
Bartolomeo Stellato — Spring 2022

ORF307 – Optimization
10. Applications of linear optimization



Ed Forum

• Midterm March 3  
Time: 1:30pm — 2:50pm  
          Students with ODS approved extensions will start earlier at 12:30pm  

Location: Friend 006 
Topics: Up to last lecture (excluding equivalence theorem) 
Material allowed: Single sheet of paper. Double sided. Hand-written or typed.  

• Questions 

• What does it mean that n-m inequalities have to be tight? Is it that they cannot be equal to 
0? Do they have to intersect? 


• When we are picking x(i) values to hold tight, can we just choose them arbitrarily? Would 
picking different ones lead to different solutions?
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Recap



Constructing basic solutions



Constructing a basic solution

5

Two equalities
<latexit sha1_base64="BXOhLcYZm24j+7AnBYlmxDe+0fY="></latexit>

(m = 2, n = 3)

<latexit sha1_base64="RfCpvp5MYMe9Jz54NmVgL6PTwvg="></latexit>

n−m = 1 xi = 0

<latexit sha1_base64="TAe7VzSF8niQprwKjv0NfC6JyXc="></latexit>

cTx

x1 + x3 = 1

(1/2)x1 + x2 + (1/2)x3 = 1

x1, x2, x3 ≥ 0

<latexit sha1_base64="pV5BAKZpZ1g15uIIep9Bz0YiuvU="></latexit>

x1 = 0

<latexit sha1_base64="pa/ToIz5b1+k2myJd2nT55Vk4L0="></latexit>
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<latexit sha1_base64="U6g0YlRcM/dB9dsuwEHb0oWYLZI="></latexit>
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<latexit sha1_base64="WRjB/iHyK+rP4+SbafZQiMaZ4f4="></latexit>

(x2, x3) = (0.5, 1)



Basic solutions
Standard form polyhedra
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P = {x | Ax = b, x ≥ 0}

<latexit sha1_base64="Pb1euq8zO1c1t7w61bGi+wUOyKs="></latexit>

A ∈ R
m×n m ≤ n

<latexit sha1_base64="4E9mFuBAhFpYMiz36gYx/4CUGt4="></latexit>

with

x

<latexit sha1_base64="TFks65fuPWYdFjPRQCZQTuSQoxo="></latexit>

Ax = b

B(1), . . . , B(m)

AB(1), . . . , AB(m)

xi = 0 i 6= B(1), . . . , B(m)

<latexit sha1_base64="DT6vWfS/8uJWF7Y+FAivj2sZMek="></latexit>

x x x ≥ 0

<latexit sha1_base64="df+98hYlyvhUk5fNeo5uTY0jIIM="></latexit>



Constructing basic solution
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m A AB(1), . . . , AB(m)

xi = 0 i 6= B(1), . . . , B(m)
Ax = b xB(1), . . . , xB(m)

<latexit sha1_base64="fUNKnmFFvJt39//9EjlNOIIAqpU="></latexit>

Basis 
matrix

Basis columns Basic variables
<latexit sha1_base64="mb4z4YwhQ2i3QI1PINthJBqmmt4="></latexit>

AB =






AB(1) AB(2) . . . AB(m)






, xB =









xB(1)

xB(m)









<latexit sha1_base64="+iRwBbBRY0GON+5ZERi161wiBtk="></latexit>

ABxB = b

xB ≥ 0 x

<latexit sha1_base64="V3mx688Q0Bofe66WYuWEhT+dzkA="></latexit>



Existence and optimality of 
extreme points



Existence of extreme points
Example

9
No extreme points Extreme points



Existence of extreme points
Characterization
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P

<latexit sha1_base64="mFE8nC5BN9bpmMpc4SQPnb3Rm0E="></latexit>

Corollary  
Every nonempty bounded polyhedron has 

at least one basic feasible solution

, the following are equivalentP = {x | aT
i
x ≤ bi, i = 1, . . . ,m}

<latexit sha1_base64="1FM8JX4t+UE3I5y3FDiiWEP7cQs="></latexit>

P

P

n ai

<latexit sha1_base64="PtlBgpv51cSkz1T88susS5ieoSw="></latexit>

∃x ∈ P d x+ λd ∈ P, ∀λ ∈ R

<latexit sha1_base64="F0i6YwB6Y3sMya5UynGGXCtamj8="></latexit>



Optimality of extreme points
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Solution method: restrict search to extreme points.

cTx

Ax ≤ b

<latexit sha1_base64="g90jmK0cXwHA1Y1Wd8c6+HlybTQ="></latexit>

P

x
?

<latexit sha1_base64="jZVdiAJsIbHjxXo3DFpfpKo+L6o="></latexit>

If

Ax ≤ b

<latexit sha1_base64="ZRhkbszLWVuWOFb8QIGL8a5FsiA="></latexit>

−c

<latexit sha1_base64="v2CH+OmaKXnJzyJgAQ3Umbc79yo="></latexit>

x
⋆

<latexit sha1_base64="Xf4s8Xxn1VLrcVs2ZzPFTzHijSE="></latexit>

Then, there e_ists an optimal sol\tion that is an e_treme point of P .

