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ORF307 – Optimization
13. Duality



Course feedback survey

https://forms.gle/2zTGHmKaQrksDCAU9
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QR Code

URL



Ed Forum

• Midterm solutions will be posted today


• When implementing the simplex method in practice, is there a way to know 
whether you have an example of worst-case behavior? If so, how should you 
pick the best pivot rule to avoid these worst cases?
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Recap



Linear optimization formulations
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cTx

Ax = b

x ≥ 0

<latexit sha1_base64="Zs8r51jllvVlqCLDc4l3JrKWQHU="></latexit>

Standard form LP Inequality form LP

cTx

Ax ≤ b

<latexit sha1_base64="uklLXqE0yLOcy+rGdip0h+nEQy4="></latexit>



Today’s agenda

• Obtaining lower bounds


• The dual problem


• Weak and strong duality
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Duality



Obtaining lower bounds



Obtaining lower bounds
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x1 + 3x2

x1 + 3x2 ≥ 2

<latexit sha1_base64="/jtkbcSBltCYy65nA7yL0f+HzWU="></latexit>

What is a lower bound on the optimal cost?

A simple example

2 x1 + 3x2 ≥ 2

<latexit sha1_base64="G1bcBRtrorDUmkm78a0bYKt/q9U="></latexit>



Obtaining lower bounds
Another example
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x1 + 3x2

x1 + x2 ≥ 2

x2 ≥ 1

<latexit sha1_base64="2iogeanK6I0PR5Ruu2ZaJdxQM90="></latexit>

What is a lower bound on the optimal cost?

Let’s sum the constraints

1 · (x1 + x2 ≥ 2)

+ 2 · (x2 ≥ 1)

= x1 + 3x2 ≥ 4

<latexit sha1_base64="DJFWRAVgM+uvBlpZn7xelL+UzPE="></latexit>

4

<latexit sha1_base64="g0uOhy/AwpMNolM4ztGXml2+3zo="></latexit>
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Obtaining lower bounds
A more interesting example

x1 + 3x2

x1 + x2 ≥ 2

x2 ≥ 1

x1 − x2 ≥ 3

<latexit sha1_base64="tFYXbkwVHLgaAHWE/DRk1TdXTqE="></latexit>

How can we obtain a lower bound?

Add constraints
<latexit sha1_base64="rOH0uM3hD0Cg2mHBLNJEVKQ6NC4="></latexit>

y1 · (x1 + x2 ≥ 2)

+ y2 · (x2 ≥ 1)

+ y3 · (x1 − x2 ≥ 3)

⇒ (y1 + y3)x1 + (y1 + y2 − y3)x2 ≥ 2y1 + y2 + 3y3

Bound

y = (0, 4, 1) ⇒ 7

<latexit sha1_base64="yf85BADd6hdePlh7z2AMPd/IwNc="></latexit>

y = (1, 2, 0) ⇒ 4

<latexit sha1_base64="H75Gi2BbRq640RQw7cZ1mHMNfz8="></latexit>

Many options

How can we get the best one?

y1 + y3 = 1

y1 + y2 − y3 = 3

y1, y2, y3 ≥ 0

<latexit sha1_base64="aNBsuLruGiXdLKbpiNsNJj+pvNk="></latexit>

Match cost coefficients



11

Obtaining lower bounds
A more interesting example — Best lower bound

2y1 + y2 + 3y3

y1 + y3 = 1

y1 + y2 − y3 = 3

y1, y2, y3 ≥ 0

<latexit sha1_base64="D0IjjTXvqdJMH/UejfvBzuM+IoU="></latexit>

We can obtain the best lower bound by solving the following problem

This linear optimization problem is called the dual problem



The dual problem



Lagrange multipliers
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cTx

Ax = b

x ≥ 0

<latexit sha1_base64="sPEUVRT1wBIOWZXYqo5PxkUJ/A0="></latexit>

Consider the LP in standard form Relax the constraint

g(y) =
x

cTx+ yT (Ax− b)

x ≥ 0

<latexit sha1_base64="HbqF2Hua6kuL92eqHbLbkdWaPus="></latexit>

Lower bound

g(y) ≤ cTx⋆ + yT (Ax⋆
− b) = cTx⋆

<latexit sha1_base64="tDu5r6L0SadyZ4UNZhEy2per4KE="></latexit>

y

g(y)

