
Bartolomeo Stellato — Spring 2024

ORF307 – Optimization
18. Interior-point methods II



Ed Forum
• 2nd Midterm: April 16 

Time: 11:00am — 12:20pm 
Students with extensions please reach out to me 
Location: Same room as lecture 
Topics: linear optimization 
Material allowed: Single sheet of paper. Double sided. Hand-written or typed. 
Exercises to prepare: past midterm + extra exercises on canvas


• Questions 

• Can you go over again logarithmic barrier functions?
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Recap



(Sparse) Cholesky factorization
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,]LY` WVZP[P]L KLÄUP[L TH[YP_ A JHU IL MHJ[VYLK HZ

<latexit sha1_base64="Sq7iFclCLsqoonmFWxyrCnyi9Nk="></latexit>

A = PLLTPT

<latexit sha1_base64="M4z9DLGqaGSv7Et5CkTWiNuHwVM="></latexit>

PTAP = LLT

<latexit sha1_base64="id2Law77AVFqKkcFVUjYDl3tPnQ="></latexit>

P WLYT\[H[PVU� L SV^LY [YPHUN\SHY

<latexit sha1_base64="42EO/uih4KNEjLqDmNNWN9F0HNA="></latexit>

Permutations
࠮ 9LVYKLY YV^Z�JVSZ VM A ^P[O P [V �OL\YPZ[PJHSS`� NL[ ZWHYZLY L
࠮ P KLWLUKZ VUS` VU ZWHYZP[` WH[[LYU VM A �\USPRL LU MHJ[VYPaH[PVU�
࠮ 0M A PZ KLUZL� ^L JHU ZL[ P = I

<latexit sha1_base64="RZhpYFMnYJQhRhcPBAwfNNswdoE="></latexit>

Cost
࠮ 0M A KLUZL� [`WPJHSS` O(n3) I\[ \Z\HSS` T\JO SLZZ
࠮ 0[ KLWLUKZ VU [OL U\TILY VM UVUaLYVZ PU A� ZWHYZP[` WH[[LYU� L[J�
࠮ ;̀ WPJHSS` 50% MHZ[LY [OHU LU �ULLK [V ÄUK VUS` VUL TH[YP_�

<latexit sha1_base64="bSU1BYadfhUeKTB544QwlfzAsxY="></latexit>



Linear optimization as a root finding problem
Optimality conditions
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KKT conditions
<latexit sha1_base64="Ehn1Fig6Ju5WYHLv7JtS5pE7Fr4="></latexit>

Ax+ s� b = 0

AT y + c = 0

siyi = 0, i = 1, . . . ,m

s, y � 0

TPUPTPaL cTx

Z\IQLJ[ [V Ax ≤ b

<latexit sha1_base64="9unbuqgij6UpCfFAj368yjYcqgQ="></latexit>

Primal
TH_PTPaL −bT y

Z\IQLJ[ [V AT y + c = 0

y ≥ 0

<latexit sha1_base64="6L9obZMLJPyW6b5R0k8HuTG+Oz4="></latexit>

Dual
TPUPTPaL cTx

Z\IQLJ[ [V Ax+ s = b

s ≥ 0

<latexit sha1_base64="RfddrwaxJFxJJdm96A3KRooljZU="></latexit>



Linear optimization as a root finding problem
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Diagonalize complementary slackness

<latexit sha1_base64="Gt+YlfB0vhUQdVTuXTTgpJKphxs="></latexit>

siyi = 0, i = 1, . . . ,m () SY 1 = 0



Main idea
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S = diag(s)

Y = diag(y)

