ORF307 - Optimization

2. Solving linear systems in practice

Bartolomeo Stellato — Spring 2023



Today'’s lecture

Solving linear systems In practice

 Matrices: definition, operations, special cases
* Linear systems solutions

* Solving linear systems



Matrices



Matrices

matrix of size m x n
+ A;; 1sthe i, 5 element

- - also called entry or coefficient
Ay A . Ay ( y )
) As1 Ao ... Ao, * 7 IS the row Index, 7 the column index
* Indices start at 1
A1 A o ... A (when you code, at 0)

« vectors are like matrices with 1 column



— /‘_{’ |
' = A
- = A
Special matrices s
— ‘@J
Special matrices
* A =0 (zeromatrix): A;; =0, ¢=1,...,m,7=1,...,n

« A = I (identity matrix): m = n with A;; =1and A;; = 0 for i # j



Special matrices

Special matrices
* A =0 (zeromatrix): A;; =0, ¢=1,...,m,7=1,...,n

« A = I (identity matrix): m = n with A;; =1and A;; = 0 for i # j

Sparse matrices (most entries are 0)

. » Examples: 0 and /

» Can be stored and manipulated efficiently

- .:-. . " * nnz(A) is the number of nonzero entries

|| - o




Diagonal and triangular matrice
Q.

diagonal matrix

» A square matrix n x n

'Ldiag(al, o, Q) }s the diagonal matrix
with Am — a; for: = I,....n

S

d
2 0r
- OXN

diag(0.2, —3)




Diagonal and triangular matrices

diagonal matrix

» A square matrix n x n

» diag(aq,...,a,) is the diagonal matrix
with Am — a; for: = I,....n

lower triangular matrix
Aij =0 for: < j

—0.6 0
.o -2

_ %

diag(0.2, —3)




Diagonal and triangular matrices

diagonal matrix

» A square matrix n x n

with 4;; = 0 when i # j 0.2 0
: diag(0.2,—-3) = |
» diag(ai,...,a,) is the diagonal matrix 0 =3
with Am — a; for: = I,....n
lower triangular matrix upper triangular matrix
Aij:Ofori<j Aij:()forz’>j
06 0 0.2 0.3

.o -2 0 —1




Block matrices

Matrices whose entries are matrices

n X m matrix A =

o

D K

where B,C, D, E are
submatrices of blocks of A



Block matrices

Matrices whose entries are matrices

n X m matrix A =

o

D K

column representation

A= |

a1

a9

Un

(a; are m-vectors)

where B,C, D, E are
submatrices of blocks of A



Block matrices

Matrices whose entries are matrices

B C where B, C., D. E are

matrix A =
s D E submatrices of blocks of A

row representation

column representation b1
b2

A = a a2 ... Qnp A =
(@; are m-vectors) b,

(b; are n-#g&svectors)



Matrix operations

transpose
A transpose of a matrix A is denoted as A! where

(AN, =A;, i=1,....m, j=1,...,n



Matrix operations

transpose
A transpose of a matrix A is denoted as A! where

(AN, =A;, i=1,....m, j=1,...,n

addition (just like vectors)

(A+B)ZJ:AZ]—|—BZ], 221,,m, ]:1,



Matrix operations

transpose
A transpose of a matrix A is denoted as A! where

(AN, =A;, i=1,....m, j=1,...,n

addition (just like vectors)

(A+B)ZJ:AZ]—|—BZ], 221,,m, ]:1,

scalar multiplication (just like vectors)
(&A)ij:OéAij, izl,...,m, jzl,...,n



Matrix operations

transpose
A transpose of a matrix A is denoted as A! where

(AN, =A;, i=1,....m, j=1,...,n

addition (just like vectors)
(A+B)ZJ:AZ]—|—BZ], izl,...,m, jzl,...,n

scalar multiplication (just like vectors)
(&A)ij:OéAij, izl,...,m, jzl,...,n

Many properties
(A" = A, A+ B =B+ A, (A + B) = aA + aB



Matrix-vector multiplication

dot product

A matrix-vector product of an m x n matrix A and a n-vector x Is denoted as

i=1,...

