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13. Duality



Ed Forum

• For phase 1 vs phase 2, I understand it finds an extreme point that is not 
necessarily the optimal but I do not understand how it gets this point by 
setting x = 0 and y = b.


• how does the simplex method's approach to handling degeneracy and 
cycling impact its efficiency and reliability in practical applications, such as 
logistics or resource allocation? Are there examples where alternative 
methods might be more effective due to these issues?

2



Complexity



Complexity of a single simplex iteration
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Linear system solutions
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Very similar linear 
systems
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Basis matrix change
Matrix inversion lemma

(from homework 2)
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Complexity of the simplex method

Innocent-looking problem
TPUPTPaL −xn
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Average simplex complexity

12

TPUPTPaL cTx

Z\IQLJ[ [V Ax ≤ b

<latexit sha1_base64="hJj3d/2ECf+B6WfaOW7Np3i190c="></latexit>

Random LPs n ]HYPHISLZ
3n JVUZ[YHPU[Z

<latexit sha1_base64="+nS7JmuToPpj9rlcXAODMeG/wvc="></latexit>

0 250 500 750 1000
n

0

2000

4000

6000

8000

N
um

be
r

of
it
er

at
io

ns
Iterations n

0 250 500 750 1000
n

0

20

40

60

80

T
im

e
[s

]

Time n3

Cubic polynomial

Square polynomial



Recap



Linear optimization formulations
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x ≥ 0
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Today’s agenda

• Obtaining lower bounds


• The dual problem


• Weak and strong duality
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Obtaining lower bounds
A more interesting example
TPUPTPaL x1 + 3x2

Z\IQLJ[ [V x1 + x2 ≥ 2

x2 ≥ 1

x1 − x2 ≥ 3
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Obtaining lower bounds
A more interesting example — Best lower bound

TH_PTPaL 2y1 + y2 + 3y3
Z\IQLJ[ [V y1 + y3 = 1

y1 + y2 − y3 = 3

y1, y2, y3 ≥ 0

<latexit sha1_base64="D0IjjTXvqdJMH/UejfvBzuM+IoU="></latexit>

We can obtain the best lower bound by solving the following problem
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We can obtain the best lower bound by solving the following problem

This linear optimization problem is called the dual problem
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Z\IQLJ[ [V Ax = b

x ≥ 0
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Lower bound
g(y) ≤ cTx⋆ + yT (Ax⋆ − b) = cTx⋆
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What if you find an LP with inequalities?
TPUPTPaL cTx

Z\IQLJ[ [V Ax ≤ b

<latexit sha1_base64="O/o5C8wag7/JrHDTOb0VItDVYsE="></latexit>



Dual of inequality form LP

25

What if you find an LP with inequalities?
TPUPTPaL cTx

Z\IQLJ[ [V Ax ≤ b

<latexit sha1_base64="O/o5C8wag7/JrHDTOb0VItDVYsE="></latexit>

1. We could first transform it to standard form 



Dual of inequality form LP

25

What if you find an LP with inequalities?
TPUPTPaL cTx

Z\IQLJ[ [V Ax ≤ b

<latexit sha1_base64="O/o5C8wag7/JrHDTOb0VItDVYsE="></latexit>

1. We could first transform it to standard form 
2. We can compute the dual function (same procedure as before)

Relax the constraint
g(y) = TPUPTPaL

x
cTx+ yT (Ax− b)

<latexit sha1_base64="pzelOYzotyCmjkxBhnZGXJ0lCo8="></latexit>



Dual of inequality form LP

25

What if you find an LP with inequalities?
TPUPTPaL cTx

Z\IQLJ[ [V Ax ≤ b

<latexit sha1_base64="O/o5C8wag7/JrHDTOb0VItDVYsE="></latexit>

1. We could first transform it to standard form 
2. We can compute the dual function (same procedure as before)

Relax the constraint
g(y) = TPUPTPaL

x
cTx+ yT (Ax− b)

