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17. Interior-point methods
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Ed Forum

e We learned about networks this lecture and in another class, | learned about
neural networks. | get that the two things are similar, in the sense that there
exists weights to the edges. In neural networks, there also the bias on a node.
However in our examples in lecture, the b is referenced as a supply vector. |
was wondering if the two were the same.

* |n our example, we only looked at the case where the external supply came
Into certain nodes while the external demand came into others, but we never
looked at nodes that had both supply and demand coming in. Can this ever
happen and if so how would this affect b since it appears the values of b are
usually broken up into positive for supply and negative for demand?






Arc-node incidence matrix

m X n matrix A with entries

1 If arc 5 starts at node

A;; = < —1 ifarc j ends at node : 1 1 0 0
0 otherwise —1 0 1 0
0 —-1 —1 -1

e
Note Each column has o 0 0 1
one —1 and one 1 o 0 0 0
0 0 0 0

o O = O O

o = O O

oo O O =




External supply

supply vector b € R™

» b; IS the external supply at node ¢
(if b; < O, it represents demand)
» We must have 1715 = 0

(total supply = total demand)

Balance equations

ZAZJ% — — b;, foralli

7=1 / \

Total leaving Supply
flow

Axr =0




Minimum cost network flow problem

minimize c¢lx
subjectto Ax =0
0<zx<u

* ¢; Is unit cost of flow through arc :
* Flow x; must be nonnegative
* u; 1S the maximum flow capacity of arc ¢

» Many network optimization problems are just special cases



Today'’s lecture

Interior point methods

e History

 Newton’s method

* Central path

* Primal-dual path-following algorithm

* |ogarithmic barrier functions



History



A brief history of linear optimization

1940s :
 Foundations and applications in economics and logistics (Kantorovich, Koopmans)

* 1947 : Development of the simplex method by Dantzig

1950s —70s:
* Applications expand to engineering, OR, computer science...
1975 : Nobel prize in economics for Kantorovich and Koopmans

1980s:
 Development of polynomial time algorithms for LPs
* 1984 : Development of the interior point method by Karmarkar

— Today:
* (Continued algorithm development. Expansion to very large problems.
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Newton’s method



Newton’s root finding method

Goal: solve
h(z) =0

Method
1. Make a guess z" and a linear approximation

h(x) ~ h(:z:'k) | @6:1« (") (x — ")

2. Iteratively set h(z*) to 0

h(z") A f)axh’f (") ("t —2F) =0

13



6_1.2:13_'_0.3

0.5

Newton’s method example

0.4

0.2

N

= 0.0
—0.21

—0.41

0.4

0.2

—0.21

—0.41

lteration 1

lteration O




Newton’s root finding method (multivariable)

Goal: solve
h(z) =0
Method
1. Make a guess z" and a linear approximation
Derivative
h(z) ~ h(z") + Dh(z")(z — z") " Oh, dhy "
Oh ... O
2. Iteratively set h(z*) to 0 Dh=| : : :
Ohpm  Ohm
h(z"®) 4+ Dh(z")(z" Tt — 2) = 0 | dxq O, _

15



Newton method iterations

Iterations
h(z") + Dh(z") (" — ") =0 - Solve Dh(z")Az = —h(z")
A o pFtl 2k 4 Ax

Remarks

» [terations can be expensive (linear system solution)
- Fast convergence close to the solution z*

16



Linear optimization as a root finding problem

Optimality conditions

Primal Dual
minimize ¢!z ___, minimize clx maximize —bly
subjectto Az < subjectto Az +s=05 subjectto Aly+c=0

s >0 y >0
KKT conditions
Ar+s—b=0
Aty +ec=0

s;y; =0, 1=1,....,m

s,y >0
17



Linear optimization as a root finding problem

S = diag(s) =

Y = diag(y) =

_y1

Y2

Diagonalize complementary slackness

Ym _

Ar+s—b=0
Aty+c=0
siy; = 0,

s,y >0

SY1 = diag(s)diag(y)1l =

SiY; — U, Z:L...

i=1,...

S1Y1

S2Y2

<

o TT0

SmYm_| [1_

SY1=0

S1Y1

S2Y2

SmYm_

18




Main idea

Optimality conditions

Ar 45— Tp S = diag(s)

h(y,z,s) = | Aly+c | =] rq | =0 Y = diag(y)
- sy1 | |svi
s,y >0

» Apply variants of Newton’s method to solve h(x, s,y) =0
» Enforce s,y > 0 (strictly) at every iteration

» Motivation avoid getting stuck in “corners”
19



Newton’s method for optimality conditions

Optimality conditions Derivative
Ar +s—0 o 0 A I
h(y,z,s)= | Aly+c | =] rq | =0 Dh(y,z,s)= |A* 0 O
I SY1 ) _SYl_ g 0 Y
s,y >0
Ilterations

* Solve Dh(ykawka Sk)A(ykvxkv Sk) — _h(ykva;ka Sk)

