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Minimum cost network flow problem
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Integrality theorem
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Given a polyhedron

where
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Implications for network and combinatorial optimization
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Today’s lecture
Interior point methods

• History


• Newton’s method


• Central path


• Primal-dual path-following algorithm


• Logarithmic barrier functions
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History



A brief history of linear optimization
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1940s :  
• Foundations and applications in economics and logistics (Kantorovich, Koopmans)

• 1947 : Development of the simplex method by Dantzig


1950s—70s: 
• Applications expand to engineering, OR, computer science… 

• 1975 : Nobel prize in economics for Kantorovich and Koopmans


1980s: 
• Development of polynomial time algorithms for LPs

• 1984 : Development of the interior point method by Karmarkar


—Today: 
• Continued algorithm development.  Expansion to very large problems.
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Published: November 11, 1979

Copyright © The New York Times

Answer to major question
Is worst-case LP complexity 
polynomial? Yes!

Drawbacks
Very inefficient. Much slower  
than simplex!

Benefits
Motivated new research directions



Interior-point methods

12

1980s-1990s: interior point methods
• Karmarkar’s algorithm (1984)


• Competitive with simplex, often faster 
for larger problems


• Began huge effort in algorithm  
development for convex optimization



Newton’s method



Newton’s root finding method
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Newton’s method example
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Newton’s root finding method (multivariable)
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Dh =

⎡

⎢⎢⎣

∂h1
∂x1

· · · ∂h1
∂xn���

���
���

∂hm
∂x1

· · · ∂hm
∂xn

⎤

⎥⎥⎦

<latexit sha1_base64="GSU7oRVmyhbfc/BwzwVEDuov5cA="></latexit>

Derivative

h : R -> R

-
-

⑩ (x)



Newton method iterations
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Newton method iterations
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Linear optimization as a root finding problem
Optimality conditions

18
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Primal-dual path-following 
method



Path-following algorithm idea
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Combined step
Best of both worlds with longer 
steps



Primal-dual path-following algorithm
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Working towards optimality conditions
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Optimality conditions satisfied only at convergence

Primal residual
rp = Ax+ s− b → 0
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Logarithmic barrier functions



Smoothed optimality conditions
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Optimality conditions
Ax+ s� b = 0
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Same optimality conditions for a “smoothed” version of our problem
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Same optimality conditions for a “smoothed” version of our problem

Do solutions actually exist?
What do they represent?



Logarithmic barrier
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Smoothed problem
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Z\IQLJ[ [V Ax+ s = b

s ≥ 0
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Interior-point methods for linear optimization

Today, we learned to:


• Apply Newton’s method to solve optimality conditions


• Follow the central path and the smoothed optimality conditions


• Use logarithmic barrier functions to interpret central path steps
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Next lecture

• Practical interior-point method (Mehrotra predictor-corrector algorithm)


• Implementation details


• Interior-point vs simples

40