<latexit sha1_base64="NtRUT1gLCqwsU99QJhSlab+7ZgM="></latexit>

Optimality conditions

࠮ (WWS` ]HYPHU[Z VM 5L^[VU»Z TL[OVK [V ZVS]L h(x, s, y) = 0

࠮ ,UMVYJL s, y > 0 �Z[YPJ[S`� H[ L]LY` P[LYH[PVU

࠮ 4V[P]H[PVU H]VPK NL[[PUN Z[\JR PU ¸JVYULYZ¹

<latexit sha1_base64="P6/JiW+LmCFyZGND+UpFVwBPsXI="></latexit>

<latexit sha1_base64="EUpG7z5Z5rrEqVTy0On84t7Btt0="></latexit>
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Smoothed optimality conditions
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Optimality conditions
Ax+ s� b = 0

AT y + c = 0

siyi = ⌧

s, y � 0

<latexit sha1_base64="3IM8iAHG1jqSvd77yc5lzQermQ8="></latexit>

:HTL ⌧ MVY L]LY` WHPY

<latexit sha1_base64="IVExJtIBu00dUFWKhbCTfbvLm5A="></latexit>

Same optimality conditions for a “smoothed” version of our problem

Duality gap
<latexit sha1_base64="OjB4OALsRJLecCBHtb51Zk9iBsY="></latexit>

sT y = (b�Ax)T y = bTx� xTAT y = bT y + cTx



Smoothed problem

9

TPUPTPaL cTx

Z\IQLJ[ [V Ax+ s = b

s ≥ 0

<latexit sha1_base64="RfddrwaxJFxJJdm96A3KRooljZU="></latexit>

<latexit sha1_base64="tUmZo7pglqgZqtcoGIxWWhvoswo="></latexit>

TPUPTPaL cTx+ φ(s) = cTx− τ
∑m

i=1 log(si)

Z\IQLJ[ [V Ax+ s = b

<latexit sha1_base64="H5nRIqVGN7dk+3lhHCQcjZ+VKdk="></latexit>

∂L

∂x
= AT y + c = 0

<latexit sha1_base64="6ZyKMAQKfVct9nkYgdnQZBv7GoI="></latexit>

∂L

∂si
= −τ

1

si
+ yi = 0 =⇒ siyi = τ

Lagrangian function
<latexit sha1_base64="l/hp4Ii1JPS1A4fo9n4ACQ6IiiQ="></latexit>

L(x, s, y) = cTx− τ
m∑

i=1

log(si) + yT (Ax+ s− b)



Logarithmic barrier
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�(s) = �⌧
Pm

i=1 log(si) VU KVTHPU si > 0

<latexit sha1_base64="WaZxZygypZ05Eu99YHD2oz0jwXc="></latexit>
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<latexit sha1_base64="RUXC6Ds9mzJrH7R7s+gFtbowSVg="></latexit>

(Z ⌧ ! 0 P[ HWWYV_PTH[LZ

<latexit sha1_base64="wk1kPnUVJjDxLUtWbkMXx3Pymec="></latexit>



Central path
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Ax+ s� b = 0

AT y + c = 0

siyi = ⌧

s, y � 0

<latexit sha1_base64="3IM8iAHG1jqSvd77yc5lzQermQ8="></latexit>

:L[ VM WVPU[Z (x?(⌧), s?(⌧), y?(⌧))
^P[O ⌧ > 0 Z\JO [OH[

<latexit sha1_base64="15/3E9kBV6FwgFtVwuwlBA16lao="></latexit>

TPUPTPaL cTx− τ
∑m

i=1 log(si)

Z\IQLJ[ [V Ax+ s = b

<latexit sha1_base64="BBN4PGZzWXLxXc+IgKwWFhjQFEk="></latexit>

Main idea
-VSSV^ JLU[YHS WH[O HZ ⌧ ! 0

<latexit sha1_base64="J6zIK4m9l4gaFzGSJXZGebHQPH4="></latexit>

e m b o t e c h
Doing more w i th  less

Example: Central Path for an LP
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τ