y = Ax,

where y;
0 2
—2 1

= Ajz1+ -+ Ay,

—1
1

, TT0



Matrix-vector multiplication

dot product
A matrix-vector product of an m x n matrix A and a n-vector x Is denoted as

y:Am, where yZ:AleCIZl—l——l—AanCn, izl,...,m

0

2

—2 1

—1
1

row interpretation
T
yi = b; x
where by ,...,b, arerows of A

example Al



Matrix-vector multiplication

dot product
A matrix-vector product of an m x n matrix A and a n-vector x Is denoted as

y:Am, where yZ:AleCIZl—l——l—AanCn, r=1,...,m
] | 9o .
02 1] || _[3
-2 1 1 |4
) I L

row interpretation column interpretation

1
yz:bzx Yy =101 +...Tpay

where by ,...,b, arerows of A where a4, ..., a,, are the columns of A

example Al example Ae; = a; 9



Return matrix — portfolio vector

R i1s the T' x n matrix of asset returns

AAPL GOOG MMM AMZN

0.00219  0.0006 —0.00113 0.00202 | Mar 1, 2016
R=10.00744 —0.00894 —0.00019 —0.00468| Mar 2, 2016
0.01488  —0.00215  0.00433  —0.00407| Mar 3, 2016

final initial
Py — Py

initial

DPi;




Return matrix — portfolio vector

R i1s the T' x n matrix of asset returns

AAPL GOOG MMM AMZN

0.00219  0.0006 —0.00113 0.00202
R = 10.00744 —0.00894 —0.00019 —0.00468
0.01488  —0.00215  0.00433  —0.00407

constant investment w

final initial l
Pii  — Py

[ty = pinitial Rw is the vector of portfolio
" returns over periods 1,...,T

Mar 1, 2016

Mar 2, 2016
Mar 3, 2016

10



Return matrix — portfolio vector

R i1s the T' x n matrix of asset returns

example w = (0.4,0.3, —0.2,0.5)

AAPL GOOG MMM AMZN
0.00219  0.0006 —0.00113 0.00202 | Mar 1, 2016
R = [0.00744 —0.00894 —0.00019 —0.00468 Mar 2, 2016
10.01488 —0.00215 0.00433  —0.00407| Mar 3, 2016
constant investment w
- pfimal _ pinitial | l |
initial Rw Is the vector of portfolio
Pi; .
returns over periods 1,....,7T

Rw = (0.00213, —0.00201, 0.00241) 10



Symmetric positive semidefinite matrices

symmetric matrix
At = A

positive semidefinite matrix

r! Ax > 0 forany z € R"

positive definite matrix

r! Ax > 0 forany z # 0

11



Symmetric positive semidefinite matrices

example
: : 2 6
symmetric matrix A=
T 6 20
A" = A ! _

positive semidefinite matrix

r! Ax > 0 forany z € R"

positive definite matrix

r! Ax > 0 forany z # 0



Symmetric positive semidefinite matrices

example
: : 2 06

symmetric matrix A=

T 6 20
A" = A ! _
positive semidefinite matrix i - - l ] _

T _ 112 6 L1 ) 1| 21 + 029

n €T T — | e

v Ar > 0foranyz € R T 2] e 9 - 1 T2 61 + 202

— 22% + 12229 + 2023

positive definite matrix , ,
— 2($1 + 3332) + 2%2

r! Ax > 0 forany z # 0
sum of squares

11



Matrix multiplication

matrix product
A matrix product of an m x p matrix A and a p x n matrix B Is

C:AB, where Cij:AilBlj_|_°°°_|_Aipoj7 izl,...,m,j:].,...

, T

12



Matrix multiplication

matrix product
A matrix product of anL m X pi matrix A and a D x} nimatrix B is

C:AB, where C’ij:AilBlj—I_°°°_|_Aipoj7 iZl,...,m,j:].,...,n
fn <\

N

(move along :th row of A and jth column of B)

Cis 3 9| C—ﬂ} 35 (=45

1 -1 0 —1 1
i 111 0 i -




<
- n [ —— =
Complexity - ] |

Given m X n matrix A

» Matrix addition, scalar-matrix multiplication: mn tlops

» Matrix-vector multiplication: m(2n — 1) =~ 2mn flops
= —

» Matrix-matrix multiplication: (mn)(2p — 1) =~ 2mnp flops
(inner product of p vectors)

13



Complexity

Given m X n matrix A

» Matrix addition, scalar-matrix multiplication: mn flops
» Matrix-vector multiplication: m(2n — 1) =~ 2mn flops

» Matrix-matrix multiplication: (mn)(2p — 1) =~ 2mnp flops
(inner product of p vectors)

Questions

- How many flops does it take to multiply two 1000 x 1000 matrices?
- How long does it take on a computer?

