
Bartolomeo Stellato — Spring 2023

ORF307 – Optimization
15. Sensitivity analysis



Ed Forum

• I was wondering what the word "certificate" and “tight” means


• When is a game not zero-sum?


• How does the minmax theorem apply when there is no optimal strategy/Nash 
Equilibrium for both players?
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Recap



Optimal objective values
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Primal Dual
TPUPTPaL cTx

Z\IQLJ[ [V Ax ≤ b

<latexit sha1_base64="4SLIyybDLsW4EisEGAZzVa/nhY8="></latexit>

TH_PTPaL −bT y

Z\IQLJ[ [V AT y + c = 0

y ≥ 0

<latexit sha1_base64="oaj5YVrar4QqelpzNtZl3ufiwOM="></latexit>

p? PZ [OL WYPTHS VW[PTHS ]HS\L

<latexit sha1_base64="TXrK1G29fTKJzr82IEqZca+P75M="></latexit>

d? PZ [OL K\HS VW[PTHS ]HS\L

<latexit sha1_base64="XDOywE7hqz2G64ME9p2Yp9gV5wg="></latexit>

7YPTHS PUMLHZPISL! p? = +1
7YPTHS \UIV\UKLK! p? = �1

<latexit sha1_base64="BDsDEKO4Vhf0wm1vEEqgpCMkzGY="></latexit>

+\HS PUMLHZPISL! d? = �1
+\HS \UIV\UKLK! d? = +1

<latexit sha1_base64="S1jM2jtLe9z9zk9jo4djbTpPaGY="></latexit>



Weak duality

5

Theorem

−bT y ≤ cTx

<latexit sha1_base64="dvww1Fkpv8FHLo4kOGV79G+shos="></latexit>

Proof
>L RUV^ [OH[ Ax  b� AT y + c = 0 HUK y � 0� ;OLYLMVYL�

<latexit sha1_base64="xwEey0etSqGluPNL09iwyNYmnj0="></latexit>

0 ≤ yT (b−Ax) = bT y − yTAx = cTx+ bT y

<latexit sha1_base64="ysV00ZKG1sNIlO0AOqGMzEXjNqI="></latexit>

Remark
࠮ (U` K\HS MLHZPISL y NP]LZ H SV^LY IV\UK VU [OL WYPTHS VW[PTHS ]HS\L
࠮ (U` WYPTHS MLHZPISL x NP]LZ HU \WWLY IV\UK VU [OL K\HS VW[PTHS ]HS\L
࠮ cTx+ bT y PZ [OL K\HSP[` NHW

<latexit sha1_base64="tVd+d/r4wNYPUED63xN4x8mfHLw="></latexit>

0M x, y ZH[PZM`!
࠮ x PZ H MLHZPISL ZVS\[PVU [V [OL WYPTHS WYVISLT
࠮ y PZ H MLHZPISL ZVS\[PVU [V [OL K\HS WYVISLT

<latexit sha1_base64="pIsS7swAWA9/Gmftuz/bz1RIWEo="></latexit>



Strong duality
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Theorem
0M H SPULHY VW[PTPaH[PVU WYVISLT OHZ HU VW[PTHS ZVS\[PVU� ZV KVLZ P[Z K\HS� HUK
[OL VW[PTHS ]HS\L VM WYPTHS HUK K\HS HYL LX\HS

<latexit sha1_base64="oWbeWUu2rS0eB6bkL80iJQORq/s="></latexit>

d! = p!

<latexit sha1_base64="rhnP4KMn58uw0WtdEhbWlaNcyEE="></latexit>



Minmax theorem
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Theorem
max
y∈Pn

min
x∈Pm

xTAy = min
x∈Pm

max
y∈Pn

xTAy

<latexit sha1_base64="TrdN/eyPs8QS2WyReHI4zQshuTQ="></latexit>

Proof

TPUPTPaL t

Z\IQLJ[ [V ATx ≤ t1

1Tx = 1

x ≥ 0

<latexit sha1_base64="ap3pXy0lazketRQSdY8Z7NYhGhg="></latexit>

;OL VW[PTHS x? PZ [OL ZVS\[PVU VM

<latexit sha1_base64="Wcvrguxd7L16sr54p4yuzYS0qjc="></latexit>

TH_PTPaL w

Z\IQLJ[ [V Ay ≥ w1

1T y = 1

y ≥ 0

<latexit sha1_base64="t74TMo3TOfrfhS5RubsMLSMSBKg="></latexit>

;OL VW[PTHS y? PZ [OL ZVS\[PVU VM

<latexit sha1_base64="ex213HzUzCLOZroZiebeTIMrDqM="></latexit>

The two LPs are duals and by strong duality the equality follows.