<latexit sha1_base64="dG2h47d+89FV+wsb1sFQQOS4LCU="></latexit>

1000

<latexit sha1_base64="pktZmdwULw2YzZxXim3dmXGvgM0="></latexit>

1

<latexit sha1_base64="wxEO9/8Yc1i9iWiBS89mXqNZ+cw="></latexit>

1/5

<latexit sha1_base64="+01UbY1ZK4ppl5s0DNipyWxW5Kk="></latexit>

1/100

<latexit sha1_base64="rQB/wPzytWRixFqsTlD9n1/hYuc="></latexit>

Analytic  
Center

<latexit sha1_base64="IbRY6zQRogrImaRRstftzizH5kM="></latexit>τ → ∞



The path parameter
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Linear system
⎡

⎢⎣
0 A I

AT 0 0

S 0 Y

⎤

⎥⎦

⎡

⎢⎣
∆y

∆x

∆s

⎤

⎥⎦ =

⎡

⎢⎣
−rp
−rd

−SY 1+ σµ1

⎤

⎥⎦

<latexit sha1_base64="Q0E6ujd8KXsv5Jmvjj6+SbpS69o="></latexit>

<latexit sha1_base64="QQlrO8n0PiTfobTxZmKdzjw6uB8="></latexit>

3PUL ZLHYJO [V LUMVYJL s, y > 0
<latexit sha1_base64="F6sScImQOhEmEa954zFv8I8O1kA="></latexit>

(y, x, s)← (y, x, s) + α(∆y,∆x,∆s)

µ =
sT y

m

<latexit sha1_base64="Ia0Q+ogCKHTkciGO3s6JN+gW+Eg="></latexit>

Duality measure

Centering parameter
σ ∈ [0, 1]

<latexit sha1_base64="2ZHrwV6PBVUY/r+jgOv83/PbwDQ="></latexit>

� = 0 ) 5L^[VU Z[LW

<latexit sha1_base64="BRYqJIU5mKlURcf5RX+Qd3+Psjs="></latexit>

<latexit sha1_base64="LJfIwTDdhoNmM1L9QO3wVHShluI="></latexit>

� = 1 ) *LU[LYPUN Z[LW [V^HYKZ (y?(µ), x?(µ), s?(µ))

<latexit sha1_base64="WzAAlWqJOxd5Pf0Mctuy4C0LQww="></latexit>

�H]LYHNL ]HS\L VM
[OL WHPYZ siyi�



Path-following algorithm idea

13x⋆

<latexit sha1_base64="+jDiYZ6ROT1P7S+wPmpE8k10UWU="></latexit>

Newton step
σ = 0

<latexit sha1_base64="vQS6dQaxFN15XDsFBfCzdr61gkY="></latexit>

Centering step
σ = 1

<latexit sha1_base64="qIf+NhyRfTU/0K2RiV13hqwL4Tg="></latexit>

Combined step

Centering step
0[ IYPUNZ [V^HYKZ [OL JLU[YHS WH[O
HUK PZ \Z\HSS` IPHZLK [V^HYKZ s, y > 0�
5V WYVNYLZZ VU K\HSP[` TLHZ\YL µ

<latexit sha1_base64="r44K9ZSZiBwEJx5nY6NC+/nYJQc="></latexit>

Newton step
0[ IYPUNZ [V^HYKZ [OL aLYV K\HSP[`
TLHZ\YL µ� 8\PJRS` ]PVSH[LZ s, y > 0�

<latexit sha1_base64="qgHCnP5Cy7Km/B4ku99V5R4p/Ww="></latexit>

Combined step
Best of both worlds with longer 
steps



Path-following algorithm idea
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Centering step
0[ IYPUNZ [V^HYKZ [OL JLU[YHS WH[O
HUK PZ \Z\HSS` IPHZLK [V^HYKZ s, y > 0�
5V WYVNYLZZ VU K\HSP[` TLHZ\YL µ

<latexit sha1_base64="r44K9ZSZiBwEJx5nY6NC+/nYJQc="></latexit>

Newton step
0[ IYPUNZ [V^HYKZ [OL aLYV K\HSP[`
TLHZ\YL µ� 8\PJRS` ]PVSH[LZ s, y > 0�

<latexit sha1_base64="qgHCnP5Cy7Km/B4ku99V5R4p/Ww="></latexit>

Combined step
Best of both worlds with longer 
stepss1y1

<latexit sha1_base64="jWl272EvCD+vzZ5RSc5o8dyrzrE="></latexit>

s2y2

<latexit sha1_base64="ObA4SPOpCHRlJOJFHnGI45rcE68="></latexit>

Newton step
σ = 0

<latexit sha1_base64="vQS6dQaxFN15XDsFBfCzdr61gkY="></latexit>

Centering step
σ = 1

<latexit sha1_base64="qIf+NhyRfTU/0K2RiV13hqwL4Tg="></latexit>

Central path



Primal-dual path-following algorithm
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0UP[PHSPaH[PVU
�� .P]LU (x0, s0, y0) Z\JO [OH[ s0, y0 > 0

<latexit sha1_base64="JbhCI3+Fo02fdPJsPg8T7ek9gdQ="></latexit>

Iterations
<latexit sha1_base64="zP9SigK+/W8vZ8Wk0QblMO251v8="></latexit>

�� *OVVZL � 2 [0, 1]

�� :VS]L

2

64
0 A I

AT 0 0

S 0 Y

3

75

2

64
�y

�x

�s

3

75 =

2

64
�rp
�rd

�SY 1+ �µ1

3

75 ^OLYL µ = sT y/m

�� -PUK TH_PT\T ↵ Z\JO [OH[ y + ↵�y > 0 HUK s+ ↵�s > 0

�� <WKH[L (y, x, s) (y, x, s) + ↵(�y,�x,�s)



Today’s lecture
Interior-point methods II

• Mehrotra predictor-corrector algorithm


• Implementation and linear algebra


• Interior-point vs simplex

16



Predictor-corrector algorithm



Main idea
Predict and select centering parameter

18

Predict

x⋆

<latexit sha1_base64="+jDiYZ6ROT1P7S+wPmpE8k10UWU="></latexit>

Newton step
σ = 0

<latexit sha1_base64="vQS6dQaxFN15XDsFBfCzdr61gkY="></latexit>

Centering step
σ = 1

<latexit sha1_base64="qIf+NhyRfTU/0K2RiV13hqwL4Tg="></latexit>

Combined step

Compute Newton direction

Select centering parameter
Very roughly:

7PJR � ⇡ 0 PM 5L^[VU Z[LW PZ NVVK

<latexit sha1_base64="MADNiEVbBddoqGTrWL7vVXyjM/Q="></latexit>

7PJR � ⇡ 1 PM 5L^[VU Z[LW PZ IHK

<latexit sha1_base64="QKXl8VAmY0SL/hVcS2OcnCWIMTs="></latexit>

How good is the Newton step?
Estimate

�OV^ T\JO JHU µ KLJYLHZL&�

<latexit sha1_base64="7ZjUbk7hXkq7I9QBJ6qk6y6ba/k="></latexit>



How good is the Newton step?
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Maximum step-size

Newton step
(∆xa,∆sa,∆ya)

<latexit sha1_base64="1w+7ro+Pmk3m57LiQ38m0O4WMnE="></latexit>

↵p = max{↵ 2 [0, 1] | s+ ↵�sa � 0}

<latexit sha1_base64="A/NOnMlQkFitB4fx57Qlr/3ThQ8="></latexit>

↵d = max{↵ 2 [0, 1] | y + ↵�ya � 0}

<latexit sha1_base64="471iqhtYxlhaHAvf3T1hCPSyXSk="></latexit>

Two issues
<latexit sha1_base64="ZAytih6Gi62EhWt/SqgmsxdM2F8="></latexit>

࠮ ;OL UL^ WVPU[Z ^PSS UV[ WYVK\JL T\JO PTWYV]LTLU[!
(s+ ↵p�sa)i(y + ↵d�ya)i T\JO SHYNLY [OHU 0

࠮ ;OL JVTWSLTLU[HYP[` LYYVY KLWLUKZ VU Z[LW SLUN[OZ ↵p HUK ↵d



Choosing a centering parameter to make good improvement
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µa =
(s+ αp∆sa)T (y + αd∆ya)

m

<latexit sha1_base64="92OuZ7WJ4vUN3weA7rwpe+7TkCM="></latexit>

Duality measure candidate  
(after Newton step)

