
Bartolomeo Stellato — Spring 2022

ORF307 – Optimization
20. Integer optimization



Announcements

• Midterm clarifications


• Homeworks grading


• Masks 

• Last precepts next week


• Last homework out Thursday next week
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Today’s lecture
Mixed-integer optimization

• Mixed-integer programs


• Modeling techniques


• Formulations


• Ideal formulations

3



Mixed-integer optimization



Mixed-integer program

5

Optimization problem where some 
variables are restricted to be integer

<latexit sha1_base64="befPf9r59Il/F3i5xNZNGeyFymg="></latexit>

cTx

Ax ≤ b

xi ∈ Z, i ∈ I

<latexit sha1_base64="NpOrd6o6EdlgzhSCPRas7onjn5M="></latexit>

x1

<latexit sha1_base64="WcG2hsr4UHJZUXxQcvhUTMoiHXI="></latexit>

x2
<latexit sha1_base64="coLYOPVNcYNcKOSuOJwlt9YJ8kc="></latexit>

−c



Mixed-integer program
Special cases

6

<latexit sha1_base64="kV+TUowoYWEL6Rp/ndXYaCfRMik="></latexit>

I = {1, . . . , n}

<latexit sha1_base64="NpOrd6o6EdlgzhSCPRas7onjn5M="></latexit>

x1

<latexit sha1_base64="WcG2hsr4UHJZUXxQcvhUTMoiHXI="></latexit>

x2

<latexit sha1_base64="coLYOPVNcYNcKOSuOJwlt9YJ8kc="></latexit>

−c

<latexit sha1_base64="hVlLq+lJ+HskEzAuIqMsHxT4kzQ="></latexit>

xi ∈ {0, 1}, i ∈ I
0 1

<latexit sha1_base64="NpOrd6o6EdlgzhSCPRas7onjn5M="></latexit>

x1

<latexit sha1_base64="WcG2hsr4UHJZUXxQcvhUTMoiHXI="></latexit>

x2
<latexit sha1_base64="8r37ioChmbs0gNp1H02Du9pZDVQ="></latexit>

1

<latexit sha1_base64="8r37ioChmbs0gNp1H02Du9pZDVQ="></latexit>

1
<latexit sha1_base64="PesZotcvj6DsuOeV1k1xPLeoRwA="></latexit>

0



Modeling techniques



Binary choice

8

<latexit sha1_base64="jlji1VWG0d5+PXwmZZySVOMnU8s="></latexit>

xi =

{

1

0

Examples
<latexit sha1_base64="4j9O8y/U/l7EzYKu5eg9yFLdOHU="></latexit>

<latexit sha1_base64="xVp4AJrvqqCT+eOOa1b8hHszYUA="></latexit>

x ∈ {0, 1}n



Knapsack problem

9

<latexit sha1_base64="X5UfKk8W9rPeTv6dFurVLXk98qU="></latexit>

n

Formulation

<latexit sha1_base64="U5uWHyQ6VfT8q8h0USuEAtlvZGQ="></latexit>

b

i ai

i ci

<latexit sha1_base64="7Ou1sTbhmWHGI13eRPBIztSIPVM="></latexit>

cTx

aTx ≤ b

xi ∈ {0, 1}, i = 1, . . . , n



Logical relations

10

<latexit sha1_base64="GICcpA2FmGrXn0iPNGhjOZNgzvU="></latexit>

1
T
x ≤ 1

<latexit sha1_base64="2Su2YkZT+c1RF6df3yn6i+WY16M="></latexit>

x2 = 0 x1 = 0

<latexit sha1_base64="JpFP2b6IpFFHdO1MMmtxoxooC5A="></latexit>