Nash equilibrium
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Consequence
;OL WHPY VM TP_LK Z[YH[LNPLZ (x?, y?) H[[HPUZ [OL 5HZO LX\PSPIYP\T VM [OL [^V�
WLYZVU TH[YP_ NHTL� P�L��

<latexit sha1_base64="aWT5eLBZWXRxTmsuOXicK93B7kg="></latexit>

xTAy! ≥ x!TAy! ≥ x!TAy, ∀x ∈ Pm, ∀y ∈ Pn

<latexit sha1_base64="wGPo/kTVQ437yvvWlHLpgfPsiTA="></latexit>

Theorem
max
y∈Pn

min
x∈Pm

xTAy = min
x∈Pm

max
y∈Pn

xTAy

<latexit sha1_base64="TrdN/eyPs8QS2WyReHI4zQshuTQ="></latexit>



Lagrangian and duality
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Primal Dual
TPUPTPaL cTx

Z\IQLJ[ [V Ax ≤ b

<latexit sha1_base64="4SLIyybDLsW4EisEGAZzVa/nhY8="></latexit>

TH_PTPaL −bT y

Z\IQLJ[ [V AT y + c = 0

y ≥ 0

<latexit sha1_base64="oaj5YVrar4QqelpzNtZl3ufiwOM="></latexit>

Lagrangian
<latexit sha1_base64="lAqvM1P80QEAFn3zmcJt2al8J5M="></latexit>

L(x, y) = cTx+ yT (Ax� b)

Dual function
<latexit sha1_base64="c2Jy2XoG7OMiSmKTMVkYX2/Hi7M="></latexit>

g(y) = TPUPTPaL
x

�
cTx+ yT (Ax� b)

�

= �bT y +TPUPTPaL
x

�
c+AT y

�T
x

=

(
�bT y PM c+AT y = 0

�1 V[OLY^PZL

<latexit sha1_base64="QRVlOOEoRjpMVxCpKWz1I/EYzdA="></latexit>

rxL(x, y) = c+AT y = 0



Karush-Kuhn-Tucker conditions
Optimality conditions for linear optimization
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Primal Dual
TPUPTPaL cTx

Z\IQLJ[ [V Ax ≤ b

<latexit sha1_base64="4SLIyybDLsW4EisEGAZzVa/nhY8="></latexit>

TH_PTPaL −bT y

Z\IQLJ[ [V AT y + c = 0

y ≥ 0

<latexit sha1_base64="oaj5YVrar4QqelpzNtZl3ufiwOM="></latexit>

Primal feasibility
<latexit sha1_base64="XAdZSMhlhwHgrszBG2VPDb3VQWQ="></latexit>

Ax  b

Dual feasibility
<latexit sha1_base64="uDF5NoPQxc6/SHASmAdc/oBmXfg="></latexit>

rxL(x, y) = AT y + c = 0 HUK y � 0

Complementary slackness
<latexit sha1_base64="mN5/M4ulflYbyAIiEtZLNy1t6Rc="></latexit>

yi(Ax− b)i = 0, i = 1, . . . ,m



Karush-Kuhn-Tucker conditions
Solving linear optimization problems
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We can solve our optimization problem by solving a system of equations
<latexit sha1_base64="Cjs6/qZMxIQg3RA6MsVaKdfGOCo="></latexit>

rxL(x, y) = AT y + c = 0

b�Ax � 0

y � 0

yT (b�Ax) = 0

Primal Dual
TPUPTPaL cTx

Z\IQLJ[ [V Ax ≤ b

<latexit sha1_base64="4SLIyybDLsW4EisEGAZzVa/nhY8="></latexit>

TH_PTPaL −bT y

Z\IQLJ[ [V AT y + c = 0

y ≥ 0

<latexit sha1_base64="oaj5YVrar4QqelpzNtZl3ufiwOM="></latexit>



Today’s lecture
Sensitivity analysis and game theory

• Primal and dual simplex


• Adding variables and constraints


• Global sensitivity


• Local sensitivity
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Primal and dual simplex