*LU[LYPUN WHYHTL[LY OL\YPZ[PJ �

<latexit sha1_base64="b0PMZ+/oheOVJSBAZIpyzC6EDBY="></latexit>

σ =

(
µa

µ

)3

<latexit sha1_base64="GVvi6XrxFxc37cKsEeiYivuLn90="></latexit>

Maximum step-size

Newton step
(∆xa,∆sa,∆ya)

<latexit sha1_base64="1w+7ro+Pmk3m57LiQ38m0O4WMnE="></latexit>

↵p = max{↵ 2 [0, 1] | s+ ↵�sa � 0}

<latexit sha1_base64="A/NOnMlQkFitB4fx57Qlr/3ThQ8="></latexit>

↵d = max{↵ 2 [0, 1] | y + ↵�ya � 0}

<latexit sha1_base64="471iqhtYxlhaHAvf3T1hCPSyXSk="></latexit>



Correcting for complementary error
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⎡

⎢⎣
0 A I

AT 0 0

S 0 Y

⎤
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⎢⎣
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∆sa

⎤

⎥⎦ =

⎡

⎢⎣
−rp
−rd

−SY 1

⎤

⎥⎦

<latexit sha1_base64="T0dKW3kS+NZ3OOtiR5Rs/xMgF6E=">AAAEX3icbVNNbxMxEN20gZYAJYUT4mJRFSGqRrsRFXBAalUO7aGoVZt+kA2R15kkVr32yvamiay9cOQncedHwI0fgsQ4jdRuiqWVx+/NG8+MZ5NMcGPD8FdlYbF67/7S8oPaw0ePV57UV5+eGpVrBi2mhNLnCTUguISW5VbAeaaBpomAs+Ry1/NnI9CGK3liJxl0UjqQvM8ZtQh16z/jBAZcuiSlVvNxUQvJK7KD334c13a+nq </latexit>

Newton step

si(∆ya)i + yi(∆sa)i + siyi = 0

<latexit sha1_base64="uJu0wPHcSS1BEF0SSN6JmcCuO4Q="></latexit>

Complementarity error
(si+(�sa)i)(yi + (�ya)i) = (�sa)i(�ya)i 6= 0

<latexit sha1_base64="e6p8s+ufAMEN0p70xUzJiPwiQuo=">AAAD7XicbVLLbhMxFHUbHiU8msKSjUUUlIIazUStgAVSpbIIi6IiSFspE0Ue5yax4sdge0Iiazb8AzvElm/gU1ixhb/AToPopHh1dR735ZtmnBkbRT82NivXrt+4uXWrevvO3XvbtZ37p0blmkKXKq70eUoMcCaha5nlcJ5pICLlcJZOjwJ/NgNtmJLv7SKDviBjyUaMEuuhQe1d0wwYfoofN5NXwC3BZkB2B2y3uVjCf9HFBY </latexit>

Complementarity violation 
depends on step length

Corrected direction
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⎢⎣
−rp
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−SY 1−∆Sa∆Ya1+ σµ1

⎤

⎥⎦

<latexit sha1_base64="Yw4D0smsj9fi2Uu2dmRNLEXtMYU=">AAAElHicbVNdaxNBFN3UqDV+tQq++DJYKmJp2A0WFRRaqtA+tFTa9INOjLOTm2TofCwzs2nCsC8++OCL/h7/if4UQXAmjaSbOrDs2XPumbn3zt0048zYOP5ZmbtWvX7j5vyt2u07d+/dX1h8cGhUrik0qeJKH6fEAGcSmpZZDseZBiJSDkfp2WbQjwagDVPywI4yaAnSk6zLKLGeai/8xin0mHSpIFazYVGL0VO04Z9tjGsbHw </latexit>

