ORF307 - Optimization

17. Interior-point methods

Bartolomeo Stellato — Spring 2024






Arc-node incidence matrix

m X n matrix A with entries

1 If arc 7 starts at node

A;; = < —1 ifarc j ends at node : 1 1 0 0
0 otherwise —1 0 1 0
0 —-1 —1 —1

e
Note Each column has o 0 0 1
one —1 and one 1 o 0 0 0
0 0 0 0

o O = O O

o = O O

o O O O =




External supply

supply vector b € R™

» b; IS the external supply at node ¢
(if b; < O, it represents demand)
» We must have 1715 = 0

(total supply = total demand)

Balance equations

ZAZJQJJ — — b;, foralli

7=1 / \

Total leaving Supply
flow

Axr =0




Minimum cost network flow problem

minimize c¢lx
subjectto Ax =10
0<zxx<u

* ¢; Is unit cost of flow through arc :
* Flow x; must be nonnegative
» u; I1s the maximum flow capacity of arc ¢

» Many network optimization problems are just special cases



Integrality theorem
Given a polyhedron P={zceR"|Az =0, x>0}

where
» A Is totally unimodular all the extreme points of P
* b IS an Integer vector are integer vectors.

Proof

» All extreme points are basic feasible solutions
with xg = Az'band z; =0, i # B
- A" has integer components because of total unimodularity of A
* b has also integer components
 Therefore, also z Is integral B



Implications for network and combinatorial optimization

Minimum cost network flow
T

minimize c¢'«x _
hiectto Ar — b If b and u are integral
SUbJect 10 Ar = solutions =* are integral
0<x<u
Integer linear programs Very difficult in general

(more on this in a few weeks)

minimize ¢z

subjectto Az =0
0<zx<u
x e 4"

If A totally unimodular

and b, u Integral, we can

relax integrality and solve

a fast LP instead 7



Today'’s lecture

Interior point methods

e History

 Newton’s method

* Central path

* Primal-dual path-following algorithm

* |ogarithmic barrier functions



History



A brief history of linear optimization

1940s :
 Foundations and applications in economics and logistics (Kantorovich, Koopmans)

* 1947 : Development of the simplex method by Dantzig

1950s — 70s:
* Applications expand to engineering, OR, computer science...
1975 : Nobel prize in economics for Kantorovich and Koopmans

1980s:
 Development of polynomial time algorithms for LPs
* 1984 : Development of the interior point method by Karmarkar

— Today:
* (Continued algorithm development. Expansion to very large problems.
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Ellipsoid method

Khachian (1979)

Answer to major question

Is worst-case LP complexity
polynomial? Yes!

Drawbacks

Very inefficient. Much slower
than simplex!

Benefits
Motivated new research directions

Shazam! A Shortcut for Computers

A garment manufacturer has three
kinds of dresses — A, B and C. On
hand he has 17 bolts of one cloth and
25 of another, as well as 200 buttons
and 75 belts. He has three cutters, 10
sewers and one finisher. Dress A, on
which he makes a profit of $1.25 a
unit, requires one combination of
material, accessories and work; the
B dress, with a $1.50 profit, takes a
different combination, and the $2.25
dress C has yet a third set of require-
ments. How should he schedule his
production to make the most money?

That is an easy example of a kind
of eminently practical problem that
becomes computationally difficult
because of the number of variable
factors and constraints that must be
handled to get a best solution. And,
as the number of variables and re-
straints grows — as, for instance, in
a model of the national economy or in
the scheduling of production at any
oil refinery — the difficulty mush-
rooms.

Even the most powerful computers
might have to run for hours to tell a
plant manager how to handle a small
change in, say, the amount of crude
oil being delivered to his tanks. And
adding one new restriction can sub-
stantially increase the number of

possible answers and thus the time.

required to check them for an opti-
mum solution.

Last week, intrigued mathemati-
cians were trying to sort out the
meaning of what looked like a stun-

ning theoretical breakthrough in the
handling of these ‘‘linear program-
ming’’ problems — and some were
wondering why it had taken so long
for the breakthrough to become
generally known.