x1 ≤ x2

<latexit sha1_base64="n3L0UkeY2hyrTO1qSYqlrtUq5qA="></latexit>

<latexit sha1_base64="d9W930rxX2eDEosgE4jqPN8t3a8="></latexit>

x1 = x2

<latexit sha1_base64="y43kEc+se/XD2OIueyp6JMDe7Eo="></latexit>

<latexit sha1_base64="uXnOxuYh2Q/n9bh2kFudY9ypKGE="></latexit>

x ∈ {0, 1}n



Facility location problem

11

Data

Variables

<latexit sha1_base64="KsOVWFKRVSg+ekZA+wygfuTmnKA="></latexit>

xij =

{

1 j i

0

<latexit sha1_base64="iTORwmNTIgTnIg7wNg1HiAs/tzA="></latexit>

yj =

{

1 j

0

<latexit sha1_base64="/cgUDuKdKST8HDbfE/q3D79w1H8="></latexit> ∑n

j=1
cjyj +

∑m

i=1

∑n

j=1
dijxij

∑n

j=1
xij = 1, i = 1, . . . ,m

xij ≤ yj , i = 1, . . . ,m, j = 1, . . . , n

xij , yj ∈ {0, 1}

Problem

<latexit sha1_base64="QquIqKMmN6DBUAi8CCAUv3scvF0="></latexit>

n m

cj j

dij i j



Mixed-logical relations (big-M formulations)
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<latexit sha1_base64="6oVlMI9yBTchQX0wW5vL3o4aYkY="></latexit>

aTx ≤ b+ yM

dTx ≤ f + (1− y)M

<latexit sha1_base64="xEWV3C0DaFD3i6y12RGYcnLD3Qg="></latexit>

aTx ≤ b dTx ≤ f

<latexit sha1_base64="mNhRjJvTgQMdMg970zY+QWDGeEw="></latexit>

x ∈ R, y ∈ {0, 1}

<latexit sha1_base64="fe2dKHNe/6Pj7wZKRJ4TwLWwbL8="></latexit>

y = 0 x = 0 x

<latexit sha1_base64="vItN3OIV3w02ydKC/QxQwm70qlw="></latexit>

0 ≤ x ≤ yM



Cardinality

13

Cardinality (0-norm) 
number of nonzero elements

<latexit sha1_base64="as08g7DXauV2dh9wHSBmoPQLc6Y="></latexit>

cardx = ‖x‖0 =

∑
{i | xi "= 0}

<latexit sha1_base64="n+0jGbs9ePjbtnUemDMD8Y4b9jM="></latexit>

x ∈ R
n

, y ∈ {0, 1}n

Cardinality constraint

<latexit sha1_base64="3YZKmUoxCWiRRcq//JEZifRvqOc="></latexit>

cardx ≤ k

<latexit sha1_base64="E/9jIPkbhzwObcIrkAKnyhLWQKk="></latexit>

mX

i=1

yi ≤ k

−Myi ≤ xi ≤ Myi, i = 1, . . . , n

yi ∈ {0, 1}



Restricted range of values
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<latexit sha1_base64="3h7BdGT5AZ3cpfurPMRaIhNMrEw="></latexit>

x ∈ R {a1, . . . , ad}

<latexit sha1_base64="8CfN0lwtGJrJao0wZi7rZvDhn0k="></latexit>

x =

dX

j=1

ajzj

dX

j=1

zj = 1

zj ∈ {0, 1}

<latexit sha1_base64="e1EbdiTnrD9rJN7d+87NTov9R50="></latexit>

d zi ∈ {0, 1}

Vector form
<latexit sha1_base64="yFPEbKpJMwvog7FGmMec4fVmgkQ="></latexit>

x = a
T
z

1
T
z = 1

z ∈ {0, 1}d



Signal decoding
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Message
Channel