<latexit sha1_base64="pzelOYzotyCmjkxBhnZGXJ0lCo8="></latexit>

Lower bound
g(y) ≤ cTx⋆ + yT (Ax⋆ − b) ≤ cTx⋆

<latexit sha1_base64="cjBTr2QiiRDVIVgJkrCi+nUs9SI="></latexit>

^L T\Z[ OH]L y � 0

<latexit sha1_base64="a/MoWse2mEu3z+sxkJkybBdMauA="></latexit>

P
-



Dual of LP with inequalities
Derivation

26

Dual function
<latexit sha1_base64="d0G5tccGrE1ZboW9kWFDMxj5B0Y="></latexit>

g(y) = TPUPTPaL
x

�
cTx+ yT (Ax� b)

�

= �bT y +TPUPTPaL
x

�
c+AT y

�T
x



Dual of LP with inequalities
Derivation

26

Dual function

g(y) =

(
�bT y PM c+AT y = 0

�1 V[OLY^PZL

<latexit sha1_base64="ZTDqFa7IDwUREYQqNOfKq+b5juA="></latexit>

�HUK y � 0�

<latexit sha1_base64="HlNkCCFINR+YNUV+10zYboP2CNU="></latexit>

<latexit sha1_base64="d0G5tccGrE1ZboW9kWFDMxj5B0Y="></latexit>

g(y) = TPUPTPaL
x

�
cTx+ yT (Ax� b)

�

= �bT y +TPUPTPaL
x

�
c+AT y

�T
x



Dual of LP with inequalities
Derivation

26

Dual function

Dual problem (find the best bound)
TH_PTPaL

y
g(y) = TH_PTPaL −bT y

Z\IQLJ[ [V AT y + c = 0

y ≥ 0

<latexit sha1_base64="N8lNc9vk2lRChx8rEpWkPHpVjeE="></latexit>

g(y) =

(
�bT y PM c+AT y = 0

�1 V[OLY^PZL

<latexit sha1_base64="ZTDqFa7IDwUREYQqNOfKq+b5juA="></latexit>

�HUK y � 0�

<latexit sha1_base64="HlNkCCFINR+YNUV+10zYboP2CNU="></latexit>

<latexit sha1_base64="d0G5tccGrE1ZboW9kWFDMxj5B0Y="></latexit>

g(y) = TPUPTPaL
x

�
cTx+ yT (Ax� b)

�

= �bT y +TPUPTPaL
x

�
c+AT y

�T
x



General forms
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DualPrimal
TPUPTPaL cTx

Z\IQLJ[ [V Ax = b

x ≥ 0

<latexit sha1_base64="HPMbYtzn0EM0OJtYXiUwEiG72Zc="></latexit>

TH_PTPaL −bT y

Z\IQLJ[ [V AT y + c ≥ 0

<latexit sha1_base64="AuCv/vET+aXjAnRcVrvP9bEk49I="></latexit>

Standard form LP

Primal Inequality form LP Dual
TPUPTPaL cTx

Z\IQLJ[ [V Ax ≤ b

<latexit sha1_base64="4SLIyybDLsW4EisEGAZzVa/nhY8="></latexit>

TH_PTPaL −bT y

Z\IQLJ[ [V AT y + c = 0

y ≥ 0

<latexit sha1_base64="oaj5YVrar4QqelpzNtZl3ufiwOM="></latexit>



General forms
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DualPrimal
TPUPTPaL cTx