13



Linear systems solutions



Linear systems of equations

Given an m x n matrix A and a m-vector b, find a n-vectors x such that
Ar = b

15



Linear systems of equations

Given an m x n matrix A and a m-vector b, find a n-vectors x such that
Ar = b
typical scenarios

underdetermined
(wide)

m < n

=
N
|

Infinite
solutions

15



Linear systems of equations

Given an m x n matrix A and a m-vector b, find a n-vectors x such that
Ar = b

typical scenarios

underdetermined

(wide) square
m < n m =n
x ko X x k| |27 X
ZEQ J— —
x ko X X x| [X9 X
- — :1:3 I — - — - — I —
Infinite unigque

solutions solution



Linear systems of equations

Given an m x n matrix A and a m-vector b, find a n-vectors x such that

underdetermined

(wide)

m < n

Infinite

solutions

Axr =0

typical scenarios

sguare
T =T
X k| |27 X
X k| |9 |«
unique
solution

overdetermined

(tall)
m >N
>k *_ - n _*_
L1
>k >k — >k
L9
>k >k - - > S
no
solution

15



Linear systems of equations

Given an m x n matrix A and a m-vector b, find a n-vectors x such that

underdetermined

(wide)

m < n

Infinite

solutions

Axr =0

typical scenarios

sguare
T =T
kK L1
* X L9 B
unique
solution

most common

overdetermined

(tall)
m >N
>k *_ - n _*_
L1
>k >k — >k
L9
>k >k - - > S
no
solution

15



Solving square linear systems

Given an n x n matrix A and a n-vector b, find a n-vector x such that

Axr = b

16



Solving square linear systems

Given an n x n matrix A and a n-vector b, find a n-vector x such that

Ar=b — A 'Azx = A1

16



Solving square linear systems

Given an n x n matrix A and a n-vector b, find a n-vector x such that

Az =b — A 'Ar=A"1'p —> x=A1b

T

Inverse

16



Solving square linear systems

Given an n x n matrix A and a n-vector b, find a n-vector x such that

Az =b — A 'Ar=A"1'p —> x=A1b

T

When does it work? Inverse

16



Solving square linear systems

Given an n x n matrix A and a n-vector b, find a n-vector x such that

Az =b — A 'Ar=A"1'p —> x=A1b

T

When does it work? Inverse

|

A must be invertible

« Columns of A are linearly independent
* Rows of A are linearly independent

 Columns/rows form a basis of R"

16



Solving linear systems



How do we solve linear systems In practice?

Idea

- compute A7}
Ax =0
- multiply A=1b

18



How do we solve linear systems In practice?

Idea

- compute A7}
Ax =0
- multiply A=1b

Example
5000 x 5000 matrix A and a 5000-vector b

- Solve by computing A~

» Solve with numpy.linalg.solve

18



How do we solve linear systems In practice?

Idea

- compute A7}
Ax =0
- multiply A=1b

Example
5000 x 5000 matrix A and a 5000-vector b

- Solve by computing A~}

» Solve with numpy.linalg.solve

What’s happening inside?
18



Easy linear systems

Diagonal matrix

A1z = by

Agoxo = b

Annxn — bn

19



Easy linear systems

Diagonal matrix

Solution

L — A_lb — (bl/A117 .o

|

A1z = by

Agoxo = b

Annxn — bn

19



Easy linear systems

Diagonal matrix

Solution

L — A_lb — (bl/A117 .o

Complexity
n flops

|

A1z = by

Agoxo = b

Annxn — bn

19



Easy linear systems

Lower triangular matrix

A22

A11$1 = by
Ao127 + Ao = b

Anla:l -+ AnQZEQ 4+ ... A,,ma:n — bn

20



Easy linear systems

Lower triangular matrix

All
A21 A22
Anl An2 Ann

Solution: “forward substitution”
» First equation: =1 = b1/A11

» Second equation:

Lo = (b2 — A21I1)/A22

* Repeattoget xs,..., 2,

L1 bl
L9 bz
— —_—

A11$1 = by
Ao1x1 + Ao = b

Anla:l -+ AnQZEQ 4+ ... A,,ma:n — bn

20



Easy linear systems

Lower triangular matrix

Aqq ) _xl_ _bl_ A1z = by
Agl AQQ Lo bg A21$1 + A22$2 — b2
n — —_—
An1 - Ana Apn] [Tn_ bn_ Ap1zr + Appxa + ... AppTn = by,
Solution: “forward substitution” Complexity

» First equation: =1 = b1/A11 * First equation: 1 flop (division)
» Second equation: x5 = (by — As121) /Ao « Second equation: 3 flops

* Repeattoget zs,..., 2, » ith step needs 2: — 1 flops

1+3+---+(2n—1) = n* flops
20



All

Easy linear systems

Upper triangular matrix

An—l,n

An—l,n—l

Aln

Ay + -+ A1 n—1Tn—1 + A1nxn = b0

An—l,n—lxn—l =+ An—l,najn — bn—l

Annxn — bn

21



All

Easy linear systems

Upper triangular matrix

An—1n Ay, 1 b1 Apper +- -+ A1 n—1Tp—1 + A1nTn = by

An—l,n—l An—l,n

An—l,n—lxn—l =+ An—l,najn — bn—l

J L7 _ T Annxn — bn

Solution: “backward substitution”

» Last equation: =z, =0,/A,n
» Second to last equation:

Ln—1 = (bn—l — An—l,nxn)/An—l,n—l

* Repeattogetz,—o,...,21

21



Easy linear systems

Upper triangular matrix

All e An—l,n Aln ) -331_ _bl_ Allxl i Al,n—lxn—l T Alnxn — bl
L9 bQ
. : — | . —_—
An—l,n—l An—l,n : An—l,n—lxn—l T An—l,najn = bp—1
B Ann | _In_ _bn_ Annxn — bn
Solution: “backward substitution” Complexity
- Last equation: =z, = b, /A, - Last equation: 1 flop (division)
» Second to last equation: » Second to last equation: 3 flops
Tno1= (bp1— Apn_1.2%n)/An_1n_1 - 1th step needs 2;: — 1 flops
* Repeattogetz,—o,...,21

1+3+4--- (2n—1):n2ﬂop§1



Easy linear systems

Permutation matrices

T = (m,...,mT,) IS a permutation of (1,2, ...

A n x n permutation matrix P,
permutes the vector «

Pr=(Tr,,...,Tx, )

1)

22



example

Easy linear systems

. . T =(231
Permutation matrices T = )
m = (m,...,T,) IS a permutation of (1,2,...,n) l
A n x n permutation matrix P, i £ S
permutes the vector x 0 1 Of [z
Pr=(Tr,,...,Tx, ) 00 1} [z2] =
_1 0 O_ _5173_




example

Easy linear systems

. . T =(23,1

Permutation matrices T = )

m = (m,...,T,) IS a permutation of (1,2,...,n) l

A n x n permutation matrix P, i £ S -

permutes the vector x 0 1 Of [z T2
Pr=(Tr,,...,Tx, ) 0 0 1f |z2| = |23
] 1 0 O L3 L1

Properties } - - T -

Ly =m
« P = |
{O otherwise

- P~ = P' (inverse permutation)

22



example

Easy linear systems

. . T =(231
Permutation matrices T = )
m = (m,...,T,) IS a permutation of (1,2,...,n) l
A n x n permutation matrix P, i £ S
permutes the vector x 0 1 Of [z
Pr=(Tr,,...,Tx, ) 00 1} [z2] =
Properties - - -
¢ P.. — L g=m p! l
: 0 otherwise 0 0 1] [2o
- P~ = P (inverse permutation) 1 0 0f |zs] =
_O 1 O_ _1’1_




example

Easy linear systems

. . r=(231
Permutation matrices T = )
m = (m,...,T,) IS a permutation of (1,2,...,n) l
A n x n permutation matrix P, i £ S -
permutes the vector x 0 1 Of [z T2
Pr=(Tr,,...,Tx, ) 0 0 1f |z2| = |23
] 1 0 O L3 L1
Properties } - - -
¢ P.. — L g=m p! l
7’ 0 otherwise 0 0 1] [zo] [z
- P~ = P (inverse permutation) 1 0 0f |za] = |2
: 1
Complexity Y U] L7 R