�Sa = diag(�sa)

�Ya = diag(�ya)

<latexit sha1_base64="VwrV3V76J5lfF0VNWrS/vT7+kt8="></latexit>



Mehrotra predictor-corrector algorithm
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0UP[PHSPaH[PVU
.P]LU (x, s, y) Z\JO [OH[ s, y > 0

<latexit sha1_base64="SmBeAXsab0uHzRll+CElx5pM7Ys="></latexit>

�� ;LYTPUH[PVU JVUKP[PVUZ
rp = Ax+ s� b, rd = AT y + c, µ = (sT y)/m

0M krpk, krdk, µ HYL ZTHSS� IYLHR 6W[PTHS ZVS\[PVU (x?, s?, y?)
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<latexit sha1_base64="cXNGT+oVeK4xmiebfsDahXDw0g8="></latexit>



Mehrotra predictor-corrector algorithm
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�� )HYYPLY WHYHTL[LY
↵p = max{↵ 2 [0, 1] | s+ ↵�sa � 0}
↵d = max{↵ 2 [0, 1] | y + ↵�ya � 0}

µa =
(s+ ↵p�sa)T (y + ↵d�ya)

m

� =

✓
µa

µ

◆3

�� *VYYLJ[LK KPYLJ[PVU
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<latexit sha1_base64="ac5tNxzv+bjV6LcnwAh01wyaJnw="></latexit>



Mehrotra predictor-corrector algorithm
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η = 1− ϵ ≈ 0.99

<latexit sha1_base64="5zjoLUB1om4rMeGTha/w7CQniP8="></latexit>

Avoid corners

<latexit sha1_base64="DPBLYxLajlW/jDN45XPy/pedPuI="></latexit>

�� <WKH[L P[LYH[LZ
↵p = max{↵ � 0 | s+ ↵�s � 0}
↵d = max{↵ � 0 | y + ↵�y � 0}

(x, s) = (x, s) + min{1, ⌘↵p}(�x,�s)

y = y +min{1, ⌘↵d}�y



Implementation and linear algebra



Search equations
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<latexit sha1_base64="7PsiOUtkniyb2rScINx08jfPRco="></latexit>

Step 2 (Newton) and 4 (Corrected direction) solve equations of the form

The Newton step right hand side:

The corrector step right hand side:
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<latexit sha1_base64="JqRHxx1Y770F3pQtzfZPbg64sHs="></latexit>
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<latexit sha1_base64="L9urLmS2IMPICM4Fcnen6Y32RcA="></latexit>



Solving the search equations
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⎡
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<latexit sha1_base64="7PsiOUtkniyb2rScINx08jfPRco="></latexit>

Our linear system is not symmetric

[
−Y −1S A

AT 0

][
∆y

∆x

]
=

[
by − Y −1bs

bx

]

<latexit sha1_base64="86dekf/Gh/BIk4j9lvi4dcOceuk="></latexit>

:\IZ[P[\[L SHZ[ LX\H[PVU� �s = Y �1(bs � S�y)� PU[V ÄYZ[

<latexit sha1_base64="LylNLpDogquhayEF94meUxLXCwc="></latexit>



Solving the search equations
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[
−Y −1S A

AT 0

][
∆y

∆x

]
=

[
by − Y −1bs

bx

]

<latexit sha1_base64="86dekf/Gh/BIk4j9lvi4dcOceuk="></latexit>

Our reduced system is symmetric but not positive definite

:\IZ[P[\[L ÄYZ[ LX\H[PVU� �y = S�1Y (A�x� by + Y �1bs)� PU[V ZLJVUK

<latexit sha1_base64="IhdjXQCtwEcriwS8NAM/XaiAavo="></latexit>

ATS−1Y A∆x = bx +ATS−1Y by −ATS−1bs

<latexit sha1_base64="sTJrHqAs9nPpDcwSYexqUL9BrSU="></latexit>



Reduced linear system
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Coefficient matrix