Z\IQLJ[ [V Ax = b

x ≥ 0

<latexit sha1_base64="HPMbYtzn0EM0OJtYXiUwEiG72Zc="></latexit>

TH_PTPaL −bT y

Z\IQLJ[ [V AT y + c ≥ 0

<latexit sha1_base64="AuCv/vET+aXjAnRcVrvP9bEk49I="></latexit>

Standard form LP

Primal Inequality form LP Dual
TPUPTPaL cTx

Z\IQLJ[ [V Ax ≤ b

<latexit sha1_base64="4SLIyybDLsW4EisEGAZzVa/nhY8="></latexit>

TH_PTPaL −bT y

Z\IQLJ[ [V AT y + c = 0

y ≥ 0

<latexit sha1_base64="oaj5YVrar4QqelpzNtZl3ufiwOM="></latexit>

Primal Dual
LP with inequalities and equalities

TPUPTPaL cTx

Z\IQLJ[ [V Ax ≤ b

Cx = d

<latexit sha1_base64="MuCD1qJ4w/yzWwTyp1TUlRCOQIs="></latexit>

TH_PTPaL −bT y − dT z

Z\IQLJ[ [V AT y + CT z + c = 0

y ≥ 0

<latexit sha1_base64="m8OhQ66YroxkUuTKv2mlMffgE6o="></latexit>

cy)

(z)



Example from before

28

TPUPTPaL x1 + 3x2

Z\IQLJ[ [V x1 + x2 ≥ 2

x2 ≥ 1

x1 − x2 ≥ 3

<latexit sha1_base64="tFYXbkwVHLgaAHWE/DRk1TdXTqE="></latexit>
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Z\IQLJ[ [V x1 + x2 ≥ 2

x2 ≥ 1

x1 − x2 ≥ 3

<latexit sha1_base64="tFYXbkwVHLgaAHWE/DRk1TdXTqE="></latexit>

Inequality form LP
TPUPTPaL cTx

Z\IQLJ[ [V Ax ≤ b

<latexit sha1_base64="4SLIyybDLsW4EisEGAZzVa/nhY8="></latexit>

c = (1, 3)

A =

2

64
�1 �1

0 �1

�1 1

3

75

b = (�2,�1,�3)

<latexit sha1_base64="KliOr8hLubxtiTpWCMGWtbRAsDI="></latexit>
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x2 ≥ 1

x1 − x2 ≥ 3

<latexit sha1_base64="tFYXbkwVHLgaAHWE/DRk1TdXTqE="></latexit>

Dual
TH_PTPaL −bT y

Z\IQLJ[ [V AT y + c = 0

y ≥ 0

<latexit sha1_base64="oaj5YVrar4QqelpzNtZl3ufiwOM="></latexit>
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Z\IQLJ[ [V Ax ≤ b

<latexit sha1_base64="4SLIyybDLsW4EisEGAZzVa/nhY8="></latexit>

c = (1, 3)

A =

2

64
�1 �1

0 �1

�1 1

3

75

b = (�2,�1,�3)

<latexit sha1_base64="KliOr8hLubxtiTpWCMGWtbRAsDI="></latexit>
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28

TPUPTPaL x1 + 3x2

Z\IQLJ[ [V x1 + x2 ≥ 2

x2 ≥ 1

x1 − x2 ≥ 3

<latexit sha1_base64="tFYXbkwVHLgaAHWE/DRk1TdXTqE="></latexit>

Dual
TH_PTPaL −bT y

Z\IQLJ[ [V AT y + c = 0

y ≥ 0

<latexit sha1_base64="oaj5YVrar4QqelpzNtZl3ufiwOM="></latexit>

Inequality form LP
TPUPTPaL cTx

Z\IQLJ[ [V Ax ≤ b

<latexit sha1_base64="4SLIyybDLsW4EisEGAZzVa/nhY8="></latexit>

c = (1, 3)

A =

2

64
�1 �1

0 �1

�1 1

3

75

b = (�2,�1,�3)

<latexit sha1_base64="KliOr8hLubxtiTpWCMGWtbRAsDI="></latexit>

TH_PTPaL 2y1 + y2 + 3y3
Z\IQLJ[ [V −y1 − y3 = −1

−y1 − y2 + y3 = −3

y1, y2, y3 ≥ 0

<latexit sha1_base64="ASl3K3x/bAA5czcD6wGQVNHRx3o="></latexit>



To memorize

29

Ways to get the dual
• Derive dual function directly

• Transform the problem in inequality form LP and dualize

Sanity-checks and signs convention
<latexit sha1_base64="o4Jh8QGndHbRLD0JV9nNr31Jsag="></latexit>