PMazs a3 Caution!
2R |2k | A(yR, 2 sF) It might make (s, y) negative!
Gkl ok

20



Central path



Line search to stay feasible

Root-finding equation

Linear system

Dh

0 A I
AT 0 0
'S 0 Y||

Line search to enforce s,y > 0

h(y,z,s) =

Ay
Az
As

Ar+s—b T'p
Aty+c | = rg | =0

- SY1 SY1
_ B Residuals
—7r, r, =Ax +s—0b
—’]”d Td _ ATy_I_C

—-SY1
Issue

(y,z,8) < (y,z,s) + a(Ay, Az, As)

Pure Newton’s step does not
allow significant progress towards
h(y,z,s) =0and s,y > 0. 22



The central path

S2Y2a ,

S1Y1



Smoothed optimality conditions

Optimality conditions

Ar+s—b=0

Aty +c=0
s;y; =T <+—— Same 7 for every pair

s,y > 0

Same optimality conditions for a “smoothed” version of our problem

Duality gap
sty=0b—Ax) y=b'z -2 A'y=bly+c =z

24



Newton’s method for smoothed optimality conditions

Smoothed optimality conditions

h(y,z,s) =

Linear system

0 A I
AT 0 0
S 0 Y

Ar+s—b

Aty+c | =0

Ay
Ax
As

_SYl - 71

s,y >0

_—SY + 71

Line search to enforce s,y > 0
(y7 aj? S) % (y7 x? S) _I_ (X(Ay7 AQE, AS)

25



The path parameter

Linear system

Duality measure 0 A 11T Ay i —r, i
- sTy (average value of AT o0 ol |Azl = —r
"7 " the pairs s;y;) S 0 Y| [As —SY1+opul
Centering parameter =0 = Newton step
o € [0,1] c=1 = Centering step towards (y*(u), x* (1), s* (1))

Line search to enforce s,y > 0
(y7$78) % (y7aj78) _l_ (X(Ay,AQE,AS) 2



The central path

S2Y2a ,

S1Y1



Primal-dual path-following
method




Path-following algorithm idea

Newton step .

-y

~Centering step. "}

o=1

|

’I

o =0

Combined step

Centering step
It brings towards the central path

and Is usually biased towards s,y > 0.
No progress on duality measure u

Newton step

It brings towards the zero duality
measure ;.. Quickly violates s,y > 0.

Combined step
Best of both worlds with longer

steps 29



Primal-dual path-following algorithm

Initialization

1. Given (CC(), S0 ; y()) such that sg, yg > 0

Iterations

1. Choose o € |0, 1]

2. Solve

0 A I
AT 0 0
S 0 Y

—SY1+oul

where 1 = st y/m

3. Find maximum « such that y + aAy > 0 and s + aAs > 0

4. Update (y, x,s) « (y,z,s) + a(Ay, Az, As)

30



Working towards optimality conditions

Optimality conditions satisfied only at convergence

Primal residual Stopping criteria
r,=Ar+s—b—0 |7pl| < €pri

Dual residual
Td:ATy—I—c%O I7q]] < €dua

Complementary slackness
T
sty — 0 S™ Y < €gap

31



Logarithmic barrier functions



Smoothed optimality conditions

Optimality conditions

Ar +s—b=0

Aty+c=0
S;Y; =T <«——— Same 7 for every pair

s,y > 0

Same optimality conditions for a “smoothed” version of our problem

Do solutions actually exist?

What do they represent?

33



Logarithmic barrier

—7 > i1 108(si)

1.0

ondomain s; > 0

As 7 — O It approximates

5207 ) o otherwise

34



Smoothed problem

minimize ¢’z

subjectto Ar+s=b6 —
s >0

minimize ¢’z P(s) = clax — TS:Z , log(s;)
subjectto Az +s=5b

Lagrangian function

L(z,s,y)=c' = —T Z log(s;) +vy* (Az + s — b)
i=1

0L
oz

oL 1

087; S;

— Aty +c=0

35



Analytic

Central path Center 1000
T — OO
minimize ¢’z — 7> " log(s;)
subjectto Az +s=050 |
Set of points (z*(7), s*(7),y* (7))
with 7 > 0 such that
Ar+s5s—-0=0 1/5
Aty +c=0
SiYi = T
s,y > 0
Main idea 1/100
T 36

Follow central pathas  — 0



Interior-point methods for linear optimization

Today, we learned to:
 Apply Newton’s method to solve optimality conditions
* Follow the central path and the smoothed optimality conditions

 Use logarithmic barrier functions to interpret central path steps

37
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 D. Bertsimas and J. Tsitsiklis: Introduction to Linear Optimization

 Chapter 9.4 — 9.6: Interior point methods

* R. Vanderbei: Linear Programming
 Chapter 17: The Central Path
 Chapter 15: A Path-Following Method
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Next lecture

* Practical interior-point method (Mehrotra predictor-corrector algorithm)
* |mplementation detalls

* |nterior-point vs simples

39