<latexit sha1_base64="0CQxVKySTkOLvhBX6nOLDv/tFFc="></latexit>

Best lower bound



The dual
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Dual function

Dual problem (find the best bound)

y
g(y) = −bT y

AT y + c ≥ 0

<latexit sha1_base64="WQjBWIZdpA8aH+Nng4wlpbV2LFA="></latexit>

g(y) =

(

−bT y c+AT y ≥ 0

−∞

<latexit sha1_base64="kWKY9hffZGSq1wCIcl2Ai5oGvUw="></latexit>

<latexit sha1_base64="bMoXKbm1nKdjVlKf5iC1DnZOVTg="></latexit>

g(y) =
x≥0

�

cTx+ yT (Ax− b)
�

= −bT y +
x≥0

�

c+AT y
�T

x



Primal and dual problems
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Primal problem Dual problem

cTx

Ax = b

x ≥ 0

<latexit sha1_base64="HPMbYtzn0EM0OJtYXiUwEiG72Zc="></latexit>

y ∈ R
m

<latexit sha1_base64="LyPtV8L3EcJrV3cDge1gTUYGHyI="></latexit>

x ∈ R
n

<latexit sha1_base64="U8vlTk26bxmJmu+WA3OKKH0z2xM="></latexit>

The dual problem carries useful information for the primal problem

Duality is useful also to solve optimization problems

−bT y

AT y + c ≥ 0

<latexit sha1_base64="AuCv/vET+aXjAnRcVrvP9bEk49I="></latexit>



Dual of inequality form LP
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What if you find an LP with inequalities?

cTx

Ax ≤ b

<latexit sha1_base64="O/o5C8wag7/JrHDTOb0VItDVYsE="></latexit>

1. We could first transform it to standard form 

2. We can compute the dual function (same procedure as before)

Relax the constraint

g(y) =
x

cTx+ yT (Ax− b)

<latexit sha1_base64="pzelOYzotyCmjkxBhnZGXJ0lCo8="></latexit>

Lower bound

g(y) ≤ cTx⋆ + yT (Ax⋆
− b) ≤ cTx⋆

<latexit sha1_base64="cjBTr2QiiRDVIVgJkrCi+nUs9SI="></latexit>

y ≥ 0

<latexit sha1_base64="a/MoWse2mEu3z+sxkJkybBdMauA="></latexit>



Dual of LP with inequalities
Derivation
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Dual function

Dual problem (find the best bound)

y
g(y) = −bT y

AT y + c = 0

y ≥ 0

<latexit sha1_base64="N8lNc9vk2lRChx8rEpWkPHpVjeE="></latexit>

g(y) =

(

−bT y c+AT y = 0

−∞

<latexit sha1_base64="ZTDqFa7IDwUREYQqNOfKq+b5juA="></latexit>

y ≥ 0

<latexit sha1_base64="HlNkCCFINR+YNUV+10zYboP2CNU="></latexit>

<latexit sha1_base64="d0G5tccGrE1ZboW9kWFDMxj5B0Y="></latexit>

g(y) =
x

�

cTx+ yT (Ax− b)
�

= −bT y +
x

�

c+AT y
�T

x



General forms
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DualPrimal

cTx

Ax = b

x ≥ 0

<latexit sha1_base64="HPMbYtzn0EM0OJtYXiUwEiG72Zc="></latexit>

−bT y

AT y + c ≥ 0

<latexit sha1_base64="AuCv/vET+aXjAnRcVrvP9bEk49I="></latexit>

Standard form LP

Primal
Inequality form LP

Dual
cTx

Ax ≤ b

<latexit sha1_base64="4SLIyybDLsW4EisEGAZzVa/nhY8="></latexit>

−bT y

AT y + c = 0

y ≥ 0

<latexit sha1_base64="oaj5YVrar4QqelpzNtZl3ufiwOM="></latexit>

Primal Dual

LP with inequalities and equalities

cTx

Ax ≤ b

Cx = d

<latexit sha1_base64="MuCD1qJ4w/yzWwTyp1TUlRCOQIs="></latexit>

−bT y − dT z

AT y + CT z + c = 0

y ≥ 0

<latexit sha1_base64="m8OhQ66YroxkUuTKv2mlMffgE6o="></latexit>



Example from before
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x1 + 3x2

x1 + x2 ≥ 2

x2 ≥ 1

x1 − x2 ≥ 3

<latexit sha1_base64="tFYXbkwVHLgaAHWE/DRk1TdXTqE="></latexit>

Dual

−bT y

AT y + c = 0

y ≥ 0

<latexit sha1_base64="oaj5YVrar4QqelpzNtZl3ufiwOM="></latexit>

Inequality form LP

cTx

Ax ≤ b

<latexit sha1_base64="4SLIyybDLsW4EisEGAZzVa/nhY8="></latexit>

c = (1, 3)

A =







−1 −1

0 −1

−1 1







b = (−2,−1,−3)