࠮ *VUZPKLY JVUZ[YHPU[Z HZ Ax� b  0 VY Ax� b = 0 �UV[ � 0�
࠮ ,HJO K\HS ]HYPHISL PZ HZZVJPH[LK [V H WYPTHS JVUZ[YHPU[
࠮ y MYLL MVY WYPTHS LX\HSP[PLZ HUK y � 0 MVY WYPTHS PULX\HSP[PLZ



Dual of the dual

30

Theorem
If we transform the primal into its dual and then transform the dual to its dual, we 
obtain a problem equivalent to the original problem. In other words, the dual of 
the dual is the primal.



Dual of the dual

30

Theorem
If we transform the primal into its dual and then transform the dual to its dual, we 
obtain a problem equivalent to the original problem. In other words, the dual of 
the dual is the primal.

Primal Dual

Exercise 
Derive dual and dualize again

TPUPTPaL cTx

Z\IQLJ[ [V Ax ≤ b

Cx = d

<latexit sha1_base64="MuCD1qJ4w/yzWwTyp1TUlRCOQIs="></latexit>

TH_PTPaL −bT y − dT z

Z\IQLJ[ [V AT y + CT z + c = 0

y ≥ 0

<latexit sha1_base64="m8OhQ66YroxkUuTKv2mlMffgE6o="></latexit>

-

-



Dual of the dual

30

Theorem
If we transform the primal into its dual and then transform the dual to its dual, we 
obtain a problem equivalent to the original problem. In other words, the dual of 
the dual is the primal.

Theorem
If we transform a linear optimization problem to another form (inequality 
form, standard form, inequality and equality form), the dual of the two 
problems will be equivalent.