In January, the Soviet journal Dok-
lady published an abstract of the new
solution put forward by a Russian
mathematician, L. G. Khachian,
about whom no further biographical
data has been made public. The ab-
stract was generally overlooked until
two mathematicians, working at
Stanford University, analyzed the
theory and refined its application.
Reports of their work and Mr. (or
Miss) Khachian’s began appearing
in American journals four weeks
ago, opening up the floodgates of
mathematical curiosity.

Ronald L. Graham, a leading com-
puter expert at the Bell Laboratories
in Murray Hill, N.J., said the signifi-
cance of the new method is that it
provides a fast way to test whether
there is an optimum solution for any
particular linear programming prob-
lem and, if thereis, to assure that the
solution can be computed within a
reasonable length of time.

The older, ‘“‘simplex’’ method in-
volved having the computer ‘‘build”’
a flat-sided polyhedron in multidi-
mensional space and then hop from
vertex to vertex testing for a best an-
swer. Mr. Khachian’s solution has
the computer design a multidimen-
sional curved ellipsoid that sur-

Ehe New JJork Eimes
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rounds the area of possible solutions
and is then made smaller until it
neatly encloses the optimum answer.

The practical effects of the break-
through were not entirely clear last
week, however. Although it seems to
offer enormous advantages in areas
ranging from industrial scheduling
to weather forecasting, it has yet to
be tested in the development of an ac-
tual major computer program. Dr.
Graham said it might work for some
kinds of linear programming prob-
lems and not for others, noting that,
despite its theoretical limitations,
simplex in fact works quite effi-
ciently for the problems it has been
asked to handle.

Nevertheless Laslo Lovasz, a Hun-
garian mathematician who worked
on the problem at Stanford, said he
used the method to program his
pocket calculator to solve a problem
with six variables and six con-
straints, which it probably could not
have handled with the simplex meth-
od. And George B. Dantzig, who de-
vised the simplex method in 1947,
said he felt *‘stupid that I didn’t see’’
Mr. Khachian’s method.

While some wondered about the
delay between the publication of the
abstract in Doklady and its reception
now, others pointed out that ‘‘sim-
plex” itself it did not get into wide
use until several years after its theo-
retical formulation.

— JONATHAN FRIENDLY
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Interior-point methods

1980s-1990s: interior point methods
o Karmarkar’s algorithm (1984

Breakthrough in Problem Solving

“All th: News
l That's Fi: to Print”
VOL.CXXXIV... No. 46,233

Che New Hork Times

Copymght 1984 The Nww Vowk Timee

NEW YORK, MONDAY, NOVEMBER 19, 1984

- vy

s by -.41-0-.--.-“-(-'

Late Edition
Weather: Light sow this norming,
partly clowdy this afiernoen and o
might. Partly sunny, cold temorrow.
Temperatures: today 15-40, wright 25
30; yesterday 3848, Details, pige Ci8

JOCFNTS

At P
SOVIETS HEL? I’O nzuvzn us. uumz SUPPLIES! In Kembelcha, Ethiopla, vheal from the United States
Soviet helicopter to

belp rellove emergency. fage Al2

Cocaine Traffickers
Kill 17 inPeru Raid
On Antidrug Team

By Ut Pres Ieternaibms

LIMA, Peru, Nor. 18 — A band of co-
caine traffickers Jurst into a junge
campsite and opmed fire with auto-
matic weapons, kiling at least 17 peo-
ple employed by a United States-fi-
nanced program 1 destroy coca crops,
he police said toay

Al those killed n the attack, which |

took place early Saurday, were ident)-
Ded as Peruvian enployees of the Coca
Reduction Organiation. The group is
taking part in & 50 million program
that the United Sates is financing o
cut the production of coca along the
Huallags River, wiere most of the ille-
gal coca in Peru 5 grown.
Substitute (rops Offered

Peru produces almost half of the
world's coca, the prime ingredient in
cocaine

Workers in the program destroy coca
wid voplace 4 win conne that are e
profitable but legil, sach as
and com.

