
Bartolomeo Stellato — Spring 2023

ORF307 – Optimization
7. Linear optimization



Ed Forum

• Is the lowest PSET grade dropped? —> Yes


• What does the z vector represent?


• My question is are constraints equalities always =, or will we see how to 
handle cases with <= and >=?
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Recap



Least squares with equality constraints
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<latexit sha1_base64="C1owEls9lJZyWtok7SwZG+/EVvo="></latexit>

TPUPTPaL ‖Ax− b‖2

Z\IQLJ[ [V Cx = d

<latexit sha1_base64="1Ldq8p6fC0BEWZ6TnaLl497UHww="></latexit>

࠮ m⇥ n TH[YP_ A� m�]LJ[VY b
࠮ p⇥ n TH[YP_ C� p�]LJ[VY d

The (linearly) constrained least squares problem is Problem data

objective 
functionequality 

constraints

<latexit sha1_base64="AdTqyaaolkJN7HC5xXQFGQmMOgw="></latexit>

x? PZ H ZVS\[PVU PM
<latexit sha1_base64="xhGtiSjv/xkV2ziXf2rViE+OdJk="></latexit>

࠮ Cx? = d
࠮ kAx? � bk2  kAx� bk2
MVY HU` x ZH[PZM`PUN Cx = d

<latexit sha1_base64="MfcerVkOJRE26gNKU6CfTOApR8A="></latexit>

x PZ MLHZPISL PM Cx = d
Definitions Interpretations

<latexit sha1_base64="TBGWT2JOVBFFUY4Q546cddo3OsM="></latexit>

࠮ *VTIPUL ZVS]PUN SPULHY LX\H[PVUZ
^P[O SLHZ[ ZX\HYLZ�

࠮ 3PRL H IP�VIQLJ[P]L SLHZ[ ZX\HYLZ
^P[O 1 ^LPNO[ VU ZLJVUK VIQLJ[P]L�
kCx� dk2�



Optimality conditions via calculus
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Lagrangian function
<latexit sha1_base64="hk+KmYv92+YId1MRlkvACajRoBw="></latexit>

L(x, z) = f(x) + z1(c
T
1 x− d1) + · · ·+ zp(c

T
p x− dp)

Optimality conditions
<latexit sha1_base64="MMhhspVHLOiUWatHTZhjcAIYfqE="></latexit>

@L

@xi
(x?, z) = 0, i = 1, . . . , n,

@L

@zi
(x?, z) = 0, i = 1, . . . , p

<latexit sha1_base64="9eUNIvKFVLQgXp12P0mICs9aQug="></latexit>

TPUPTPaL f(x) = ‖Ax− b‖2

Z\IQLJ[ [V Cx = d

<latexit sha1_base64="EXRTZHUSaU0Doo1dPIQv2jURqnk="></latexit>

TPUPTPaL f(x) = ‖Ax− b‖2

Z\IQLJ[ [V cTi x = di, i = 1, . . . , p



Optimality conditions via calculus
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<latexit sha1_base64="h9zs2yQskVMp9RquIo1IWWuLYtY="></latexit>

L(x, z) = xTATAx− 2(AT b)Tx+ bT b+ z1(c
T
1 x− d1) + · · ·+ zp(c

T
p x− dp)

(we already knew)
<latexit sha1_base64="S4YLl73OcUJXPYQxYhIWiYsRKJg=">AAAGnXicbZTPThsxEMaXtqQ0/QftsYdaBSRaQbSJSttLKySESiVAVCKARELk9U4SC6+92N50k9W+TZ+m1/bSt6m9jZTYYS8M3/cbz3jsOEoZVToM/y7du/9gufZw5VH98ZOnz56vrr04VyKTBNpEMCEvI6yAUQ5tTTWDy1QCTiIGF9HNvvUvRiAVFfxMj1PoJnjAaZ8SrI3UW/3S6UtMik6KpaaYoaNyFk96tNzKrztKY7mNJm </latexit>

@L

@zi
(x?, z) = cTi x� di = 0

Optimality conditions Vector form
<latexit sha1_base64="n1osfcW5yoHhci2f2wllSOHIPtg="></latexit>