<latexit sha1_base64="KliOr8hLubxtiTpWCMGWtbRAsDI="></latexit>

2y1 + y2 + 3y3

−y1 − y3 = −1

−y1 − y2 + y3 = −3

y1, y2, y3 ≥ 0

<latexit sha1_base64="ASl3K3x/bAA5czcD6wGQVNHRx3o="></latexit>



To memorize
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Ways to get the dual

• Derive dual function directly


• Transform the problem in inequality form LP and dualize

Sanity-checks and signs convention
<latexit sha1_base64="o4Jh8QGndHbRLD0JV9nNr31Jsag="></latexit>

Ax− b ≤ 0 Ax− b = 0 ≥ 0

y y ≥ 0



Dual of the dual
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Theorem

If we transform the primal into its dual and then transform the dual to its dual, we 
obtain a problem equivalent to the original problem. In other words, the dual of 
the dual is the primal.

Theorem
If we transform a linear optimization problem to another form (inequality 
form, standard form, inequality and equality form), the dual of the two 
problems will be equivalent.

Primal Dual

Exercise  
Derive dual and dualize again

cTx

Ax ≤ b

Cx = d

<latexit sha1_base64="MuCD1qJ4w/yzWwTyp1TUlRCOQIs="></latexit>

−bT y − dT z

AT y + CT z + c = 0

y ≥ 0

<latexit sha1_base64="m8OhQ66YroxkUuTKv2mlMffgE6o="></latexit>



Weak and strong duality



Optimal objective values

23

Primal Dual

cTx

Ax ≤ b

<latexit sha1_base64="4SLIyybDLsW4EisEGAZzVa/nhY8="></latexit>

−bT y

AT y + c = 0

y ≥ 0

<latexit sha1_base64="oaj5YVrar4QqelpzNtZl3ufiwOM="></latexit>

p
?

<latexit sha1_base64="TXrK1G29fTKJzr82IEqZca+P75M="></latexit>

d
?

<latexit sha1_base64="XDOywE7hqz2G64ME9p2Yp9gV5wg="></latexit>

p
?
= +∞

p
?
= −∞

<latexit sha1_base64="BDsDEKO4Vhf0wm1vEEqgpCMkzGY="></latexit>

d
?
= −∞

d
?
= +∞

<latexit sha1_base64="S1jM2jtLe9z9zk9jo4djbTpPaGY="></latexit>



Weak duality
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Theorem

−bT y ≤ cTx

<latexit sha1_base64="dvww1Fkpv8FHLo4kOGV79G+shos="></latexit>

Proof

Ax ≤ b AT y + c = 0 y ≥ 0

<latexit sha1_base64="xwEey0etSqGluPNL09iwyNYmnj0="></latexit>

0 ≤ yT (b−Ax) = bT y − yTAx = cTx+ bT y

<latexit sha1_base64="ysV00ZKG1sNIlO0AOqGMzEXjNqI="></latexit>

Remark
y

x

cTx+ bT y

<latexit sha1_base64="tVd+d/r4wNYPUED63xN4x8mfHLw="></latexit>

x, y

x

y

<latexit sha1_base64="pIsS7swAWA9/Gmftuz/bz1RIWEo="></latexit>



Weak duality
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Corollaries

Unboundedness vs feasibility

p? = −∞ ⇒ d? = −∞

d? = +∞ ⇒ p? = +∞

<latexit sha1_base64="GqKMHFNvSmE2l2tvaajvDHa5OsE="></latexit>

Optimality condition

x y

<latexit sha1_base64="82kL+63gEVzxSDlCRpiXRZDLjJ8="></latexit>

x, y

x

y

cTx+ bT y = 0

<latexit sha1_base64="HARHS9ocTy4iPtwZEp2aG8sZfcI="></latexit>



Strong duality

26

Theorem

<latexit sha1_base64="oWbeWUu2rS0eB6bkL80iJQORq/s="></latexit>

d⋆ = p⋆

<latexit sha1_base64="rhnP4KMn58uw0WtdEhbWlaNcyEE="></latexit>



Strong duality
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Constructive proof

x
?

y
?

<latexit sha1_base64="IUpuSptYR0JaqyXSJmburjVNAzg="></latexit>

cTx

Ax = b

x ≥ 0

<latexit sha1_base64="HPMbYtzn0EM0OJtYXiUwEiG72Zc="></latexit>

Apply simplex to problem in standard form
<latexit sha1_base64="gDjc1E3ol/5omsoaB+hZPKl1oxU="></latexit>

B

x? ABx
?

B
= b

c̄ = c−ATA
−T

B
cB ≥ 0

y?

d? = p?

<latexit sha1_base64="j6mIa7/4zMs7qp/2XXjO1cPUq3E="></latexit>

<latexit sha1_base64="JeRHFmghZU9ASdTpiYQ+snFNP6o="></latexit>

y? y? = −A−T

B
cB AT y? + c ≥ 0 y?