Optimality conditions 
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x HUK y HYL WYPTHS HUK K\HS VW[PTHS PM HUK VUS` PM

<latexit sha1_base64="46P1slWE8taueH8oWO77BQBe+AI="></latexit>

࠮ x PZ WYPTHS MLHZPISL! Ax = b HUK x � 0

࠮ y PZ K\HS MLHZPISL! AT y + c � 0

࠮ ;OL K\HSP[` NHW PZ aLYV! cTx+ bT y = 0

<latexit sha1_base64="Bst+kjA607fglv59erz7Vdxf00E="></latexit>

Primal problem Dual problem
TPUPTPaL cTx

Z\IQLJ[ [V Ax = b

x ≥ 0

<latexit sha1_base64="HPMbYtzn0EM0OJtYXiUwEiG72Zc="></latexit>

TH_PTPaL −bT y

Z\IQLJ[ [V AT y + c ≥ 0

<latexit sha1_base64="AuCv/vET+aXjAnRcVrvP9bEk49I="></latexit>



Primal and dual basic feasible solutions
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Primal problem Dual problem
TPUPTPaL cTx

Z\IQLJ[ [V Ax = b

x ≥ 0

<latexit sha1_base64="HPMbYtzn0EM0OJtYXiUwEiG72Zc="></latexit>

TH_PTPaL −bT y

Z\IQLJ[ [V AT y + c ≥ 0

<latexit sha1_base64="AuCv/vET+aXjAnRcVrvP9bEk49I="></latexit>

.P]LU H IHZPZ TH[YP_ B

<latexit sha1_base64="+f3V2kLX3ZDfMvhkEx9iaVsPftc="></latexit>

Reduced costs

(by construction)

<latexit sha1_base64="hixKs+xsiFDx3/AoNpZUQVtOjs0="></latexit>

7YPTHS MLHZPISL! Ax = b, x � 0 ) xB = A�1
B b � 0

+\HS MLHZPISL! AT y + c � 0�

<latexit sha1_base64="fASwrJghDVp/slgMtLi8hUv9aaY="></latexit>

<latexit sha1_base64="RshxY3wBZ4TqA2Wjn66jLofckbg="></latexit>

:L[ y = �A�T
B cB � +\HS MLHZPISL PM c̄ = c+AT y � 0

<latexit sha1_base64="AQPxCHYP6uGDUi9m1noIGoa4AWw="></latexit>

ALYV K\HSP[` NHW! cTx+ bT y = cTBxB � bTA�T
B cB = cBxB � cTBA

�1
B b = 0



The primal (dual) simplex method
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Primal problem Dual problem
TPUPTPaL cTx

Z\IQLJ[ [V Ax = b

x ≥ 0

<latexit sha1_base64="HPMbYtzn0EM0OJtYXiUwEiG72Zc="></latexit>

TH_PTPaL −bT y

Z\IQLJ[ [V AT y + c ≥ 0

<latexit sha1_base64="AuCv/vET+aXjAnRcVrvP9bEk49I="></latexit>

Primal simplex

• Primal feasibility

• Zero duality gap

Dual feasibility

Dual simplex 
(solve dual instead)

• Dual feasibility

• Zero duality gap

Primal feasibility



Adding new constraints and 
variables



Adding new variables
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TPUPTPaL cTx

Z\IQLJ[ [V Ax = b

x ≥ 0

<latexit sha1_base64="HPMbYtzn0EM0OJtYXiUwEiG72Zc="></latexit>

TPUPTPaL cTx+ cn+1xn+1

Z\IQLJ[ [V Ax+An+1xn+1 = b

x, xn+1 � 0

<latexit sha1_base64="RzG62pB5EbGcgI0G5gR22zhmylU="></latexit>

:VS\[PVU x?, y?