Signal
<latexit sha1_base64="HYvJ31o3+HH/eD9r+0l1PZThpyM="></latexit>

m y
<latexit sha1_base64="ZQTuz1l5VtFjK85YMNMU4UOKfao="></latexit>

n x̂

<latexit sha1_base64="+dbgD/ZkBmHj7mu5BDpSmATCrGc="></latexit>

y = Hx̂+ v

<latexit sha1_base64="SzYGNRojxsPdt14GC9zUvXNfNxk="></latexit>

m v

<latexit sha1_base64="y+I0vTtf0knb9hvRY92I3512jfI="></latexit>

k xk

{a1, . . . , ad}

Signal decoding problem
<latexit sha1_base64="ACJDrwkzJUFWBLOGTvmvET/35X0="></latexit>

kHx� yk1

xk 2 {a1, . . . , ad}, k = 1, . . . , n

<latexit sha1_base64="tMjW/gl2w/hGf5nbHI1Szks4mhk="></latexit>

x̂



Signal decoding as mixed-integer optimization
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Signal decoding problem
<latexit sha1_base64="ACJDrwkzJUFWBLOGTvmvET/35X0="></latexit>

kHx� yk1

xk 2 {a1, . . . , ad}, k = 1, . . . , n

Mixed-integer optimization
<latexit sha1_base64="WTDi5gVQ3tABAGfIehl4B2jOYoU="></latexit>

1
Tu

−u ≤ Hx− y ≤ u

xk = aT zk, k = 1, . . . , n

1
T zk = 1, k = 1, . . . , n

zk ∈ {0, 1}d



Signal decoding example
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<latexit sha1_base64="PsXcFPEwUdS+unGunp3sQyFg2ds="></latexit>

x̂ ∈ {−3,−1, 1, 3}40

0 25 50 75 100 125 150 175 200

t

−20

0

20
y

0 5 10 15 20 25 30 35

k

−3

−1

1

3

x̂

x?

<latexit sha1_base64="yE3KVfQ1G7d3Egxiu4dVbHebdJE="></latexit>

y = Hx̂+ v ∈ R
200

Exact message decoded!



Relaxations



Relaxations
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<latexit sha1_base64="befPf9r59Il/F3i5xNZNGeyFymg="></latexit>

cTx

Ax ≤ b

xi ∈ Z, i ∈ I

Remove integrality constraints

<latexit sha1_base64="Oyz4X11UQiNkROjMwlzWyoAOIzk="></latexit>

cTx

Ax ≤ b<latexit sha1_base64="k40Z0h5tW0jbDX4xC9mUuv7VQoA="></latexit>

Pip

<latexit sha1_base64="/afKiCO4h/6ozryTnb9SWjD0DwI="></latexit>

Prel

<latexit sha1_base64="COG2/UHCgs+e4XitozVlEIISHaw="></latexit>

p
?

ip
<latexit sha1_base64="hCvofOEPRI0jyDFB6A+myca2o6U="></latexit>

p
⋆

rel ≤ p
⋆

ip

<latexit sha1_base64="a2jQ3VcM8H3P8Ga5dPJruMDzuM8="></latexit>

Pip ⊂ Prel



Multiple formulations exist
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<latexit sha1_base64="befPf9r59Il/F3i5xNZNGeyFymg="></latexit>

cTx

Ax ≤ b

xi ∈ Z, i ∈ IEquivalent formulations 
(same feasible points) 

with different relaxations

Formulation 1 Formulation 2

Which one is better?

<latexit sha1_base64="BiUSVZDCZ3bzPWFxERBi6s+s6ds="></latexit>

≥

<latexit sha1_base64="ajR1pxVFrMz7Zz7lgjolNwxcw/g="></latexit>

p
⋆

rel1
≤ p

⋆

rel2
?



Facility location problem
Multiple formulations
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<latexit sha1_base64="/cgUDuKdKST8HDbfE/q3D79w1H8="></latexit> ∑n

j=1
cjyj +

∑m

i=1

∑n

j=1
dijxij

∑n

j=1
xij = 1, i = 1, . . . ,m

xij ≤ yj , i = 1, . . . ,m, j = 1, . . . , n

xij , yj ∈ {0, 1}

Formulation 1

Formulation 2 (fewer constraints)
<latexit sha1_base64="0q+++MkGx45HDhMm5IZ+EPqqLAg="></latexit> ∑n

j=1
cjyj +

∑m

i=1

∑n

j=1
dijxij

∑n

j=1
xij = 1, i = 1, . . . ,m

∑m

i=1
xij ≤ myj , j = 1, . . . , n

xij , yj ∈ {0, 1}

Are they both valid?