<latexit sha1_base64="HWlCvUzvWQ6YMQJr0BOSYuARyGM="></latexit>

−bT y⋆ = −bT (−A−T

B
cB) = cT

B
(A−1

B
b) = cT

B
x⋆

B
= cTx⋆



Exception to strong duality
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Primal Dual

x

0 · x ≤ −1

<latexit sha1_base64="K4ZyPt6cdY5S30G3yQl1M68wvHw="></latexit>

y

0 · y + 1 = 0

y ≥ 0

<latexit sha1_base64="peUWeOTIwm/PY6SzEEdBI2okwxc="></latexit>

p
?
= +∞

<latexit sha1_base64="wa+phOrI4Rh5qL/JgRrQguFNbrI="></latexit>

d
?
= −∞

<latexit sha1_base64="eJYeIU3DOHCaEODuT8NttogEptI="></latexit>

Both primal and dual infeasible



Relationship between primal and dual
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primal inf.


dual unb.

optimal values 

equal

exception
primal unb.


dual inf

d
?

<latexit sha1_base64="1/wKDP4NEo6iVB2m5j9s4HMHfgw="></latexit>

d
?
= +∞

<latexit sha1_base64="y/kOTV4vXgvsMy4DJ2J0Akvz9zE="></latexit>

d
?
= −∞

<latexit sha1_base64="uHXKSKJUbz2X9DyYumDRvq5JM+k="></latexit>

p
?
= −∞

<latexit sha1_base64="MvfLH0TzFqwK+AGySH+LwfWEzLY="></latexit>

p
?
= +∞

<latexit sha1_base64="vbn6E8862eG8bLhgDSY69Xk8weE="></latexit>

p
?

<latexit sha1_base64="YxoPNuFL7J1jZsSJ6fSHhJ4tENk="></latexit>

(1, 1) (3, 3)
(3, 1) (2, 2)

<latexit sha1_base64="fxbu7bae9Gze9yWcCYp+MKGCr98="></latexit>



Example



Production problem
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x1 + 2x2

x1 ≤ 100

2x2 ≤ 200

x1 + x2 ≤ 150

x1, x2 ≥ 0

<latexit sha1_base64="95TU8gz4302m/yIMj8PNLi24JT0="></latexit>

Profits

Resources

Dualize

cTx

Ax ≤ b

<latexit sha1_base64="uklLXqE0yLOcy+rGdip0h+nEQy4="></latexit>

1. Transform in inequality form

c = (−1,−2)

A =

















1 0

0 2

1 1

−1 0

0 −1

















b = (100, 200, 150, 0, 0)

<latexit sha1_base64="dyaOqMkhq4TTcUBSAv6gVd8jcW4="></latexit>

2. Derive dual

−bT y

AT y + c = 0

y ≥ 0

<latexit sha1_base64="oaj5YVrar4QqelpzNtZl3ufiwOM="></latexit>



Production problem
Dualized
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−bT y

AT y + c = 0

y ≥ 0

<latexit sha1_base64="oaj5YVrar4QqelpzNtZl3ufiwOM="></latexit>

c = (−1,−2)

A =

















1 0

0 2

1 1

−1 0

0 −1

















b = (100, 200, 150, 0, 0)

<latexit sha1_base64="dyaOqMkhq4TTcUBSAv6gVd8jcW4="></latexit>

<latexit sha1_base64="an8HcLkWoc1jafPB5Z62wEgc6TQ="></latexit>

100y1 + 200y2 + 150y3

y1 + y3 − y4 = 1

2y2 + y3 − y5 = 2

y1, y2, y3, y4, y5 ≥ 0

Fill-in data Eliminate variables

100y1 + 200y2 + 150y3

y1 + y3 ≥ 1

2y2 + y3 ≥ 2

y1, y2, y3 ≥ 0

<latexit sha1_base64="pLIuC4t5/faRMmrOD0+TuRXTVBw="></latexit>



Production problem
The dual
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100y1 + 200y2 + 150y3

y1 + y3 ≥ 1

2y2 + y3 ≥ 2

y1, y2, y3 ≥ 0

<latexit sha1_base64="pLIuC4t5/faRMmrOD0+TuRXTVBw="></latexit>

Interpretation
<latexit sha1_base64="Nu3/lexXwXo8NAFWE/Y0gYreUck="></latexit>

1 1 1× 1 3 y1 + y3 ≥ 1

2 2 2× 2 1× 3 2y2 + y3 ≥ 2



Linear optimization duality

Today, we learned to:


• Dualize linear optimization problems


• Prove weak and strong duality conditions


• Interpret simple dual optimization problems

34
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Next lecture

More on duality:


• Game theory


• Complementary slackness


• Farkas lemma
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