<latexit sha1_base64="ALx/XKLFSX79bBi2eAend+v8+xk="></latexit>

<latexit sha1_base64="wZzxd7/Bp8+NP7BZVry8NdXAJlY="></latexit>

0Z [OL ZVS\[PVU (x?, 0), y? VW[PTHS MVY [OL UL^ WYVISLT&



Adding new variables
Optimality conditions
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TPUPTPaL cTx+ cn+1xn+1

Z\IQLJ[ [V Ax+An+1xn+1 = b

x, xn+1 � 0

<latexit sha1_base64="RzG62pB5EbGcgI0G5gR22zhmylU="></latexit>

:VS\[PVU (x?, 0) PZ Z[PSS WYPTHS MLHZPISL

<latexit sha1_base64="riy/Pp4wAikQWsTzGnJJwxrpMhY="></latexit>

0Z y? Z[PSS K\HS MLHZPISL&

<latexit sha1_base64="aIW9ks0+sV8wpbkMZue1U0Wv3qY="></latexit>

AT
n+1y

! + cn+1 ≥ 0

<latexit sha1_base64="G0QzW3nH2KI1Bti1gLRiIlSrAz4="></latexit>

Yes
(x?, 0) Z[PSS VW[PTHS MVY UL^ WYVISLT

<latexit sha1_base64="WKi7UAD5rar81cTo2pA+WyN2XCE="></latexit>

Otherwise
Primal simplex



Adding new variables
Example
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TPUPTPaL −60x1 − 30x2 − 20x3

Z\IQLJ[ [V 8x1 + 6x2 + x3 ≤ 48

4x1 + 2x2 + 1.5x3 ≤ 20

2x1 + 1.5x2 + 0.5x3 ≤ 8

x ≥ 0

<latexit sha1_base64="AwlEQSlXr9zdcH3sB+v4h/qIYhU="></latexit>

-profit
material
production
quality control

TPUPTPaL cTx

Z\IQLJ[ [V Ax = b

x ≥ 0

<latexit sha1_base64="exWKsXdGCX1Qfu3yNbHGzeW4fdU="></latexit>

c = (�60,�30,�20, 0, 0, 0)

A =

2

64
8 6 1 1 0 0

4 2 1.5 0 1 0

2 1.5 0.5 0 0 1

3

75

b = (48, 20, 8)

<latexit sha1_base64="nb8EjmHuqyCI2FXf/o+cYitaWQ0="></latexit>

x? = (2, 0, 8, 24, 0, 0), y? = (0, 10, 10), cTx? = �280, IHZPZ {1, 3, 4}

<latexit sha1_base64="LH0IUqKGk23f79KLHOpqdIMV+FI="></latexit>



Adding new variables
Example: add new product?
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TPUPTPaL cTx+ cn+1xn+1

Z\IQLJ[ [V Ax+An+1xn+1 = b

x, xn+1 � 0

<latexit sha1_base64="RzG62pB5EbGcgI0G5gR22zhmylU="></latexit>

Previous solution
x? = (2, 0, 8, 24, 0, 0), y? = (0, 10, 10), cTx? = �280, IHZPZ {1, 3, 4}

<latexit sha1_base64="LH0IUqKGk23f79KLHOpqdIMV+FI="></latexit>

c = (�60,�30,�20, 0, 0, 0,�15)

A =

2

64
8 6 1 1 0 0 1

4 2 1.5 0 1 0 1

2 1.5 0.5 0 0 1 1

3

75

b = (48, 20, 8)

<latexit sha1_base64="OHdI2lFZ4Wbr8ZaNBEEUX/OAoSk="></latexit>

AT
n+1y

! + cn+1 =
[
1 1 1

]



0

10

10



− 15 = 5 ≥ 0

<latexit sha1_base64="8cMhSO1OYCpvQnSKnWTHog1sVsc="></latexit>

<latexit sha1_base64="lIa47KhLA4IYvCJDzN5JLCPS7uw="></latexit>

(x?, 0) PZ Z[PSS VW[PTHS

Shall we add a 
new product?



Adding new constraints
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TPUPTPaL cTx

Z\IQLJ[ [V Ax = b

x ≥ 0

<latexit sha1_base64="HPMbYtzn0EM0OJtYXiUwEiG72Zc="></latexit>

TPUPTPaL cTx

Z\IQLJ[ [V Ax = b

aTm+1x = bm+1

x ≥ 0

<latexit sha1_base64="ALDRFR269zIXpoJMo4yyOrIMD5E="></latexit>

:VS\[PVU x?, y?