Primal Dual

Exercise 
Derive dual and dualize again

TPUPTPaL cTx

Z\IQLJ[ [V Ax ≤ b

Cx = d

<latexit sha1_base64="MuCD1qJ4w/yzWwTyp1TUlRCOQIs="></latexit>

TH_PTPaL −bT y − dT z

Z\IQLJ[ [V AT y + CT z + c = 0

y ≥ 0

<latexit sha1_base64="m8OhQ66YroxkUuTKv2mlMffgE6o="></latexit>



Weak and strong duality



Optimal objective values

32

Primal Dual
TPUPTPaL cTx

Z\IQLJ[ [V Ax ≤ b

<latexit sha1_base64="4SLIyybDLsW4EisEGAZzVa/nhY8="></latexit>

TH_PTPaL −bT y

Z\IQLJ[ [V AT y + c = 0

y ≥ 0

<latexit sha1_base64="oaj5YVrar4QqelpzNtZl3ufiwOM="></latexit>

p? PZ [OL WYPTHS VW[PTHS ]HS\L

<latexit sha1_base64="TXrK1G29fTKJzr82IEqZca+P75M="></latexit>

d? PZ [OL K\HS VW[PTHS ]HS\L

<latexit sha1_base64="XDOywE7hqz2G64ME9p2Yp9gV5wg="></latexit>

7YPTHS PUMLHZPISL! p? = +1
7YPTHS \UIV\UKLK! p? = �1

<latexit sha1_base64="BDsDEKO4Vhf0wm1vEEqgpCMkzGY="></latexit>

+\HS PUMLHZPISL! d? = �1
+\HS \UIV\UKLK! d? = +1

<latexit sha1_base64="S1jM2jtLe9z9zk9jo4djbTpPaGY="></latexit>



Weak duality

33

Theorem

−bT y ≤ cTx

<latexit sha1_base64="dvww1Fkpv8FHLo4kOGV79G+shos="></latexit>

0M x, y ZH[PZM`!
࠮ x PZ H MLHZPISL ZVS\[PVU [V [OL WYPTHS WYVISLT
࠮ y PZ H MLHZPISL ZVS\[PVU [V [OL K\HS WYVISLT

<latexit sha1_base64="pIsS7swAWA9/Gmftuz/bz1RIWEo="></latexit>



Weak duality

33

Theorem

−bT y ≤ cTx

<latexit sha1_base64="dvww1Fkpv8FHLo4kOGV79G+shos="></latexit>

Proof
>L RUV^ [OH[ Ax  b� AT y + c = 0 HUK y � 0� ;OLYLMVYL�

<latexit sha1_base64="xwEey0etSqGluPNL09iwyNYmnj0="></latexit>

0 ≤ yT (b−Ax) = bT y − yTAx = cTx+ bT y

<latexit sha1_base64="ysV00ZKG1sNIlO0AOqGMzEXjNqI="></latexit>

0M x, y ZH[PZM`!
࠮ x PZ H MLHZPISL ZVS\[PVU [V [OL WYPTHS WYVISLT
࠮ y PZ H MLHZPISL ZVS\[PVU [V [OL K\HS WYVISLT

<latexit sha1_base64="pIsS7swAWA9/Gmftuz/bz1RIWEo="></latexit>
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-

W- -
&O 20 =C



Weak duality

33

Theorem

−bT y ≤ cTx

<latexit sha1_base64="dvww1Fkpv8FHLo4kOGV79G+shos="></latexit>

Proof
>L RUV^ [OH[ Ax  b� AT y + c = 0 HUK y � 0� ;OLYLMVYL�

<latexit sha1_base64="xwEey0etSqGluPNL09iwyNYmnj0="></latexit>

0 ≤ yT (b−Ax) = bT y − yTAx = cTx+ bT y

<latexit sha1_base64="ysV00ZKG1sNIlO0AOqGMzEXjNqI="></latexit>

Remark
࠮ (U` K\HS MLHZPISL y NP]LZ H SV^LY IV\UK VU [OL WYPTHS VW[PTHS ]HS\L
࠮ (U` WYPTHS MLHZPISL x NP]LZ HU \WWLY IV\UK VU [OL K\HS VW[PTHS ]HS\L
࠮ cTx+ bT y PZ [OL K\HSP[` NHW

<latexit sha1_base64="tVd+d/r4wNYPUED63xN4x8mfHLw="></latexit>

0M x, y ZH[PZM`!
࠮ x PZ H MLHZPISL ZVS\[PVU [V [OL WYPTHS WYVISLT
࠮ y PZ H MLHZPISL ZVS\[PVU [V [OL K\HS WYVISLT

<latexit sha1_base64="pIsS7swAWA9/Gmftuz/bz1RIWEo="></latexit>



Weak duality

34

Corollaries

Unboundedness vs feasibility
࠮ 7YPTHS \UIV\UKLK �p? = �1� ) K\HS PUMLHZPISL �d? = �1�
࠮ +\HS \UIV\UKLK �d? = +1� ) WYPTHS PUMLHZPISL �p? = +1�

<latexit sha1_base64="GqKMHFNvSmE2l2tvaajvDHa5OsE="></latexit>



Weak duality

34

Corollaries

Unboundedness vs feasibility
࠮ 7YPTHS \UIV\UKLK �p? = �1� ) K\HS PUMLHZPISL �d? = �1�
࠮ +\HS \UIV\UKLK �d? = +1� ) WYPTHS PUMLHZPISL �p? = +1�

<latexit sha1_base64="GqKMHFNvSmE2l2tvaajvDHa5OsE="></latexit>

Optimality condition

;OLU x HUK y HYL VW[PTHS ZVS\[PVUZ [V [OL WYPTHS HUK K\HS WYVISLT YLZWLJ[P]LS`

<latexit sha1_base64="82kL+63gEVzxSDlCRpiXRZDLjJ8="></latexit>

0M x, y ZH[PZM`!
࠮ x PZ H MLHZPISL ZVS\[PVU [V [OL WYPTHS WYVISLT
࠮ y PZ H MLHZPISL ZVS\[PVU [V [OL K\HS WYVISLT
࠮ ;OL K\HSP[` NHW PZ aLYV� P�L�� cTx+ bT y = 0

