6



A larger example

25

<latexit sha1_base64="YTiJ3mgfPCpJ6oB0gWY2OZvHffA="></latexit>

TPUPTPaL cTx

Z\IQLJ[ [V Ax ≤ b

x ∈ Zn
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Cardinality minimization



Minimum cardinality example

27

<latexit sha1_base64="EOnR0P1qCqaehYW382Vkmt9FbPE="></latexit>

-PUK ZWHYZLZ[ x ZH[PZM`PUN SPULHY PULX\HSP[PLZ
<latexit sha1_base64="Uqy9fqUG0iyj/uXtKmhgHgxjbOY="></latexit>

TPUPTPaL card(x)

Z\IQLJ[ [V Ax  b

Equivalent mixed-boolean LP
<latexit sha1_base64="aEVrOOkQWdKj8OPy6T5m6k56dUc="></latexit>

TPUPTPaL 1T z

Z\IQLJ[ [V lizi ≤ xi ≤ uizi, i = 1, . . . , n

Ax ≤ b

z ∈ {0, 1}n

Big-M 
formulation

<latexit sha1_base64="kykomYnEaf8lvcqOeu4QIrdYiug="></latexit>

࠮ li, ui HYL SV^LY�\WWLY IV\UKZ VU xi

࠮ ;OL [PNO[ULZZ VM li, ui JHU NYLH[S` PUÅ\LUJL JVU]LYNLUJL



Computing big-M constants

28

<latexit sha1_base64="Z6PnziIC7XaAmHZKbVv4icnm9Bc="></latexit>

li PZ [OL VW[PTHS ]HS\L VM
<latexit sha1_base64="szpiK3H6sPAM298u3KRSPoJgSpI="></latexit>

TPUPTPaL xi

Z\IQLJ[ [V Ax ≤ b

<latexit sha1_base64="dobNVk1YOr/x+qAZjYub40js5WI="></latexit>

ui PZ [OL VW[PTHS ]HS\L VM
<latexit sha1_base64="MwlyT6oc5CR6Dvg2CTTr0HGgwMo="></latexit>

TH_PTPaL xi

Z\IQLJ[ [V Ax ≤ b

<latexit sha1_base64="D9fps7I2esnEweO8oxFkYbvU9Eo="></latexit>

;V[HS
2n 37Z

Remarks
<latexit sha1_base64="NoDisuBUyp75WaBwXitYOjf7rxk="></latexit>

࠮ 0M li > 0 VY ui < 0 ^L JHU Q\Z[ ZL[ zi = 1
�^L JHUUV[ OH]L xi = 0�

࠮ ;OPZ WYVJLK\YL� JHSSLK ¸IV\UK [PNO[LUPUN¹� PZ ]LY` JVTTVU PU [OL WYL�
WYVJLZZPUN Z[LW VM TVKLYU ZVS]LYZ



Cardinality problem relaxation

29

<latexit sha1_base64="ctkLxpgqeTbjWGL0wQn2jn6QU60="></latexit>

TPUPTPaL 1T z

Z\IQLJ[ [V lizi ≤ xi ≤ uizi, i = 1, . . . , n

Ax ≤ b

0 ≤ z ≤ 1

<latexit sha1_base64="spGCuJ/wTiehHKEXNWDfbiv7h4w="></latexit>

0M ui = �li = M � [OLU
<latexit sha1_base64="VHDCknFRg6NCyytahzYMItz0i5U="></latexit>

−Mzi ≤ xi ≤ Mzi ⇒ (1/M)|xi| ≤ zi

1-norm minimization

Relaxation is fancier version  
of 1-norm minimization 

(induces sparsity)