Which one is better?



Facility location problem
Multiple formulations
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Formulation 1

Formulation 2

<latexit sha1_base64="ANiaqSS1aDHFJNwcoPHBmPvTFDs="></latexit>

Prel1 =







n
∑

j=1

xij = 1, xij ≤ yj , xij , yj ∈ [0, 1]







<latexit sha1_base64="++z6gAywZpEph/x+lE7MGbOnyjQ="></latexit>

Prel2 =

8

<

:

n
X

j=1

xij = 1,
m
X

i=1

xij ≤ myj , xij , yj ∈ [0, 1]

9

=

;

Relationship
<latexit sha1_base64="aRdN+9r5YtADcUQaeb8qT1PFPxQ="></latexit>

Prel1 ⊂ Prel2 =⇒ p⋆
rel2

≤ p⋆
rel1

≤ p⋆ = p⋆
1
= p⋆

2

Formulation 1  
is better



Facility location problem
Multiple formulations proof
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<latexit sha1_base64="cbeYqO5bNBQUN50yfB1aIBzsR8M="></latexit>

Prel1

<latexit sha1_base64="BO3BLaQYTrCQvc3ZULdkHt1f4FI="></latexit>

Prel1 ⊂ Prel2

<latexit sha1_base64="5HrxOibUvemKriXYQEBmawSgNWk="></latexit>

Prel2

<latexit sha1_base64="6l/Giu5XCVTMoGQjdQ5AoIPMXs8="></latexit>

Prel1 ⊆ Prel2

<latexit sha1_base64="LNU42QUwuZ8xGlNgdoTz1hY8PBE="></latexit>

yj

yj

<latexit sha1_base64="4q2pXMw2/D/3kWaLHJhk4snFw6M="></latexit>

xij ≤ yj , ∀i, j ⇐⇒ max

i
xij ≤ yj

<latexit sha1_base64="XVe1Sg74xFNbuW+3a2Ye5Xkka9w="></latexit>

m∑

i=1

xij ≤ myj , ∀j ⇐⇒ avg

i

xij ≤ yj

<latexit sha1_base64="O+kUyiOLWhTSAAh89rmi8rj1tH8="></latexit>

Prel1 != Prel2

<latexit sha1_base64="wEesuNMF9GnwYCOV7MwatNBz1Jw="></latexit>

yj

yj
<latexit sha1_base64="eAzogmT3tMWLexkRMaM+gxVJJ+w="></latexit>

(x1j , x2j , x3j) = (0.3, 0.4, 0.5)
yj = 0.45



Ideal formulations



What’s the best possible formulation?

25

<latexit sha1_base64="befPf9r59Il/F3i5xNZNGeyFymg="></latexit>

cTx

Ax ≤ b

xi ∈ Z, i ∈ I

<latexit sha1_base64="Oyz4X11UQiNkROjMwlzWyoAOIzk="></latexit>

cTx

Ax ≤ b

Problem Relaxation

Does this formulation always exist?

What happens if the relaxation solution is integer feasible point?

We found an optimal solution!



Convex hull

26

The convex hull is the set of all possible


convex combinations of the points.

What is the convex hull of an integer optimization problem?