President Fernando Beladunde Terry
said three others working in the pro-
gram as b were also killed,
but the ﬂlt! Sak the total number of
dead was |

Vote Comes to

a ‘Homeland,’

But African Problems Linger

By ALAN COWELL
Spectal s The New York Tiss

SIYABUSWA, South Africa, Nov. 15
— Under capricious skies that
ramn and light by turn to places of little
hope, the officials and the policeman
stood before the galvanized iron but
that represented a polling booth and
sasd, well, yes, the tumout had been

aggish.

The officials numbered 7 or §; the
voters this day numbered 26, they sasd.
from an area of shacks and barren land

that is home to 5,000 people

"Mayb— 1t will pick up,” ome of them
ventured. The others mused on this
frail oracle with expressions that
seemed t0 say: “And maybe not.”

First Vote In Area

And thus did democracy stir, for the
first time, this week in KwaNdebele,
South Africa’s uuuﬂ smallest, -.nd
most im| “homeland, ™
repossta nuu peopee wanted A
white South Africa only for thesr labor

Thas week, there was voting for the 16

Legt

radio reported, o one voted. The other | W%

A o & police e
anst unu was truned by the United
States said abowt 0 men with subma-

guns entered the site at Monzon,
about 200 mikes notheast of Lima, and

shoueing.
in addition to those who were killed,

seats are by local and tribal
wm:rme The legislators’ powers are

Knmt 13 about 50 miles from | ErASEDNg.

Pretoria. But in other ways, the
“homeland™ |s much farther from the
vision of viable “‘separat

A 28year-old mathematician at
A.T.&T. Bell Laboratories has made a
startling theoretical breakthrough in
the solving of systerns of equations that
often grow too vast and complex for the
most powerful computers.

The discovery, which is to be for-
mally published next month, is already
circulating rapidly through the mathe-
matical world. It has also set off a del-
uge of inquiries from brokerage
houses, oil companies and airlines, in-
dustries with millions of dollars at
stake in problems known as linear pro-
gramming.

These problems are fiendishly com-
plicated systems, often with thousands
of variables. They arise in a variety of
commercial and government applica-
tions, ranging from allocating time on
a communications satellite to routing
millions of telephone calls over long
distances. Linear programming is
particularly useful whenever a limited,
expensive resource must be spread
most efficiently among competing
users. And investment companies use
the approach in creating portfolios with
the best mix of stocks and bonds.

Faster Solutions Seen

The Bell Labs mathematician, Dr.
Narendra Karmarkar, has devised a
radically new procedure that may
speed the routine handling of such
problems by businesses and Govern-

| ment agencies and also make it possi-

| ble to tackle problems that are now far
out of reach.

| “This is a path-breaking result,”

| said Dr. Ronald L. Graham, director of

l mathematical sciences for Bell Labs in
| Murray Hill, N.J. “Science has its mo-

Competitive with simplex, often faster
for larger problems

 Began huge effort in algorithm
development for convex optimization

m

By JAMES GLEICK

verging. flourishing in their own, spe-
cial way, at their own, special pace.
KwaNiebele, that is to say, does not
tally evin with apartheld's own con-
torted lgpic
it a

AMERICANS IN POLL
VIEW GOVERNMENT
MORE CONFIDENTLY

But Postelection Inquiry Also
Finds Most Think Reagan
Will Ask Rise in Taxes

By ADAM CLYMER
The American public, its level of con.

and to make & real effort to negotiate
an arms control treaty, a New York
Times /CBS News Poll shows.,

But at the same time, the public ex. |
pects him to break his mest insistent |
campalgn promise and ask Congress to

P

Semator Bob Doie

TREASURY MAY 1K
INCREASES INTAXES
OF SOME CONCERNS

OTHERS COULD PAY LESS

Depreciation Setup Wauld Be
Changed — Little Suport
in Congress Expecled

By DAVID E. ROSENBAUM
15 T o ok Tl
WASHINGTON, Nov. 18 — The
Treasury Department i3 writhg a pro-

and reduce the taxes many oher com.
panies owe by lowering rates over all,

vote an increase in taxes. Fifty-seven
percent of the public and 4 percent of

Mmm“v:n expect him 1o ask for Albany Leaders
1%y o e satiens vwva wenrs o | Predicting a Cut
In Income Taxes

lidity of the national swing toward the
Republican Party, showing Americans
now about equally divided between
Thone who identify with them and those
wha idereity with the Democrats