<latexit sha1_base64="ALx/XKLFSX79bBi2eAend+v8+xk="></latexit>

TH_PTPaL −bT y

Z\IQLJ[ [V AT y + am+1ym+1 + c ≥ 0

<latexit sha1_base64="ZEzedihoh1StbNj++jDBYSFcl0E="></latexit>

Dual

<latexit sha1_base64="sL9aaS0tFGCKLq4mU6JwseJLFZI="></latexit>

0Z [OL ZVS\[PVU x?, (y?, 0) VW[PTHS MVY [OL UL^ WYVISLT&



Adding new constraints
Optimality conditions
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TH_PTPaL −bT y

Z\IQLJ[ [V AT y + am+1ym+1 + c ≥ 0

<latexit sha1_base64="ZEzedihoh1StbNj++jDBYSFcl0E="></latexit>

:VS\[PVU (y?, 0) PZ Z[PSS K\HS MLHZPISL

<latexit sha1_base64="/e9+F3FmQLhDJKbjplD+eUxkJOs="></latexit>

0Z x? Z[PSS WYPTHS MLHZPISL&

<latexit sha1_base64="wRuWNwE80TelGL+enEWWUxY+Abs="></latexit>

Ax = b

aTm+1x = bm+1

x ≥ 0

<latexit sha1_base64="XaDp0vtTB1QTGoCUhAYEqnAX5qg="></latexit>

Yes

x? Z[PSS VW[PTHS MVY UL^ WYVISLT

<latexit sha1_base64="iADxiSQCtN/Speo7rgfrQHnWBLY="></latexit>

Otherwise
Dual simplex



Adding new constraints
Example

x!

<latexit sha1_base64="+jDiYZ6ROT1P7S+wPmpE8k10UWU="></latexit>

Add new constraint

x!

<latexit sha1_base64="+jDiYZ6ROT1P7S+wPmpE8k10UWU="></latexit>

x? Z[PSS MLHZPISL

<latexit sha1_base64="HZ0bVvjBdRp6qIYLMn16RQyj+P0="></latexit>

x? PUMLHZPISL

<latexit sha1_base64="uMQZLVMNn4+7MSssha1YqKhuZgA="></latexit>

x!

<latexit sha1_base64="+jDiYZ6ROT1P7S+wPmpE8k10UWU="></latexit>



Global sensitivity analysis



Changes in problem data
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.VHS! L_[YHJ[ PUMVYTH[PVU MYVT x?, y? HIV\[ [OLPY ZLUZP[P]P[` ^P[O YLZWLJ[ [V
JOHUNLZ PU WYVISLT KH[H

<latexit sha1_base64="RdlIDuM0CyX90mOGyXQbdA+NRy8="></latexit>

6W[PTHS JVZ[ p?(u)

<latexit sha1_base64="BnecA8wxgMfaMyJ4OB2RAM1562s="></latexit>

Modified LP
TPUPTPaL cTx

Z\IQLJ[ [V Ax = b+ u

x ≥ 0

<latexit sha1_base64="EZdJ9+wVkD/5UceOzpPEXzMuziU="></latexit>



Global sensitivity
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Dual of modified LP

Global lower bound
.P]LU y? H K\HS VW[PTHS ZVS\[PVU MVY u = 0� [OLU

<latexit sha1_base64="oUX/mCQ1iXbYWTmGblUNqVo+jaQ="></latexit>

p?(u) � �(b+ u)T y?

= p?(0)� uT y?

<latexit sha1_base64="HeXnr+PleJv4aMG0bOIXgb4oZ9U="></latexit>

(from weak duality and  
dual feasibility)

0[ OVSKZ MVY HU` u

<latexit sha1_base64="pO45dFV4oTd5nsH+8kz95DO/TDs="></latexit>

TH_PTPaL −(b+ u)T y

Z\IQLJ[ [V AT y + c ≥ 0

<latexit sha1_base64="93Op7bnvmnHIy4uUa2lpaYU3juY="></latexit>



Global sensitivity
Example

28

;HRL u = td ^P[O d 2 Rm Ä_LK

<latexit sha1_base64="+F1tTKHeGsV43/FkHoMzr51KyMc="></latexit>

p?(td) PZ [OL VW[PTHS ]HS\L HZ H M\UJ[PVU VM t

<latexit sha1_base64="Umn2TSfLjkAn7ZebWgFKdly/6JM="></latexit>

p!(0)− tdT y!