Recap

<latexit sha1_base64="CV0cBdEjr6QZMpCgAs/mFZpCwOk="></latexit>

convC =

{

n
∑

i=1

αixi | α ≥ 0, 1
T
α = 1

}



Convex hull of integer optimization

27

<latexit sha1_base64="befPf9r59Il/F3i5xNZNGeyFymg="></latexit>

cTx

Ax ≤ b

xi ∈ Z, i ∈ I

<latexit sha1_base64="psS5Wy9AyiiH6hlBVeokDFc6mGY="></latexit>

convP = conv{x | Ax ≤ b, xi ∈ Z, i ∈ I}

The convex hull has  
 integer feasible extreme points



Ideal formulations
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<latexit sha1_base64="befPf9r59Il/F3i5xNZNGeyFymg="></latexit>

cTx

Ax ≤ b

xi ∈ Z, i ∈ I

A formulation is ideal if solving its relaxation gives  
 an integer feasible point

<latexit sha1_base64="Oyz4X11UQiNkROjMwlzWyoAOIzk="></latexit>

cTx

Ax ≤ b

<latexit sha1_base64="W/xiUaOdnIWNQ5R5zAdxUSbNGhY="></latexit>

x
⋆

integer feasible

This happens if 

<latexit sha1_base64="KdEAnrZ2oX0DioiK7Imzshd7Xcw="></latexit>

convP = {Ax ≤ b}

It is very hard to construct ideal formulations!



Facility location problem
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<latexit sha1_base64="/cgUDuKdKST8HDbfE/q3D79w1H8="></latexit> ∑n

j=1
cjyj +

∑m

i=1

∑n

j=1
dijxij

∑n

j=1
xij = 1, i = 1, . . . ,m

xij ≤ yj , i = 1, . . . ,m, j = 1, . . . , n

xij , yj ∈ {0, 1}

Formulation 1

Formulation 2 (fewer constraints)
<latexit sha1_base64="0q+++MkGx45HDhMm5IZ+EPqqLAg="></latexit> ∑n

j=1
cjyj +

∑m

i=1

∑n

j=1
dijxij

∑n

j=1
xij = 1, i = 1, . . . ,m

∑m

i=1
xij ≤ myj , j = 1, . . . , n

xij , yj ∈ {0, 1}

<latexit sha1_base64="LI4Po5+W7uVXuFc/SBfGTq8iKWc="></latexit>

convP ⊆ Prel1 ⊆ Prel2

Ranking relaxations



Judging formulations

30

Size of feasible region

<latexit sha1_base64="befPf9r59Il/F3i5xNZNGeyFymg="></latexit>

cTx

Ax ≤ b

xi ∈ Z, i ∈ I

<latexit sha1_base64="O/UiPzF7UmDdWIJS/wZR06VOpFY="></latexit>

convP ≈ {Ax ≤ b}

Objective function value
<latexit sha1_base64="fOQ9OpqgkYq31O5E/tsL41l4vEU="></latexit>

p
?

rel ≈ p
?

ip

Problem size

Goal: keep moderate LP relaxation size 
(unfortunately, better formulations  
tend to have more  
variables/constraints) 

Problem formulation



Minimum cost network flow

31

<latexit sha1_base64="H1jzMDqYdaaRdnzQt65zAxAS2Vw="></latexit>

cTx

Ax = b

0 ≤ x ≤ u

<latexit sha1_base64="/CzyeoZNxZg1qvvKweayxdC+Gk0="></latexit>

A

b u

x?

Integrality theorem

Formulation is ideal
<latexit sha1_base64="14L30QvdkiGtiIwVWvJNlFx5HhM="></latexit>

cTx

Ax = b

0 ≤ x ≤ u

x ∈ Z
n

Very easy  
special case!



How do we solve integer optimization problems?

32

<latexit sha1_base64="befPf9r59Il/F3i5xNZNGeyFymg="></latexit>

cTx

Ax ≤ b

xi ∈ Z, i ∈ I

Idea: Refine the feasible set until the relaxation 
gives integer feasible solutions!



Mixed-integer optimization

Today, we learned to:


• Define mixed-integer optimization problems 

• Model logical relationships with integer variables and constraints


• Analyze relaxations and formulations

33



References

34
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Next lecture

• Integer optimization algorithms

35