Cx = d

<latexit sha1_base64="/S1uxMxTYKuaz1FGBz14h0txWws="></latexit>

2ATAx! − 2AT b+ CT z = 0

Karush-Kuhn-Tucker (KKT) conditions
<latexit sha1_base64="E8Q/2LXfMtIWC8LqKP/WoFdU8A0="></latexit>[
2ATA CT

C 0

][
x!

z

]
=

[
2AT b

d

]
<latexit sha1_base64="4vsQDP/xVg23hMVcH4y/DpAn2Ss="></latexit>

�ZX\HYL ZL[ VM n+ p
SPULHY LX\H[PVUZ�

<latexit sha1_base64="8Uf0HVG+2VlpjpeYIxtvoWsjN5k="></latexit>

5V[L 22; LX\H[PVUZ HYL L_[LUZPVU VM UVYTHS LX\H[PVUZ
[V JVUZ[YHPULK SLHZ[ ZX\HYLZ

<latexit sha1_base64="UNDiPA4w2bg+y7gQDvupwmN5QNI="></latexit>

@L

@xi
(x?, z) = 2

nX

j=1

(ATA)ijx
?
j � 2(AT b)i +

pX

j=1

zj(cj)i = 0



Today’s lecture
Linear optimization
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• Some simple examples


• Linear optimization


• Special cases


• Standard form


• Software and solution methods



Some simple examples



Data-fitting example
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(WWYV_PTH[PVU WYVISLT Ax ⇡ b ^OLYL

<latexit sha1_base64="71lorvch4l5XXMf67s1ArntQbSg="></latexit>
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<latexit sha1_base64="+pvp1hwhqOduMfFNUkCFA+yx8/Q="></latexit>

Fit a linear function f(z) = x1 + x2z to m data points (zi, fi):



Data-fitting example

10°10 °5 0 5 10
z

°20

°15

°10

°5

0

5

10

15

20

f
(z

)

<latexit sha1_base64="oEMT6nLeRVFZczLP7Jav48Dje3c="></latexit>

3LHZ[ ZX\HYLZ ^H`!

TPUPTPaL
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<latexit sha1_base64="71lorvch4l5XXMf67s1ArntQbSg="></latexit>
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<latexit sha1_base64="+pvp1hwhqOduMfFNUkCFA+yx8/Q="></latexit>

Fit a linear function f(z) = x1 + x2z to m data points (zi, fi):



Data-fitting example
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<latexit sha1_base64="+pvp1hwhqOduMfFNUkCFA+yx8/Q="></latexit>

Fit a linear function f(z) = x1 + x2z to m data points (zi, fi):



Cheapest cat food problem
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• Choose quantities x1, . . . , xn of n ingredients each with unit cost cj .

• Each ingredient j has nutritional content aij for nutrient i.

• Require a minimum level bi for each nutrient i.

<latexit sha1_base64="9vtix/qAXIwG/pQlm+ZezGEzwBY="></latexit>

[Photo of Phoebe, my cat]

Would you give her  
the optimal food ?

<latexit sha1_base64="keTDitSmpCPSrh6ZVsfsiPonF7A="></latexit>

TPUPTPaL
∑n

j=1 cjxj

Z\IQLJ[ [V
∑n

j=1 aijxj ≥ bi, i = 1 . . .m

xj ≥ 0, j = 1 . . . n



Linear optimization



Linear optimization
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TPUPTPaL
∑n

i=1 cixi

Z\IQLJ[ [V
∑n

j=1 aijxj ≤ bi, i = 1, . . . ,m
∑n

j=1 dijxj = fi, i = 1, . . . , p

<latexit sha1_base64="ov11NWF/Mc/xnK3Nu/K/qyUJajg="></latexit>

Linear Programming (LP)