Implementation details

30

<latexit sha1_base64="SmPf9+o3Q7bSPfjhaHnS5+ZM95s="></latexit>

3V^LY IV\UK ^L JHU YLWSHJL L ^P[O dLe ZPUJL card PZ PU[LNLY ]HS\LK

<latexit sha1_base64="mB7H1xDqlAciNU52Z8FChqhAqyM="></latexit>

)LZ[�IV\UK ZLHYJO ZWSP[ UVKL ^P[O SV^LZ[ L

<latexit sha1_base64="jVVM/XZnboQm9IZejUbkax+KM6w="></latexit>

4VZ[ HTIP]HSLU[ ]HYPHISL [OL JSVZLZ[ zj [V 1/2

<latexit sha1_base64="uMcQ065ingdzCVR+6Yyco8Gi/pg="></latexit>

<WWLY IV\UK card(x̄) ^P[O x̄ MYVT [OL YLSH_H[PVU �1�UVYT PUK\JLZ ZWHYZP[`�



Small example
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<latexit sha1_base64="NJkcS08G/NH3bHFvZM8oTvlEqwo="></latexit>

40 ]HYPHISLZ� 200 JVUZ[YHPU[Z
Data

<latexit sha1_base64="IiWe5eeTriFBXJ9KwprPL7gxA4s="></latexit>

240 ⇡ 1 [YPSSPVU JVTIPUH[PVUZ
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Results

<latexit sha1_base64="f/F4pcyNY4p4OutMAQO7BHHSb6I="></latexit>

࠮ -PUKZ NVVK ZVS\[PVU ]LY` X\PRJS`
࠮ >LPNO[LK 1�UVYT OL\YPZ[PJ ^VYRZ ]LY` ^LSS
࠮ ;LYTPUH[LZ PU �� P[LYH[PVUZ



0 200 400 600 800 1000 1200
k

32
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Medium example

32

Data

Results

<latexit sha1_base64="YeRAHTVYF0alZ4SD5qmAcb6WNNc="></latexit>

60 ]HYPHISLZ� 200 JVUZ[YHPU[Z
<latexit sha1_base64="kBvazub8Y9fRLcAZLJzIW9HxUbg="></latexit>

260 ⇡ 1.15 · 1018 JVTIPUH[PVUZ

<latexit sha1_base64="GOcBwSXMmDBn+laEwOkZHdpEi4M="></latexit>

࠮ -PUKZ NVVK ZVS\[PVU ]LY` X\PRJS`
࠮ >LPNO[LK 1�UVYT OL\YPZ[PJ ^VYRZ ]LY` ^LSS
࠮ ;LYTPUH[LZ PU ⇡ 1200 P[LYH[PVUZ



Larger example
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Data

Results

<latexit sha1_base64="gAm7Fn+hgSZoE7KZWcG6sXLkavo="></latexit>

100 ]HYPHISLZ� 300 JVUZ[YHPU[Z
<latexit sha1_base64="kJUMNWvCj0kgp6/+K0YUF08cLAo="></latexit>

2100 ⇡ 1.26 · 1030 JVTIPUH[PVUZ
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Larger example with commercial solver

34

Data
<latexit sha1_base64="gAm7Fn+hgSZoE7KZWcG6sXLkavo="></latexit>

100 ]HYPHISLZ� 300 JVUZ[YHPU[Z
<latexit sha1_base64="kJUMNWvCj0kgp6/+K0YUF08cLAo="></latexit>

2100 ⇡ 1.26 · 1030 JVTIPUH[PVUZ

Gurobi Optimizer version 9.0.3 build v9.0.3rc0 (mac64)
Optimize a model with 500 rows, 200 columns and 30400 nonzeros
Variable types: 100 continuous, 100 integer (100 binary)
Coefficient statistics:
  Matrix range     [4e-05, 5e+00]
  Objective range  [1e+00, 1e+00]
  Bounds range     [1e+00, 1e+00]
  RHS range        [4e-03, 3e+01]
Presolve time: 0.05s
Presolved: 500 rows, 200 columns, 30400 nonzeros
Variable types: 100 continuous, 100 integer (100 binary)

Root relaxation: objective 2.933185e+01, 735 iterations, 0.18 seconds

    Nodes    |    Current Node    |     Objective Bounds      |     Work
 Expl Unexpl |  Obj  Depth IntInf | Incumbent    BestBd   Gap | It/Node Time