<latexit sha1_base64="OryaIktJWNbEpHmwbjuCqpqlAZY="></latexit>

t

<latexit sha1_base64="i36ULjhz8kD6sYGmb2Pl2w2aIkM="></latexit>

p!(td)

<latexit sha1_base64="f+6wwktCT4p/bmHjKEr0LR9JtXg="></latexit>

:LUZP[P]P[` PUMVYTH[PVU �HZZ\TPUN dT y? � 0�

<latexit sha1_base64="9/xGD3WnsfEAtmpwIo6NMPGrjHs="></latexit>

࠮ t < 0 [OL VW[PTHS ]HS\L PUJYLHZLZ
࠮ t > 0 [OL VW[PTHS ]HS\L KLJYLHZLZ �UV[ ZV T\JO PM t PZ ZTHSS�

<latexit sha1_base64="RXm4cgCX8NaYmwUsDv1crvjjW9I="></latexit>

TPUPTPaL cTx

Z\IQLJ[ [V Ax = b+ td

x ≥ 0

<latexit sha1_base64="FV1ArJGSbuN3tHAJx1TsnI461E0="></latexit>



Optimal value function

29

(ZZ\TW[PVU! p?(0) PZ ÄUP[L

<latexit sha1_base64="ZtFLlBbkM40hO8nRdFuxQIKwuik="></latexit>

Properties

p!(u) = min{cTx | Ax = b+ u, x ≥ 0}

<latexit sha1_base64="tqGpNp3rFyZmyiN9F/kh25B9oAs="></latexit>

<latexit sha1_base64="MBBzr4W6J/qVWUzFRNtSvcn67Ok="></latexit>

࠮ p?(u) > �1 L]LY`^OLYL �MYVT NSVIHS SV^LY IV\UK�

࠮ p?(u) PZ WPLJL^PZL�SPULHY VU P[Z KVTHPU



Optimal value function is piecewise linear
Proof

30

(ZZ\TW[PVU! p?(0) PZ ÄUP[L

<latexit sha1_base64="ZtFLlBbkM40hO8nRdFuxQIKwuik="></latexit>

D = {y | AT y + c ≥ 0}

<latexit sha1_base64="DKdkZhG+nql+0QUG1DgNKQdjQEM="></latexit>

Dual feasible set

0M p?(u) ÄUP[L

<latexit sha1_base64="9sptrkDT3uQTOed4khggwQRrwEw="></latexit>

y1, . . . , yr HYL [OL L_[YLTL WVPU[Z VM D

<latexit sha1_base64="HSkPd8jJy13LpMbPrLkB/dm/QeI="></latexit>

<latexit sha1_base64="SYVR/Nj1EZn318H+Hy8nrkbTE/I="></latexit>

p!(u) = max
y∈D

−(b+ u)T y = max
k=1,...,r

−yTk u− bT yk

p!(u) = min{cTx | Ax = b+ u, x ≥ 0}

<latexit sha1_base64="tqGpNp3rFyZmyiN9F/kh25B9oAs="></latexit>



Local sensitivity analysis



Local sensitivity

32

Original LP
TPUPTPaL cTx

Z\IQLJ[ [V Ax = b

x ≥ 0

<latexit sha1_base64="37kDWxYzfWmwzJ8PCmqbpnkpSjM=">AAAD93icbVPLbhMxFHUbHiU82sKSjUXVCiE1momogAVSUTdhUVRQ01aqQ+VxbhJTP0a2J0ywRkj8Bgt2iC1fwIItP8AnsIUfwE4jlUnx6uqc+zz3OssFty5Jfi4sNi5dvnJ16Vrz+o2bt5ZXVm8fWF0YBl2mhTZHGbUguIKu407AUW6AykzAYXa6E/nDMRjLtdp3kxx6kg4VH3BGXYBOVnokgyFXnhpDJ5UXomoSmenSS6645O </latexit>