‘Major Realignment’ Seen By JOSH BARBANEL
This development prompeed a Jead-  peoynlicans and Democrats in Al-
ing Republican poll taker, Robert M. papny predicted yesterday that a cut in

Teeter, to say, “We are in the midst of ,ersonal income taxes similar to that
a major political i this

to Reagan
dllculu
The depreciation propesal is one of
many that the Treasury plans to
recommend to the White Hows by Dec
1. Dt leading tax specialiss in Con-
gress from both parties say tere is ht-
tle appetite for dealing with e kind of
tax bill the Administration sesms (o be
preparing
The Administration plans inder dus-
cussion would reduce tax mies and
simplify the tax code by Mmiting spe-
chal write-ofts for individual and cor-
porations but would not contsbute to a

Cuom
A g
shift pn-y-s out would depend an bow enacied next year
well Republicans bandled themselves At (ne same time, however, Republi-
after Mr. Reagan left the White Howse. c304 said they have had to drag Gover-
especially how they handied thelr own oo Cuome “screaming and kicking™
potential cheavages over social ISSUES. 1y he process. Democrats sald the
The potl showed that the breadth of ognel's report merely reflected & con-
support Mr. Reagan en Was DOt gensus developed in the Legislature
lumited to voters, who gave him 59 per-

The citizen panel, comprising 5
cent of their votes on Nov. &

business and civic Jeaders appointed by
Among noovoters his Support Was e  Cuome, said ! income
even higher, with 66 percent of them | 1axeq should be cut by $8I5 million &
saylng they would have voted for Bim yoyr This would lower taxes by about 6
and I percent saying they lerred it for most people ea more
Wnu: F. Mondale, the Democratic| e $15.000 and up to 28 percest for

biack pople of the small M-o-h
group, bat less than half the people
mn.vymm_.mtom

Conthwed on Page A7, Column 3

To measure attitudes toward his sec. | HO% SAMIng less
ond term, the political parties and the Single-Digit Top Rate
campaign after Mr. Reagan's land

Contimued o Page BI0, Cotuma |

Under the plan. the state's maximum
lax rate on earned income would drop
by | percentage point, to § percent. In

Breakthrough in Problem Solving . rium i

addition, the personal exemption would
be raised to 51,000 from $500, which

A Myearald mathematician at
A.TAT Bell Laboratories has made &
startling theoretical

breakthrough in
the solvhg of systemns of equations that
T T U Y W LRI ST L
l—lp—uﬁlmmﬂ
' Which is to be for.
mmun-u-mmnunuy

mw-nnh.dnm-ﬂ-ﬁ
of inquiries from brokerage
houses, )il companies and airles, in-

s1ake inproblems known as linear pro-

ments of great progress, and this may

well be one of them.”

Because problems in linear pro-
gramming can have billions or more

possible answers,

even high-speed

computers cannot check every one. So
computers must use a special proce-
dure, an algorithm, to examine as few
answers as possible before finding the
best one — typically the one that mini- e

mizes cost or maximizes efficiency.

A procedure devised in 1947, the sim- ';...':f’-,‘"

plex method, is now used for such pro

n

By JAMES GLEICK

dustries with millions of dollars at | plex

“If there is a tax cut, the Governor
'\llhlwbc‘nllllﬂh.yhihh
n linear pro :u-unb;udlxlum -ll the way,”

K aacasd
mmc’uhm-‘h were no Republican majority in the
computers must use a special proce. | Senate, which started the clamor for
dure, an algorithm, to examine as few| Lax cuts & year ago, there would be no
answers as possible before finding the| talk of it now ™

best one — typically the one that mini.] Mr. Cuome’s secretary, Michael J.

mizes cost or maximizes efficiency Del Gludice, said that barTing any star-
A procedure devised in 1947, the sim. | tling change in the state's fiscal and
method, is now used for such prob- | economic condition, Mr. Cuamo would