     0     0   29.33185    0   85          -   29.33185      -     -    0s
H    0     0                      85.0000000   29.33185  65.5%     -    0s
     0     0   30.18570    0   83   85.00000   30.18570  64.5%     -    1s
H    0     0                      83.0000000   30.18570  63.6%     -    1s
     0     0   31.35255    0   86   83.00000   31.35255  62.2%     -    2s
     0     2   31.81240    0   86   83.00000   31.81240  61.7%     -    3s
H  271    73                      82.0000000   35.05009  57.3%  58.6    4s
   376   104   47.90892   36   47   82.00000   35.05009  57.3%  54.1    5s
                                      …
                                      …
 2887987 13108     cutoff   88        72.00000   70.70801  1.79%  34.1 1880s
 2897345  4880     cutoff   87        72.00000   70.86531  1.58%  34.1 1885s

Explored 2903463 nodes (98760290 simplex iterations) in 1888.42 seconds
Thread count was 16 (of 16 available processors)

Optimal solution found (tolerance 1.00e-04)
Best objective 7.200000000000e+01, best bound 7.200000000000e+01, gap 0.0000%

Gurobi output

Results
<latexit sha1_base64="dwKAnYJ9igWTSox/mHOc+TFmbvQ="></latexit>

࠮ 6W[PTHS JHYKPUHSP[` ��
࠮ 4\JO TVYL ZVWOPZ[PJH[LK TL[OVK
࠮ 1888 ZLJVUKZ ��� TPU\[LZ� Y\U
�]LY` ZSV^��



Tree size can grow dramatically

35[Mixed-integer nonlinear optimization, Belotti, Kirches, Leyffer, Linderoth, Luedtke, Ashutosh]

4 Belotti, Kirches, Leyffer, Linderoth, Luedtke and Mahajan

Figure 1.1. A branch-and-bound tree without presolve
after 360 s CPU time has more than 10 000 nodes.

of x corresponding to J . In particular, xI are the integer variables. We
also define C = {1, . . . , n} − I and let xC denote the continuous variables.
We denote by p the dimension of the integer space, p = |I|. We denote the
floor and ceiling operator by ⌊xi⌋ and ⌈xi⌉, which denote the largest integer
smaller than or equal to xi and the smallest integer larger than or equal to xi,
respectively. Given two n×n matrices Q and X, Q•X =

∑n
i=1

∑n
j=1QijXij

represents their inner product.
In general, the presence of integer variables xi ∈ Z implies that the feasible

set of (1.1) is not convex. In a slight abuse of terminology, we distinguish
convex from non-convex MINLPs.

Definition 1.1. We say that (1.1) is a convex MINLP if the problem
functions f(x) and c(x) are convex functions. If either f(x) or any ci(x) is
a non-convex function, then we say that (1.1) is a non-convex MINLP.

Throughout this paper, we use the notion of a convex hull of a set S.

Definition 1.2. Given a set S, the convex hull of S is denoted by conv(S)
and defined as

conv(S) :=
{
x : x = λx(1) + (1− λ)x(0), ∀0 ≤ λ ≤ 1, ∀x(0), x(1) ∈ S

}
.

If X = {x ∈ Zp : l ≤ x ≤ u} and l ∈ Zp, u ∈ Zp, then conv(X) = [l, u] is
simply the hypercube. In general, however, even whenX itself is polyhedral,
it is not easy to find conv(X). The convex hull plays an important role in
mixed-integer linear programming. Because an LP obtains a solution at
a vertex, we can solve an MILP by solving an LP over its convex hull.
Unfortunately, finding the convex hull of an MILP is just as hard as solving
the MILP.
The same result does not hold for MINLP, as the following example illus-

trates:

minimize
x

n∑

i=1

(xi − 1
2)

2, subject to xi ∈ {0, 1}.

Example for 360 seconds on CPU…

10,000 nodes
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Top500 peak CPU power

[Our World in Data, https://github.com/owid/owid-datasets]

400 billion times 
speedups!
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Branch and bound algorithms

Today, we learned to:


• Develop branch and bound iterations to solve mixed-integer optimization


• Understand  the rules and the practical implications in branch and bound


• Solve small numerical examples


• Apply branch and bound to a cardinality-constrained optimization
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Next lecture

• The role of optimization
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