Solve Px = b: 0 flops (no operations) 5o



Summary of easy linear systems

AN

diagonal
A= diag(a1

00000

method

flops

23



Summary of easy linear systems

method flops

diagonal
A = diag(aq,...,ay,) r; = bi/a; n

lower triangular forward ,
A;; =0fori <y substitution n




Summary of easy linear systems

AN
A

A

method
diagonal
A:diag(al,...,an) CEZ:bZ/CLZ
lower triangular forward
A;; =0fore <y substitution
upper triangular backward
Aij=0tori>j substitution

flops

23



Summary of easy linear systems

AN
A

A

diagonal
A= diag(al, c e ,an)

lower triangular
Af,;j — (0 for: < ]

upper triangular
Az’j =0fori >y

permutation
P;=1if7=m; else0

method

forward
substitution

backward
substitution

Inverse
permutation

flops

23



How do we solve linear systems In practice?

Axr =0

24



How do we solve linear systems In practice?

Axr =0

Any idea?

24



How do we solve linear systems In practice?
Ax = b

Any idea?

We know how to solve special ones

Let’s use that!

24



The factor-solve method for solving Ax = b

1. Factor A as a product of simple matrices:
A:A1A2°°°Ak, BE— AlAQ,...AkCIZ:b

(A; diagonal, upper/lower triangular, permutation, etc)

25



The factor-solve method for solving Ax = b

1. Factor A as a product of simple matrices: X

A= AAy-- Ay, —— Ay, Akx b

(A; diagonal, upper/lower triangular, permutation, etc) Ao iy /l;cx ><l

= Alfl—b /

Asxo =
2. Compute v = A~'b = A, A?,@ 1% T
by solving k “easy’ systém\

25



The factor-solve method for solving Ax = b

1. Factor A as a product of simple matrices:
A:A1A2°°°Ak, BE— AlAQ,...AkCIZ:b

(A; diagonal, upper/lower triangular, permutation, etc)

A1$1 =%,

A2$2 — I

2. Compute z = A~ lb=A_"-. . AT'D
by solving £ “easy” systems

At = Tp—1

Note: step 2 is much cheaper than step 1 05



Multiple right-hand sides

You now have factored A and you want to solve d linear systems
with different righ-hand side m-vectors b;

AZE:bl A$:b2 A.CE:bd

20



Multiple right-hand sides

You now have factored A and you want to solve d linear systems
with different righ-hand side m-vectors b;

AZE:bl A$:b2 A.CE:bd

Factorization-caching procedure

1. Factor A = A4,..., A, only once (expensive)
2. Solve all linear systems using the same factorization (cheap)

20



Multiple right-hand sides

You now have factored A and you want to solve d linear systems
with different righ-hand side m-vectors b;

AZE:bl A$:b2 A.CE:bd

Factorization-caching procedure

1. Factor A = A4,..., A, only once (expensive)
2. Solve all linear systems using the same factorization (cheap)

Solve many “at the price of one”

20



LU Factorization

Every invertible matrix A can be factored as

A=PLU

P permutation, L lower triangular,

— P'A=LU

U upper triangular

27



LU Factorization

Every invertible matrix A can be factored as
A=PLU — P'A=LU
P permutation, L lower triangular, U upper triangular

Procedure
- Similar to Gaussian elimination (but we can reuse P, L, and U!)

» Permutation P avoids divisions by 0
» One of Infinite possible combinations of P, L, U

27



LU Factorization

Every invertible matrix A can be factored as
A=PLU — P'A=LU
P permutation, L lower triangular, U upper triangular

Procedure
- Similar to Gaussian elimination (but we can reuse P, L, and U!)