Characteristics

B = ATS−1Y A

<latexit sha1_base64="YDvGFV8lcIvLc1hEc575kCUwxTo="></latexit>

<latexit sha1_base64="Q3D/Bo7Nf5dxQQQWGuERZJIFdX8="></latexit>

࠮ A PZ SHYNL HUK ZWHYZL

࠮ S�1Y PZ WVZP[P]L HUK KPHNVUHS� KPɈLYLU[ H[ LHJO P[LYH[PVU

࠮ B PZ WVZP[P]L KLÄUP[L PM rank(A) = n

࠮ :WHYZP[` WH[[LYU VM B PZ [OL WH[[LYU VM ATA �PUKLWLUKLU[ VM S�1Y �



Reduced linear system
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Coefficient matrix

B = ATS−1Y A

<latexit sha1_base64="YDvGFV8lcIvLc1hEc575kCUwxTo="></latexit>

Cholesky factorizations

B = PLLTPT

<latexit sha1_base64="HC36t9xDsKTUTWsjDQohL/PtuUE="></latexit>

O(n3)

<latexit sha1_base64="OSeXnSHfgjyeK7QzUP6klRX1ZEU="></latexit>

Per-iteration 
complexity

<latexit sha1_base64="vLsMij7q9RAMlQfIrxboriwJJ4g="></latexit>

࠮ 9LVYKLYPUN VUS` VUJL [V NL[ P

࠮ 6UL U\TLYPJHS MHJ[VYPaH[VU WLY PU[LYPVY�WVPU[ P[LYH[PVU O(n3)

࠮ -VY^HYK�IHJR^HYK Z\IZ[P[\[PVU [^PJL WLY P[LYH[PVU O(n2)



Convergence
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No convergence theory Examples where it diverges (rare!)

Mehrotra’s algorithm

Fantastic convergence in practice 3LZZ [OHU 30 P[LYH[PVUZ

<latexit sha1_base64="XetaElmpuFrcOgfExnJa4nC7oEs="></latexit>

Theoretical iteration complexity
(S[LYUH[P]L ]LYZPVUZ �ZSV^LY [OHU 4LOYV[YH�
JVU]LYNL PU O(

p
n) P[LYH[PVUZ

<latexit sha1_base64="L4h6tMmLzX/vTPs1BLhruzew9ZY="></latexit>

Average iteration complexity
(]LYHNL P[LYH[PVUZ JVTWSL_P[` PZ O(log n)

<latexit sha1_base64="cJ+nw1Eu0VahsvEsOvsLxlHxZO0="></latexit>

Floating point 
operations
O(n3.5)

<latexit sha1_base64="3gPEwQ9adUxKk7ujSl7gCvkZnm4="></latexit>

O(n3 log n)

<latexit sha1_base64="We9LZxhcQGK3AfxlarbCLvzZDrg="></latexit>



Warm-starting
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Interior-point methods are difficult to warm-start

x⋆

<latexit sha1_base64="+jDiYZ6ROT1P7S+wPmpE8k10UWU="></latexit>

Previous solution
Hard to make progress 

with long steps

Badly centered  
initial point



Interior-point vs simplex



Example 
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TPUPTPaL −10x1 − 12x2 − 12x3

Z\IQLJ[ [V x1 + 2x2 + 2x3 ≤ 20

2x1 + x2 + x3 ≤ 20

2x1 + 2x2 + x3 ≤ 20

x1, x2, x3 ≥ 0

<latexit sha1_base64="usNGG8DKhJ+RZwsB1VO0mjdZ3l0="></latexit>

x1

<latexit sha1_base64="qpqh7hiByCI+mm28AIIcKUzVuew="></latexit>

x2

<latexit sha1_base64="2b7zNai+/76/6tDM10UithgaioQ="></latexit>

x3

<latexit sha1_base64="Bu8vHqVPZKf1Xp59c7LxwwO6WNs="></latexit>

x⋆ = (4, 4, 4)