<latexit sha1_base64="HARHS9ocTy4iPtwZEp2aG8sZfcI="></latexit>



Strong duality

35

Theorem
0M H SPULHY VW[PTPaH[PVU WYVISLT OHZ HU VW[PTHS ZVS\[PVU� ZV KVLZ P[Z K\HS� HUK
[OL VW[PTHS ]HS\L VM WYPTHS HUK K\HS HYL LX\HS

<latexit sha1_base64="oWbeWUu2rS0eB6bkL80iJQORq/s="></latexit>

d⋆ = p⋆

<latexit sha1_base64="rhnP4KMn58uw0WtdEhbWlaNcyEE="></latexit>



Strong duality

36

Constructive proof
.P]LU H WYPTHS VW[PTHS ZVS\[PVU x? ^L ^PSS JVUZ[Y\J[ H K\HS VW[PTHS ZVS\[PVU y?

<latexit sha1_base64="IUpuSptYR0JaqyXSJmburjVNAzg="></latexit>



Strong duality

36

Constructive proof
.P]LU H WYPTHS VW[PTHS ZVS\[PVU x? ^L ^PSS JVUZ[Y\J[ H K\HS VW[PTHS ZVS\[PVU y?

<latexit sha1_base64="IUpuSptYR0JaqyXSJmburjVNAzg="></latexit>

TPUPTPaL cTx

Z\IQLJ[ [V Ax = b

x ≥ 0

<latexit sha1_base64="HPMbYtzn0EM0OJtYXiUwEiG72Zc="></latexit>

Apply simplex to problem in standard form
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Constructive proof
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<latexit sha1_base64="IUpuSptYR0JaqyXSJmburjVNAzg="></latexit>

TPUPTPaL cTx

Z\IQLJ[ [V Ax = b

x ≥ 0

<latexit sha1_base64="HPMbYtzn0EM0OJtYXiUwEiG72Zc="></latexit>

Apply simplex to problem in standard form
<latexit sha1_base64="gDjc1E3ol/5omsoaB+hZPKl1oxU="></latexit>

࠮ VW[PTHS IHZPZ B
࠮ VW[PTHS ZVS\[PVU x? ^P[O ABx?

B = b
࠮ YLK\JLK JVZ[Z c̄ = c�ATA�T

B cB � 0



Strong duality

36

Constructive proof
.P]LU H WYPTHS VW[PTHS ZVS\[PVU x? ^L ^PSS JVUZ[Y\J[ H K\HS VW[PTHS ZVS\[PVU y?

<latexit sha1_base64="IUpuSptYR0JaqyXSJmburjVNAzg="></latexit>

TPUPTPaL cTx

Z\IQLJ[ [V Ax = b

x ≥ 0

<latexit sha1_base64="HPMbYtzn0EM0OJtYXiUwEiG72Zc="></latexit>

Apply simplex to problem in standard form
<latexit sha1_base64="gDjc1E3ol/5omsoaB+hZPKl1oxU="></latexit>

࠮ VW[PTHS IHZPZ B
࠮ VW[PTHS ZVS\[PVU x? ^P[O ABx?

B = b
࠮ YLK\JLK JVZ[Z c̄ = c�ATA�T

B cB � 0

<latexit sha1_base64="JeRHFmghZU9ASdTpiYQ+snFNP6o="></latexit>

+LÄUL y? Z\JO [OH[ y? = �A�T
B cB � ;OLYLMVYL� AT y? + c � 0 �y? K\HS MLHZPISL��

Ag*= - < =) Y : -P



Strong duality

36

Constructive proof
.P]LU H WYPTHS VW[PTHS ZVS\[PVU x? ^L ^PSS JVUZ[Y\J[ H K\HS VW[PTHS ZVS\[PVU y?