Continued on Page Al9, Cobumn | Continued on Page B, Colamn |

In the Federal detcit
Suppert by Dole Linponant
“T just don't see & grouwsdswell of
sepport out there for tax smplifics.
tion,” said Senator Bob Dole Republs-
can of Kansas, who is the chuirman of
the Finance Committen. “Well have 20
Peopie shouting st us from ewry direc-
tion,” added Mr, Dole, whow commit-
tee has jurisdiction over Lax bgislation
and whose SUpPOrt is CTitica to emact-
ment of & tax measure
Even with Congress in adpurnment

lobbyists who want 1o presewe the ac-
celerated depreciation featwe of the
1581 tax cut

According to Treasury offrsals, Sec-
retary Domald T. Regan toll his staff
Friday that he wanted o0 nodify but
not abolish that teature, whad is calied
the accelerated cost recovery system.

Of Little Use to Othrs

The system allows large writeoffs
for companies that invest wavily in
real estate, plants and maciinery but
is of lutle wie 10 many othr compa-
nies, SUch as those in the elecronics in-

e | Uneiry A UUWT  TUEI-ECIDOIOEY

flelds

The centerpiece of the Alministra.
tion's 1981 business tax cut, the de-
preciation system. » costing the Gov-
emment nearly $23 billion i lost reve-
s im the current fiscal year. Accord-
ing 10 experts, overall conorate tax
rates can be reduced only tothe extent

Comtinued on Page D14, Cumn |

By SARA RIMER

For the last 10 weeks, homeless fam:. &

or on the floor in New York Citys |

emporary
4 space for them |nmolmenm-h

welfare office because the

.
city’s weifare agemcy has run out of ©8
beds 4

Other families have boen waiting al
most through the night while city wel

fare workers try to find

“This is & path-breaking result,”
sasd Dr Ronald L Graham, director of
mathenatical sciences for Bell Labs in
Murray HEL, N.J. “Science has its mo-

- | Bronx. lmmmm-—tunln

Cept nomeless ramines
1n some cases. the tamilies leave the
Manhattan office at 4 or even 5 A M. for

an bous's trip on the subway to hotels is 3

the other boroughs that will

them o check out as early as 11 AM,

that same moming.

INS[DE
TugWith 6 Aboard N

o0 Moot Newd

City otficials acknowledged the prob

lem yesterday, and said they were

Struggling to keep. p-c- with the ever
need

A taginat with stx aboard and & barge
loadex with scrap fron disappenred
. Conn., to

and
ptnnnnt mm. lor poor tamilies
This weckend the city opened thres
y weltare office:

on & t1p from
Port bewark. Page B4,
Musicals for City Opera
The Yew York City Opera has re
mmlnmmﬁnﬂhm-w
lstunat of & spring mus
m—umul‘?uecu

— one each in Brooklyn, Queens and
the Broax — (o relieve the pressure or
the office at 241 Church Street in lower
Mankattan

As of Oct. 31, 3,178 families who car
no longer stay with redatives, or whe
have besn evicted, or whose apart
ments were in bulldings that have
burned down, or who have lost thes
homes for & variety of other reasom:

Homeless people walting at the
wellare

Street as city

iy o Homeless Spend nghts in Cxty Welfare Office

Asgistance Unit at 21 Church

anlnuwmhu

the same time list year, sccording space at our shelters, there is 00 way | people are coming 10 us thay tberv are

for us to -nve-t space,” Mr. Deacy said

e o ot of hotel seema an x--..,-u..-....m-.--w

Arvendvation ... AlS | Obibeartes . DI¢ | were el the
r Lmund e by city
¥ Castro has | moatee ——— CIMED | o ————— A3 | hotels or in its four shelters for fami
of the United | Busimes Day p. ] m, (.., les. That is 1,000 more tamilies than a
4 this there 1 | Sroerwrd LA
) 4 l‘r'ﬂ.‘l “‘T\-l-fl C“ 'll' men-cy o spokesenan for the city”!
+Cotuma 1 c-.c-c«a > uu :-um All