» Permutation P avoids divisions by 0
» One of Infinite possible combinations of P, L, U

Complexity
* (2/3)n° flops
» Less if A has special structure (sparse, diagonal, etc)

27



LU Solution

Ar =0, = PLUx =050

Iterations

1. Permutation: Solve Px1 = b (0 flops)
2. Forward substitution: Solve Lzo = 1 (n?* flops)
3. Backward substitution: Solve Uz = x5 (n® flops)

28



LU Solution

Ar=b, = PLUx=5b

Iterations

1. Permutation: Solve Px1 = b (0 flops)
2. Forward substitution: Solve Lzo = 1 (n?* flops)
3. Backward substitution: Solve Uz = x5 (n® flops)

Complexity

- Factor + solve: (2/3)n’ + 2n? ~ (2/3)n° (for large n)
- Just solve (prefactored): 2n?

28



LL" (Cholesky) Factorization

Every positive definite matrix A can be factored as
A=LL"

L lower triangular

29



LL" (Cholesky) Factorization

Every positive definite matrix A can be factored as
A=LL"

L lower triangular

Procedure
» Works only on symmetric with positive definite matrices

» No need to permute as in LU
» One of Infinite possible choices of L

29



LL" (Cholesky) Factorization

Every positive definite matrix A can be factored as
A=LL"

L lower triangular

Procedure
» Works only on symmetric with positive definite matrices

» No need to permute as in LU
» One of Infinite possible choices of L

Complexity

» (1/3)n° flops (half of LU decomposition)
» Less if A has special structure (sparse, diagonal, etc)

29



LL' (Cholesky) Solution

Ar=b, = LL'z=1

Iterations

1. Forward substitution: Solve Lx; = b (n* flops)
2. Backward substitution: Solve L' z = x; (n? flops)

30



LL' (Cholesky) Solution

Ar=b, = LL'z=1

Iterations

1. Forward substitution: Solve Lx; = b (n* flops)
2. Backward substitution: Solve L' z = x; (n? flops)

Complexity

- Factor + solve: (1/3)n’ + 2n? ~ (1/3)n° (for large n)
- Just solve (prefactored): 2n?

30



What complexity really means?

Example

Large matrix n x n matrix A with n = 10, 000

Factor + solve: (2/3)n? (2/3)n3

- (Gains: >

Just so| 2 I = (1/3)n =~ 3,333 times
ust solve: 2n

31



What complexity really means?

Example

Large matrix n x n matrix A with n = 10, 000

Factor + solve: (2/3)n? (2/3)n?

- (Gains: >

— (1/3)n ~ 3, 333 times
Just solve: 2n2 2N

3 thousand times!

Something that takes 1 second — ~ 1 hour

31



Linear system example

Polynomial interpolation

Given a cubic polynomial

p(x) = 1 + cox + c32° + cax

3

32



Linear system example

Polynomial interpolation

Given a cubic polynomial

p(x) = 1 + cox + c3x” + cux”

Find the coefficients such
that it passes by 4 points

p(—l 1) :bl
p(—0.4) = b

p(0.1) = b3
p(0.8) = by

32



Linear system example

Polynomial interpolation

Given a cubic polynomial

p(x) = 1 + cox + c32° + cax

Find the coefficients such
that it passes by 4 points

p(—l 1) :bl
p(—0.4) = b
p(0.1) = b3

1)
p(0.8) = by

— el el

3

Equivalent linear system
Ac =0

—1.1
—0.4
0.1
0.3

(—1.1)2
(—0.4)?
(0.1)?
(0.8)°

(—1.1)%
(—0.4)>
(0.1)°
(0.8)% _




Polynomial interpolation
Plot

p(x) = c1 4+ cox + C3x® + cqxd

¢ = (0.74,0.93, —0.89, —1.70)

0.81

0.61

0.41

0.2

0.0 —1.00 —=0.75 =050 —0.25  0.00

X

0.25 0.50 0.75

33



Solving linear systems in practice

Today, we learned to:
* Avoid computing inverses
e Solve linear systems using the factor-solve method

 Understand the complexity of solving linear systems
(useful to build optimization algorithms!)

34
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 S. Boyd, L. Vandenberghe: Introduction to Applied Linear Algebra — Vectors,
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e Chaptrer 6: matrices

 Chapter 10: matrix multiplication

 Chapter 11: matrix inverses/solving linear systems
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Next lecture

e Solve optimization problems: least squares

36