<latexit sha1_base64="IUpuSptYR0JaqyXSJmburjVNAzg="></latexit>

TPUPTPaL cTx

Z\IQLJ[ [V Ax = b

x ≥ 0

<latexit sha1_base64="HPMbYtzn0EM0OJtYXiUwEiG72Zc="></latexit>

Apply simplex to problem in standard form
<latexit sha1_base64="gDjc1E3ol/5omsoaB+hZPKl1oxU="></latexit>
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<latexit sha1_base64="JeRHFmghZU9ASdTpiYQ+snFNP6o="></latexit>

+LÄUL y? Z\JO [OH[ y? = �A�T
B cB � ;OLYLMVYL� AT y? + c � 0 �y? K\HS MLHZPISL��

<latexit sha1_base64="HWlCvUzvWQ6YMQJr0BOSYuARyGM="></latexit>

−bT y⋆ = −bT (−A−T
B cB) = cTB(A

−1
B b) = cTBx

⋆
B = cTx⋆

x
*
=Al"b
-

z



Strong duality

36

Constructive proof
.P]LU H WYPTHS VW[PTHS ZVS\[PVU x? ^L ^PSS JVUZ[Y\J[ H K\HS VW[PTHS ZVS\[PVU y?

<latexit sha1_base64="IUpuSptYR0JaqyXSJmburjVNAzg="></latexit>

TPUPTPaL cTx

Z\IQLJ[ [V Ax = b

x ≥ 0

<latexit sha1_base64="HPMbYtzn0EM0OJtYXiUwEiG72Zc="></latexit>

Apply simplex to problem in standard form
<latexit sha1_base64="gDjc1E3ol/5omsoaB+hZPKl1oxU="></latexit>

࠮ VW[PTHS IHZPZ B
࠮ VW[PTHS ZVS\[PVU x? ^P[O ABx?

B = b
࠮ YLK\JLK JVZ[Z c̄ = c�ATA�T

B cB � 0

)` ^LHR K\HSP[` [OLVYLT JVYVSSHY �̀ y? PZ HU VW[PTHS ZVS\[PVU VM [OL K\HS�
;OLYLMVYL� d? = p?�

<latexit sha1_base64="j6mIa7/4zMs7qp/2XXjO1cPUq3E="></latexit>

<latexit sha1_base64="JeRHFmghZU9ASdTpiYQ+snFNP6o="></latexit>

+LÄUL y? Z\JO [OH[ y? = �A�T
B cB � ;OLYLMVYL� AT y? + c � 0 �y? K\HS MLHZPISL��

<latexit sha1_base64="HWlCvUzvWQ6YMQJr0BOSYuARyGM="></latexit>

−bT y⋆ = −bT (−A−T
B cB) = cTB(A

−1
B b) = cTBx

⋆
B = cTx⋆



Exception to strong duality

37

Primal Dual

TPUPTPaL x

Z\IQLJ[ [V 0 · x ≤ −1

<latexit sha1_base64="K4ZyPt6cdY5S30G3yQl1M68wvHw="></latexit>

TH_PTPaL y

Z\IQLJ[ [V 0 · y + 1 = 0

y ≥ 0

<latexit sha1_base64="peUWeOTIwm/PY6SzEEdBI2okwxc="></latexit>

6W[PTHS ]HS\L PZ p? = +1

<latexit sha1_base64="wa+phOrI4Rh5qL/JgRrQguFNbrI="></latexit>

6W[PTHS ]HS\L PZ d? = �1

<latexit sha1_base64="eJYeIU3DOHCaEODuT8NttogEptI="></latexit>
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Primal Dual

TPUPTPaL x
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<latexit sha1_base64="K4ZyPt6cdY5S30G3yQl1M68wvHw="></latexit>