<latexit sha1_base64="/rumuID6kKZ95jWGYvysGDtKw6s="></latexit>



How to search among basic feasible solutions?
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Idea

List all the basic feasible solutions, compare objective values and pick the best one.

Intractable!

n = 1000 m = 100 10
143

<latexit sha1_base64="xnXdcEGq5BLvIa7Q5hNO0rfP9M0="></latexit>



Conceptual algorithm

• Start at corner


• Visit neighboring corner that 
improves the objective

13

x1

<latexit sha1_base64="qpqh7hiByCI+mm28AIIcKUzVuew="></latexit>

x2

<latexit sha1_base64="2b7zNai+/76/6tDM10UithgaioQ="></latexit>

x3

<latexit sha1_base64="Bu8vHqVPZKf1Xp59c7LxwwO6WNs="></latexit>



Today’s agenda
Applications of linear optimization
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• Optimal control


• Character recognition


• Portfolio optimization



Optimal control



Optimal control problems
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Simulation
<latexit sha1_base64="1Hc7pjd21LDiERssgwVNIjf6DCI="></latexit>

x1, x2, . . .

y1, y2, . . .

x1, u1, u2, . . . x2, x3, . . . y2, y3, . . .

t = 1, 2, . . .

xt+1 = Axt +But yt = Cxt

Linear dynamical system

<latexit sha1_base64="+HIo2jrt1NQ6CffmqOt3+sm9W0E="></latexit>

n xt t

m ut t

p yt t

n× n A

n×m B

p× n C

<latexit sha1_base64="Js5CU0I4GqgdvjcwyMsErfQ/Aas="></latexit>

xt+1 = Axt +But, t = 1, 2, . . .

yt = Cxt, t = 1, 2, . . .



Optimal control problem
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The problem

Linear dynamical system
<latexit sha1_base64="Js5CU0I4GqgdvjcwyMsErfQ/Aas="></latexit>

xt+1 = Axt +But, t = 1, 2, . . .

yt = Cxt, t = 1, 2, . . .

<latexit sha1_base64="GtaDXTlDE8CFU/Hkik/CI6GUejA="></latexit>

x1 = xinit

u1, u2, . . . , uT−1

xT = xdes

kutk t

ydes
t

kyt � ydes
t

k t



Least squares optimal control problem
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<latexit sha1_base64="TAzbF7vpuE+EFqTXFa3dnaidbWg="></latexit>

x2, . . . , xT y2, . . . , yT ut . . . , uT−1

ρ > 0

Remarks

<latexit sha1_base64="hZ/kAjeI2oVaV/G0DUCEw1j4TJk="></latexit> ∑
T

t=1
‖yt − ydes

t
‖2 + ρ

∑
T−1

t=1
‖ut‖

2

xt+1 = Axt +But, t = 1, . . . , T − 1

yt = Cxt, t = 1, . . . , T

x1 = xinit



1-norm optimal control problem
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Remarks
<latexit sha1_base64="d1o2jKIADuZrXhfl1BmcZ6ljK0g="></latexit>

k · k1 k · k2
2

Dxt  d Eut  e

<latexit sha1_base64="D7PcnjEp0hLy85nc9ewpe72WQtk="></latexit> ∑
T

t=1
‖yt − ydes

t
‖1 + ρ

∑
T−1

t=1
‖ut‖1

xt+1 = Axt +But, t = 1, . . . , T − 1

yt = Cxt, t = 1, . . . , T

Dxt ≤ d, t = 1, . . . , T

Eut ≤ e, t = 1, . . . , T − 1

x1 = xinit



Vehicle example in a plane

20

<latexit sha1_base64="FmSKxTDxZuT8DDl1wScN2tDkDj8="></latexit>

τ = 0, h, 2h, . . .

<latexit sha1_base64="lE4a4nrMrALWrNISAboGUiydPUk="></latexit>

h

<latexit sha1_base64="NuaJBzC0a8uTPi1vCGevAWFxcRY="></latexit>

pt+1 = pt + hvt

vt+1 = (1− hη/m)vt + (h/m)ut

<latexit sha1_base64="eyYTXgyLDkgfyFKWST3SOimxaM0="></latexit>

pt+1 − pt

h
≈ vt

m
vt+1 − vt

h
≈ −hvt + ut

<latexit sha1_base64="8nOpHscynbO5esBkv25sPMPNNDA="></latexit>

pt ht

vt ht

ut ht

−ηvt ht

<latexit sha1_base64="oWWRM9bEA7gwlCCESP5oX2EQd00="></latexit>

m



Vehicle example in a plane
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State
<latexit sha1_base64="914QH+68izQTTAQCQuV0L13b01c="></latexit>

xt = (pt, vt)

Dynamics
<latexit sha1_base64="XEIlFzw23jMwr/P92TR9OqCjaJg="></latexit>

xt+1 = Axt +But

yt = Cxt

<latexit sha1_base64="tPDbu+9H6jDShKjAmO0OAV29kdE="></latexit>
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0 h/m
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, C =

"