Ingredients
<latexit sha1_base64="pwvsubaXl18aPi4l0KyjlnxCcEY="></latexit>

࠮ n KLJPZPVU ]HYPHISLZ �VY VW[PTPaH[PVU ]HYPHISLZ�! x1, . . . , xn

࠮ *VUZ[HU[ WHYHTL[LYZ �VY WYVISLT KH[H� ! cj � aij � bi� dij � fi
࠮ ( SPULHY VIQLJ[P]L M\UJ[PVU
࠮ ( JVSSLJ[PVU VM m PULX\HSP[` JVUZ[YHPU[Z HUK p LX\HSP[` JVUZ[YHPU[Z



Where does linear optimization appear?
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Supply chain management

Assignment problems

Scheduling and routing problems

Finance

Optimal control problems

Network design and network operations

Many other domains…




A brief history of linear optimization
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1940s :  
• Foundations and applications in economics and logistics (Kantorovich, Koopmans)

• 1947 : Development of the simplex method by Dantzig


1950s—70s: 
• Applications expand to engineering, OR, computer science… 

• 1975 : Nobel prize in economics for Kantorovich and Koopmans


1980s: 
• Development of polynomial time algorithms for LPs

• 1984 : Development of the interior point method by Karmarkar


—Today: 
• Continued algorithm development.  Expansion to very large problems.



Why linear optimization?
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“Easy” to solve 
• It is solvable in polynomial time, tractable in practice


• State-of-the-art software can solve LPs with tens of thousands of variables.  
We can solve LPs with millions of variables with specific structure.


Extremely versatile 
Can model many real-world problems, either exactly or approximately.


Fundamental 
• The theory of linear optimization lays the foundation for most optimization 

theories


• Underpins solutions for more complicated problems, e.g. integer problems.



X

L

x1

x2A simple example
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<latexit sha1_base64="kLqApV69h6FmhQyU84nc5/1gY+s="></latexit>

.VHS ÄUK WVPU[ HZ MHY SLM[ HZ WVZZPISL�
PU [OL \UP[ IV_ X�
HUK YLZ[YPJ[LK [V [OL SPUL L



X
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x?

x1

x2A simple example
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<latexit sha1_base64="kLqApV69h6FmhQyU84nc5/1gY+s="></latexit>

.VHS ÄUK WVPU[ HZ MHY SLM[ HZ WVZZPISL�
PU [OL \UP[ IV_ X�
HUK YLZ[YPJ[LK [V [OL SPUL L



Linear optimization
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Using vectors

TPUPTPaL cTx

Z\IQLJ[ [V aTi x ≤ bi, i = 1, . . . ,m

dTi x = fi, i = 1, . . . , p

<latexit sha1_base64="Ct4Ebr2u7N0ozHRifImNp9tKCnA="></latexit>

c, ai, di HYL n�]LJ[VYZ

<latexit sha1_base64="fqjoIubHY581UUj9xSPzoy/ahjU="></latexit>

c = (c1, . . . , cn)

ai = (ai1, . . . , ain)

di = (di1, . . . , din)

<latexit sha1_base64="BO5T0YTBM8arj3UIYZZqQG+xbwg="></latexit>

TPUPTPaL
∑n

i=1 cixi

Z\IQLJ[ [V
∑n

j=1 aijxj ≤ bi, i = 1, . . . ,m
∑n

j=1 dijxj = fi, i = 1, . . . , p

<latexit sha1_base64="ov11NWF/Mc/xnK3Nu/K/qyUJajg="></latexit>



Linear optimization
Using matrices
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TPUPTPaL cTx

Z\IQLJ[ [V Ax ≤ b

Dx = f

<latexit sha1_base64="2gSYTXWacViERmXGRGT2siwmMFw="></latexit>

A PZ m⇥ n�TH[YP_ ^P[O LSLTLU[Z aij HUK YV^Z aTi

<latexit sha1_base64="z1VgWIsn51m4SEoj6hz1acYee+U="></latexit>

TPUPTPaL
∑n

i=1 cixi

Z\IQLJ[ [V
∑n

j=1 aijxj ≤ bi, i = 1, . . . ,m
∑n

j=1 dijxj = fi, i = 1, . . . , p

<latexit sha1_base64="ov11NWF/Mc/xnK3Nu/K/qyUJajg="></latexit>

D PZ p⇥ n�TH[YP_ ^P[O LSLTLU[Z dij HUK YV^Z dTi

<latexit sha1_base64="bkBd6pQ67fXdFsMc88UMAX1SKCk="></latexit>

All (in)equalities are elementwise



Optimization terminology
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TPUPTPaL cTx