TH_PTPaL y

Z\IQLJ[ [V 0 · y + 1 = 0

y ≥ 0

<latexit sha1_base64="peUWeOTIwm/PY6SzEEdBI2okwxc="></latexit>

6W[PTHS ]HS\L PZ p? = +1

<latexit sha1_base64="wa+phOrI4Rh5qL/JgRrQguFNbrI="></latexit>

6W[PTHS ]HS\L PZ d? = �1

<latexit sha1_base64="eJYeIU3DOHCaEODuT8NttogEptI="></latexit>

Both primal and dual infeasible



Relationship between primal and dual

38

primal inf.

dual unb.

optimal values 
equal

exception primal unb.

dual inf

d? ÄUP[L

<latexit sha1_base64="1/wKDP4NEo6iVB2m5j9s4HMHfgw="></latexit>

d? = +1

<latexit sha1_base64="y/kOTV4vXgvsMy4DJ2J0Akvz9zE="></latexit>

d? = �1

<latexit sha1_base64="uHXKSKJUbz2X9DyYumDRvq5JM+k="></latexit>

p? = �1

<latexit sha1_base64="MvfLH0TzFqwK+AGySH+LwfWEzLY="></latexit>

p? = +1

<latexit sha1_base64="vbn6E8862eG8bLhgDSY69Xk8weE="></latexit>

p? ÄUP[L

<latexit sha1_base64="YxoPNuFL7J1jZsSJ6fSHhJ4tENk="></latexit>

࠮ <WWLY�YPNO[ L_JS\KLK I` ^LHR K\HSP[`
࠮ (1, 1) HUK (3, 3) WYV]LU I` ^LHR K\HSP[`
࠮ (3, 1) HUK (2, 2) WYV]LU I` Z[YVUN K\HSP[`

<latexit sha1_base64="fxbu7bae9Gze9yWcCYp+MKGCr98="></latexit>
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Production problem

40

TH_PTPaL x1 + 2x2

Z\IQLJ[ [V x1 ≤ 100

2x2 ≤ 200

x1 + x2 ≤ 150

x1, x2 ≥ 0
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Profits

Resources

Dualize
TPUPTPaL cTx

Z\IQLJ[ [V Ax ≤ b
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1. Transform in inequality form

c = (�1,�2)

A =

2

6666664

1 0

0 2

1 1

�1 0

0 �1

3

7777775

b = (100, 200, 150, 0, 0)

<latexit sha1_base64="dyaOqMkhq4TTcUBSAv6gVd8jcW4="></latexit>



Production problem

40

TH_PTPaL x1 + 2x2

Z\IQLJ[ [V x1 ≤ 100

2x2 ≤ 200

x1 + x2 ≤ 150

x1, x2 ≥ 0

<latexit sha1_base64="95TU8gz4302m/yIMj8PNLi24JT0="></latexit>

Profits

Resources

Dualize
TPUPTPaL cTx

Z\IQLJ[ [V Ax ≤ b

<latexit sha1_base64="uklLXqE0yLOcy+rGdip0h+nEQy4="></latexit>

1. Transform in inequality form

c = (�1,�2)

A =

2

6666664

1 0

0 2

1 1

�1 0

0 �1

3

7777775

b = (100, 200, 150, 0, 0)

<latexit sha1_base64="dyaOqMkhq4TTcUBSAv6gVd8jcW4="></latexit>

2. Derive dual
TH_PTPaL −bT y

Z\IQLJ[ [V AT y + c = 0

y ≥ 0
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The dual
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࠮ :LSS HSS `V\Y YLZV\YJLZ H[ H MHPY �TPUPT\T� WYPJL
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¶ 7YVK\J[ 1 �WYPJL 1� ULLKZ 1⇥ YLZV\YJL 1 HUK 3�! y1 + y3 � 1

¶ 7YVK\J[ 2 �WYPJL 2� ULLKZ 2⇥ YLZV\YJL 2 HUK 1⇥ YLZV\YJL 3�! 2y2 + y3 � 2
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Linear optimization duality

Today, we learned to:


• Dualize linear optimization problems


• Prove weak and strong duality conditions


• Interpret simple dual optimization problems
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Next lecture

More on duality:


• Game theory


• Complementary slackness


• Farkas lemma
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