Optimal solution
u PU ULPNOIVYOVVK VM [OL VYPNPU

<latexit sha1_base64="7CM1i84FNeXha/qIDykPURoWX80="></latexit>

Modified LP
TPUPTPaL cTx

Z\IQLJ[ [V Ax = b+ u

x ≥ 0

<latexit sha1_base64="EZdJ9+wVkD/5UceOzpPEXzMuziU=">AAAD+3icbVNNbxMxEHUbPkr4auHIxaJqhUCNNhEVcEAq6iUcigpq2kp1qLzOZGPqj5XtDRusFRJ/gyM3xJUzRy78AX4EV7hip5HKpvg0eu/NeOZ5nOaCW5ckPxcWGxcuXrq8dKV59dr1GzeXV27tW10YBj2mhTaHKbUguIKe407AYW6AylTAQXqyHfmDMRjLtdpzkxz6kmaKDzmjLkDHy5SkkHHlqTF0UnkhqiaRqS695IpL/g </latexit>

TH_PTPaL −(b+ u)T y

Z\IQLJ[ [V AT y + c ≥ 0

<latexit sha1_base64="93Op7bnvmnHIy4uUa2lpaYU3juY="></latexit>

Modified dual
Optimal basis 

does not change

y?(u) = y?

<latexit sha1_base64="MzJ2LRtIy3XlGgkaGqDFGv9lDHA="></latexit>

Modified optimal solution
<latexit sha1_base64="fCFqIhqfkrInovhrsyqYFSlmyLM="></latexit>

x?
B(u) = A�1

B (b+ u) = x?
B +A�1

B u

Primal
<latexit sha1_base64="QXGFoMfMZqwG5CEHPHXz3apnl3k="></latexit>

y? = �A�T
B cBDual

<latexit sha1_base64="1JsiXzTmJ8umRDc46ZEwc6pls34="></latexit>

x?
i = 0, i /2 B

x?
B = A�1

B b



Derivative of the optimal value function
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Optimal value function

�HɉUL MVY ZTHSS u�

<latexit sha1_base64="ASuF2ygC/2FQ74bOt9AHCYnrNg8="></latexit>

<latexit sha1_base64="NVXTqDkIHXsmpfjoqyv1ONHEe2A="></latexit>

p?(u) = cTx?(u)

= cTx? + cTBA
�1
B u

= p?(0)� y?Tu

Local derivative
<latexit sha1_base64="1pxJxc5Ev1Nook/y+/JmgnOgXAM="></latexit>

rp?(u) = �y? �y? HYL [OL ZOHKV^ WYPJLZ�

<latexit sha1_base64="yjSmpJ0fAKrSR5Tff1d7j16qWqs="></latexit>

y?(u) = y?

<latexit sha1_base64="MzJ2LRtIy3XlGgkaGqDFGv9lDHA="></latexit>

Modified optimal solution
<latexit sha1_base64="fCFqIhqfkrInovhrsyqYFSlmyLM="></latexit>

x?
B(u) = A�1

B (b+ u) = x?
B +A�1

B u



Sensitivity example
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TPUPTPaL −60x1 − 30x2 − 20x3

Z\IQLJ[ [V 8x1 + 6x2 + x3 ≤ 48

4x1 + 2x2 + 1.5x3 ≤ 20

2x1 + 1.5x2 + 0.5x3 ≤ 8

x ≥ 0

<latexit sha1_base64="AwlEQSlXr9zdcH3sB+v4h/qIYhU="></latexit>

-profit
material
production
quality control

x? = (2, 0, 8, 24, 0, 0), y? = (0, 10, 10), cTx? = �280, IHZPZ {1, 3, 4}

<latexit sha1_base64="LH0IUqKGk23f79KLHOpqdIMV+FI="></latexit>

>OH[ KVLZ y?3 = 10 TLHU&

<latexit sha1_base64="QN3ayUlg9TSNmOEVOILc2u4tz48="></latexit>

3L[»Z PUJYLHZL [OL X\HSP[` JVU[YVS I\KNL[ I` 1� P�L�� u = (0, 0, 1)

<latexit sha1_base64="NXbjLl0DNL+SaRHGvkkZ33UlqS8="></latexit>

<latexit sha1_base64="dBCMzdGFut03Q0J2Gi29BEHQLoE="></latexit>

p!(u) = p!(0)− y!Tu = −280− 10 = −290



Sensitivity analysis

Today, we learned to:


• Reuse primal and dual solutions when variables or constraints are added


• Analyze value function as problem parameters change


• Compute local sensitivity to parameter perturbations
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Next lecture

• Network optimization
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