Z\IQLJ[ [V Ax ≤ b

Dx = f

<latexit sha1_base64="2gSYTXWacViERmXGRGT2siwmMFw="></latexit>

x PZ MLHZPISL PM P[ ZH[PZÄLZ [OL JVUZ[YHPU[Z Ax  b HUK Dx = f

<latexit sha1_base64="BYbkioAVFH907ja2m17hjW3K28Y="></latexit>

;OL MLHZPISL ZL[ PZ [OL ZL[ VM HSS MLHZPISL WVPU[Z

<latexit sha1_base64="5GCwUHbUQ3tGwmSV6OlIp4niSKU="></latexit>

x? PZ VW[PTHS PM P[ PZ MLHZPISL HUK cTx?  cTx MVY HSS MLHZPISL x

<latexit sha1_base64="K5Z6pGEKuxiUObFHtmCvSa73Ey0="></latexit>

;OL VW[PTHS ]HS\L PZ p? = cTx?

<latexit sha1_base64="36xokVc6YjbRU+E1vBRwYVlSlVs="></latexit>



Special cases



X

L

x1

x2What can go wrong?
Problem might be “too hard”
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<latexit sha1_base64="NkizSkdZbt+UtI5sDUhOYSCUfz0="></latexit>

࠮ ;OL MLHZPISL ZL[ PZ LTW[ �̀
࠮ ;OL WYVISLT PZ [OLYLMVYL PUMLHZPISL�
࠮ +LÄUL [OL VW[PTHS ]HS\L HZ p? = +1�

Remarks

<latexit sha1_base64="fLvXw659iBuEroWGHWIIWZHp52I="></latexit>

TPUPTPaL x1

Z\IQLJ[ [V −1 ≤ x1 ≤ 1

−1 ≤ x2 ≤ 1

x1 + x2 = −1

x1 ≤ −2



X

x1

x2What can go wrong?
Problem might be “too easy”
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Remarks
<latexit sha1_base64="+C0qU8OOwZK5/38Ij6bDn1yit2w="></latexit>

࠮ ;OL ]HS\L VM cTx PZ \UIV\UKLK ILSV^
VU [OL MLHZPISL ZL[�

࠮ +LÄUL [OL VW[PTHS ]HS\L HZ p? = �1�

<latexit sha1_base64="IBfY2FpT4ytr3rQAzn6hWy0jPac="></latexit>

TPUPTPaL x1

Z\IQLJ[ [V −1 ≤x1 ≤ 1

−1 ≤x2 ≤ 1

x1 + x2 = −1



X

L

x? x1

x2What can go “a little bit” wrong?
More than one optimizer

26

Remarks
<latexit sha1_base64="tT0aQ57YxQPHLwqHLLSeC76mSb4="></latexit>

࠮ ;OL VW[PTHS ]HS\L PZ p? = �1
࠮ ;OLYL PZ TVYL [OHU VUL x? [OH[ HJOPL]LZ p? = cTx?

࠮ ;OL VW[PTPaLY PZ UVU�\UPX\L

<latexit sha1_base64="lcTGyezzxolFmZ6tfpyfY8azmhA="></latexit>

TPUPTPaL x1 + x2

Z\IQLJ[ [V −1 ≤ x1 ≤ 1

−1 ≤ x2 ≤ 1

x1 + x2 = −1



Feasibility problems
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<latexit sha1_base64="4O1VqagH/MY7byI2r8MO5Xf6HWw="></latexit>

ÄUK x

Z\IQLJ[ [V Ax ≤ b

Dx = f

The constraints satisfiability problem

<latexit sha1_base64="RhUF4FN7gm2zuKVyKXd3q5BYwl4="></latexit>

࠮ p? = 0 PM JVUZ[YHPU[Z HYL MLHZPISL �JVUZPZ[LU[��
,]LY` MLHZPISL x PZ VW[PTHS

࠮ p? = 1 V[OLY^PZL

Remarks

is a special case of 
<latexit sha1_base64="ddLXjC3xCSK1lT3uZHebMCAttfM="></latexit>