Moamic - CIHIS.CI | Wathar - 18 -
Rt | dow, VORING ITYON WOODILA W

et |ty s laden Pame Bl | TG Gevim & PRER Tasrm

PRasmADVT | | Gusnmass — — 8045] Aws Exchamge —— CF | COMPLETE r>4

‘Most nights we're able to

rere

-vnhhh apartments for tem *
“1 dom't think would want 1o
ey (At ous 15 3 GLSITBOE SRS O,

is not encugh room. If you follow the | sald Stanley Dresemoff, 1w Deputy

| arsthmetic of hoeneless families. there |

15 ome clement that's emerging — more

Continued on Page B4, (shumn 3

SesaissttimmeeEeRTYT
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Newton’s method



Newton’s root finding method

Goal: solve
h(z) =0

Method
1. Make a guess z" and a linear approximation

h(z) ~ h(z") A @6:1« (") (x — ")

2. Iteratively set h(z*) to 0

h(z") A f)axh’f (") ("t —2F) =0

14



6_1.2:13_'_0.3

0.5

Newton’s method example

0.4

0.2

/N

Z 0.0
—0.21

—0.41

0.4

0.2

—0.21

—0.41

lteration 1

lteration O




Newton’s root finding method (multivariable)

Goal: solve
h(z) =0
Method
1. Make a guess z" and a linear approximation
Derivative
h(z) ~ h(z") + Dh(z")(z — z") " Oh, Ohy "
Oh ... O
2. Iteratively set h(z*) to 0 Dh=| : : :
Ohym  Ohm
h(z"®) 4+ Dh(z")(z" Tt — 2) = 0 | dxq O, _

16



Newton method iterations

Iterations
h(z") + Dh(z") (" — ") =0 - Solve Dh(z")Az = —h(z")
A o gl 2k 4 Ax

Remarks

» [terations can be expensive (linear system solution)
- Fast convergence close to the solution =*

17



Linear optimization as a root finding problem

Optimality conditions

Primal Dual
minimize ¢!z ___,  minimize clx maximize —bly
subjectto Az < subjectto Az +s=05 subjectto Aly+c=0

s >0 y >0
KKT conditions
Ar+s—b=0
Aty +c=0

s;y; =0, 1=1,....m

s,y >0
18



Linear optimization as a root finding problem

S = diag(s) =

Y = diag(y) =

_y1

Y2

Diagonalize complementary slackness

Ym _

Ar+s—b=0
Aty+c=0
siy; = 0,

s,y >0

SY1 = diag(s)diag(y)1l =

SiY; — U, Z:L...

i=1,...

S1Y1

S2Y2

<

o TT0

SmYm_| [1_

SY1 =0

S1Y1

S2Y2

SmYm_

19




Main idea

Optimality conditions

Axr 45— Tp S = diag(s)

h(y,z,s) = | Aly+c | =1 rqa | =0 Y = diag(y)
- sy1 | |svi
s,y >0

» Apply variants of Newton’s method to solve h(x, s,y) = 0
» Enforce s,y > 0O (strictly) at every iteration

- Motivation avoid getting stuck in “corners”
20



Newton’s method for optimality conditions

Optimality conditions Derivative
Ar +s—0 o 0 A I
h(y,z,s)= | Aly+c | =] rq | =0 Dh(y,z,s) = [|A* 0 O
I SY1 ) _SYl_ g 0V
s,y >0
Ilterations

* Solve Dh(ykamka Sk)A(ykvxkv Sk) — _h(ykva;ka Sk)

Pazs a3 Caution!
e |2k | A(yR, 2 sF) It might make (s, y) negative!
Gkl ok

21



Central path



Line search to stay feasible

Root-finding equation

Linear system

Dh

0 A I
AT 0 0
'S 0 Y||

Line search to enforce s,y > 0

h(y,z,s) =

Ay
Az
As

Ar+s—b 'p
Aty+c | = rg | =0

- SY1 SY1
_ 5 Residuals
—7r, r, =Ax +s—0b
—’]”d Td _ ATy_I_C

—-SY1
Issue

(y,z,8) < (y,z,s) + a(Ay, Az, As)