<latexit sha1_base64="fVT4LpE+OSdaJW3i7JqndJF+ie8="></latexit>

c = (�10,�12,�12)

A =

2

64
1 2 2

2 1 2

2 2 1

3

75

b = (20, 20, 20)

<latexit sha1_base64="5Hy/7mpnX+116Rql8vtQg+VSkqk="></latexit>

TPUPTPaL cTx

Z\IQLJ[ [V Ax ≤ b

x ≥ 0

<latexit sha1_base64="CqzP7MLCeigvAHSWbu4T4tgK6j8="></latexit>



Example with real solver
CVXOPT (open-source)
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import numpy as np
import cvxpy as cp

c = np.array([-10, -12, -12])
A = np.array([[1, 2, 2],
              [2, 1, 2],
              [2, 2, 1]])
b = np.array([20, 20, 20])
n = len(c)

x = cp.Variable(n)
problem = cp.Problem(cp.Minimize(c @ x), 
                     [A @ x <= b, x >= 0])
problem.solve(solver=cp.CVXOPT, verbose=True)

Code Output
     pcost       dcost       gap    pres   dres   k/t
 0: -1.3077e+02 -2.3692e+02  2e+01  1e-16  6e-01  1e+00
 1: -1.3522e+02 -1.4089e+02  1e+00  2e-16  3e-02  4e-02
 2: -1.3599e+02 -1.3605e+02  1e-02  2e-16  3e-04  4e-04
 3: -1.3600e+02 -1.3600e+02  1e-04  1e-16  3e-06  4e-06
 4: -1.3600e+02 -1.3600e+02  1e-06  1e-16  3e-08  4e-08
Optimal solution found.

[The CVXOPT linear and quadratic cone program solvers, L. Vandenberghe 2010]

In [3]: x.value
Out[3]: array([3.99999999, 4.        , 4.        ])

Solution



Average interior-point complexity

36

TPUPTPaL cTx

Z\IQLJ[ [V Ax ≤ b

<latexit sha1_base64="hJj3d/2ECf+B6WfaOW7Np3i190c="></latexit>

Random LPs

;PTL! O(n3 log n)

<latexit sha1_base64="ld6FGb2h2lE/G1rb3fEu+tgtJM4="></latexit>
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<latexit sha1_base64="+nS7JmuToPpj9rlcXAODMeG/wvc="></latexit>

0[LYH[PVUZ! O(log n)

<latexit sha1_base64="mwyCQwDQtcPIEbut8WDW7/sKGAc="></latexit>
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Comparison between interior-point method and simplex
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Primal simplex

• Primal feasibility

• Zero duality gap

Dual feasibility

Dual simplex

• Dual feasibility

• Zero duality gap

Primal feasibility

Primal-dual interior-point

• Interior condition

Exponential worst-case complexity Polynomial worst-case complexity

• Primal feasibility

• Dual feasibility

• Zero duality gap

Requires feasible point Allows infeasible start

Can be warm-started Cannot be warm-started



Which algorithm should I use?

38

Dual simplex

How do solvers with multiple options decide?
Concurrent Optimization

Interior-point (barrier)

• Small-to-medium problems

• Repeated solves with varying data

• Medium-to-large problems

• Sparse structured problems

Why not both? (crossover)
Interior-point Few simplex steps

https://www.gurobi.com/documentation/9.0/refman/concurrent_optimizer.html


Interior-point methods implementation

Today, we learned to:


• Apply Mehrotra predictor-corrector algorithm


• Exploit linear algebra to speedup computations


• Analyze empirical complexity


• Compare interior-point and simplex methods

39
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Next lecture

• Overview for linear optimization
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