TPUPTPaL 0

Z\IQLJ[ [V Ax ≤ b

Dx = f



Standard form



Standard form
Definition
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TPUPTPaL cTx

Z\IQLJ[ [V Ax = b

x ≥ 0

<latexit sha1_base64="Zs8r51jllvVlqCLDc4l3JrKWQHU="></latexit>

• Matrix notation for theory


• Standard form for algorithms

• Minimization

• Equality constraints

• Nonnegative variables



Standard form
Transformation tricks
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Change objective
0M ¸TH_PTPaL¹� \ZL �c PUZ[LHK VM c HUK JOHUNL [V ¸TPUPTPaL¹�

<latexit sha1_base64="UcK7jshGbOIJVW+wdXIlGNOJ19w="></latexit>

Eliminate inequality constraints
0M Ax  b� KLÄUL s HUK ^YP[L Ax+ s = b, s � 0�

<latexit sha1_base64="lEz/ALFIxLaW/c49S0HR+HOr9qg="></latexit>

0M Ax � b� KLÄUL s HUK ^YP[L Ax� s = b, s � 0�

<latexit sha1_base64="J7igNq8VgRFz9YK2VHqHLACVZ6c="></latexit>

s HYL [OL ZSHJR ]HYPHISLZ

<latexit sha1_base64="zstrUYdqEe4mJhSLpB4NwPCO1IE="></latexit>

Change variable signs
0M xi  0� KLÄUL yi = �xi�

<latexit sha1_base64="cTm7wQTL9AaHhtpM7l7fu/0Tqh8="></latexit>

Eliminate “free” variables
0M xi \UJVUZ[YHPULK� KLÄUL xi = x+

i � x�
i � ^P[O x+

i � 0 HUK x�
i � 0�

<latexit sha1_base64="EuaL2yBp1a+QwmBL3SkkKfifn2o="></latexit>



Standard form
Transformation example
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TPUPTPaL 2x1 + 4x2

Z\IQLJ[ [V x1 + x2 ≥ 3

3x1 + 2x2 = 14

x1 ≥ 0

<latexit sha1_base64="Y9fmFQn8cdz116s+fwR65nkUams="></latexit>

TPUPTPaL 2x1 + 4x+
2 − 4x−

2

Z\IQLJ[ [V x1 + x+
2 − x−

2 − x3 = 3

3x1 + 2x+
2 − 2x−

2 = 14

x1, x+
2 , x−

2 , x3 ≥ 0.

<latexit sha1_base64="HCp9cocfW3X2o3Ulw0sSWOSxil0="></latexit>



Software



Solvers for linear programs
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Software is widely available:


• Can solve problems up to several million variables


• Widely used in industry and academic research

Examples
• Commercial solvers : Mosek, CPLEX, Gurobi, Matlab (linprog)

• Free solvers : GLPK, CLP, SCS, OSQP


Algorithms and theory are very mature:


• Simplex methods, interior-point methods, first order methods etc



Modelling tools for linear programs

34

Modelling tools simplify the formulation of LPs (and other problems) 


• Accept optimization problem in common notation (                      )


• Recognize problems that can be converted to LPs


• Automatically convert to input format required by a specific LP solver

max, ‖ · ‖1, . . .

<latexit sha1_base64="+6+3iZPRobQmjGF3+ROlEdKUfYc="></latexit>

Examples
• AMPL, GAMS

• CVX, YALMIP (Matlab)

• CVXPY, Pyomo (Python)

• JuMP.jl, Convex.jl (Julia)



Simple example revisited
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X

L

x?

x1

x2

<latexit sha1_base64="kLqApV69h6FmhQyU84nc5/1gY+s="></latexit>

.VHS ÄUK WVPU[ HZ MHY SLM[ HZ WVZZPISL�
PU [OL \UP[ IV_ X�
HUK YLZ[YPJ[LK [V [OL SPUL L
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Next time

• Optimization problems with norms and max functions


• Some applications

37

Piecewise linear optimization