Pure Newton’s step does not
allow significant progress towards
h(y,z,s) =0and s,y > 0. 23



The central path

S2Y2a ,

S1Y1



Smoothed optimality conditions

Optimality conditions

Ar+s—b=0

Aty +c=0
s;y; =T <+——— Same 7 for every pair

s,y > 0

Same optimality conditions for a “smoothed” version of our problem

Duality gap
sty=0b—Ax) y=b'z—2' Aly=>bly+cx

25



Newton’s method for smoothed optimality conditions

Smoothed optimality conditions

h(y,z,s) =

Linear system

0 A I
AT 0 0
S 0 Y

Ar+s—b

Aly+c | =0

Ay
Ax
As

_SYl - 71

s,y >0

_—SY + 71

Line search to enforce s,y > 0
(y7 aj? S) % (y7 x? S) _I_ (X(Ay7 AQE, AS)

20



The path parameter

Linear system

Duality measure 0 A 11T Ay i —r, i
- sTy (average value of AT o0 ol |Azl = —r
"7 " the pairs s;y;) S 0 Y| [As —=SY1+opul
Centering parameter =0 = Newton step
o € [0,1] c=1 = Centering step towards (y*(u), x* (1), s* (1))

Line search to enforce s,y > 0
(:U,Q?,S) % (y7aj78) _l_ (X(Ay,AQE,AS) o



The central path

S2Y2a ,

S1Y1



Primal-dual path-following
method




Path-following algorithm idea

Newton step .

-y

~Centering step. "}

o=1

|

’I

o =0

Combined step

Centering step
It brings towards the central path

and Is usually biased towards s,y > 0.
No progress on duality measure u

Newton step

It brings towards the zero duality
measure ;.. Quickly violates s,y > 0.

Combined step
Best of both worlds with longer

steps 30



Primal-dual path-following algorithm

Initialization

1. Given (CC(), S0 y()) such that sg, yg > 0

Iterations

1. Choose o € |0, 1]

2. Solve

0 A I
AT 0 0
S 0 Y

—SY1+oul

where 1 = st y/m

3. Find maximum « such that y + aAy > 0 and s + aAs > 0

4. Update (y,x,s) < (y,z,s) + a(Ay, Az, As)
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Working towards optimality conditions

Optimality conditions satisfied only at convergence

Primal residual Stopping criteria
r,=Ar+s—b—0 |7pl| < €pri

Dual residual
Td:ATy—I—c%O I7q]] < €dua

Complementary slackness
T
sty — 0 S™ Y < €gap
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Logarithmic barrier functions



Smoothed optimality conditions

Optimality conditions

Ar +s—b=0

Aty+c=0
S;Y; =T <«——— Same 7 for every pair

s,y > 0

Same optimality conditions for a “smoothed” version of our problem

Do solutions actually exist?

What do they represent?

34



Logarithmic barrier

—7 > i1 10g(si)

1.0

ondomain s; > 0

As 7 — O It approximates

5207 ) o otherwise
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Smoothed problem

minimize ¢’z

subjectto Ar+s=6 —
s >0

minimize ¢’z P(s) = clax — TS:Z , log(s;)
subjectto Az +s=5b

Lagrangian function

L(z,s,y)=c' z—1 Z log(s;) +vy* (Az + s — b)
i=1

0L
oz

oL 1

887; S;

= Aty+c=0
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Analytic

Central path Center 1000
T — OO
minimize ¢’z — 7> " log(s;)
subjectto Az +s=50 |
Set of points (z*(7), s*(7),y* (7))
with 7 > 0 such that
Ar+s5s—-0=0 1/5
Aty +c=0
SiYi = T
s,y > 0
Main idea 1/100
T 37
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Interior-point methods for linear optimization

Today, we learned to:
 Apply Newton’s method to solve optimality conditions
* Follow the central path and the smoothed optimality conditions

 Use logarithmic barrier functions to interpret central path steps
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Next lecture

* Practical interior-point method (Mehrotra predictor-corrector algorithm)
* |mplementation detalls

* |nterior-point vs simples
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