1 0 0 0

0 1 0 0

#

Laws of physics

<latexit sha1_base64="NuaJBzC0a8uTPi1vCGevAWFxcRY="></latexit>

pt+1 = pt + hvt

vt+1 = (1− hη/m)vt + (h/m)ut

<latexit sha1_base64="prm9wXakqySaVMko8F1d6LbMQXY="></latexit>

yt = pt

output = position



Vehicle example with output tracking
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<latexit sha1_base64="3vesrrqnLLiPjAyU0vRDa8gEqB0="></latexit>

T = 100, h = 0.1, η = 0.1, m = 1



Vehicle example with output tracking
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1-norm results
Parameters

<latexit sha1_base64="3vesrrqnLLiPjAyU0vRDa8gEqB0="></latexit>

T = 100, h = 0.1, η = 0.1, m = 1
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Vehicle example with output tracking
1-norm with constraints

24

Linear optimization can have more interesting constraints

max-input

max-input variation

<latexit sha1_base64="clbLiVPEB8aTc5OtNHRwQdyn4yk="></latexit> ∑
T

t=1
‖yt − ydes

t
‖1 + ρ

∑
T−1

t=1
‖ut‖1

xt+1 = Axt +But, t = 1, . . . , T − 1

yt = Cxt, t = 1, . . . , T

‖ut‖∞ ≤ umax, t = 1, . . . , T − 1

‖ut − ut−1‖1 ≤ smax, t = 1, . . . , T − 1

x1 = xinit



Vehicle example with output tracking
1-norm with constraints results
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<latexit sha1_base64="AFwCz3qofw2/PvgxdVJeVi/jE3A="></latexit>

u
max

= 10, s
max

= 0.1



Character recognition



Character recognition

27

MNIST data set of handwritten numerals 

• Each character is 28 x 28 pixels


• 60k example images 


• 10k further testing images


• Each sample comes with a label 0 — 9

Use linear classification to identify handwritten numbers

Goal



Images representation
Monochrome images

28

<latexit sha1_base64="oR7DTpLjBhM38wi23l6ToqpOmkg="></latexit>

m× n X

<latexit sha1_base64="hXhsph3wEoK9enpzou+BCvlDu8Q="></latexit>

m = n = 28

<latexit sha1_base64="+vOGRpaGWhw77DBPnZoVjFXMz1g="></latexit>

Xij

0 = 255 =

<latexit sha1_base64="bY491qVrmlwD82lqng8jN0MVgIA="></latexit>

X =

<latexit sha1_base64="VzYhBFaioZq8NqZMBGwdf+xpJuQ="></latexit>

Xij = xk, k = m(j − 1) + i

<latexit sha1_base64="CuuDPd1/DslfHO4QdpPHzX/nkJo="></latexit>

m× n X

x ∈ R
mn

<latexit sha1_base64="KGi/5y+HF5eN2gPBrXsuAhuvs/4="></latexit>

x =



Linear classification
Support vector machine (linear separation)

29

{v1, . . . , vN} si ∈ {−1, 1}

<latexit sha1_base64="RUB8TCB648qmdsPN8gPZVvm5yk4="></latexit><latexit sha1_base64="imXnjk6U3r5/Ggjx7pVJTfdmtnc="></latexit>

Minimize sum of the violations + regularization
<latexit sha1_base64="AGgoUsCWFawyRtm6KUBL/NX9QVg="></latexit> ∑

N

i=1
max{0, 1− si(a

T vi + b)}+ λ‖a‖1 regularization

a
T
vi + b > 0 if si = 1

a
T
vi + b < 0 if si = −1

<latexit sha1_base64="v9wdbkbnKZv+pMWRx1XZNKQFcqc="></latexit>

si(a
T
vi + b) ≥ 1

<latexit sha1_base64="HthVdiNIgcdx792tCT3UhrTHXaI="></latexit>



Learn to classify 5

30
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Multiclass classification

31

predicted label: 1 predicted label: 9 predicted label: 4

predicted label: 2 predicted label: 1 predicted label: 2

predicted label: 2 predicted label: 5 predicted label: 3

<latexit sha1_base64="DH966EBwTHAIuLQsi28EYm1v76Y="></latexit>

k

k (ak, bk)

ŷ(i) =
k
aT
k
v(i) + bk



Portfolio optimization



Portfolio allocation weights

33

<latexit sha1_base64="u0FuvuzcUK3q+rpT1Vd9hfFt3JA="></latexit>

V n
<latexit sha1_base64="jjJD1JjWMTs623Z3v99Gj+kA+XU="></latexit>

t = 1, . . . , T

Portfolio allocation weights
<latexit sha1_base64="tBhy7rW97XDzyv0zy5RNDjOXM6o="></latexit>

n w

Properties
<latexit sha1_base64="OjYSGpgibcN/lIqzg0M7flzmGAc="></latexit>

V wj j

1
Tw = 1

wj < 0
T

w = (−0.2, 0.0, 1.2)

<latexit sha1_base64="HnVIfgBv4spEa6f18coNFMQ6JQ8="></latexit>

0.2V

<latexit sha1_base64="ZFOwnLtL4uBFNRCQqwlwNwmo9s4="></latexit>

1.2V
<latexit sha1_base64="9qhmzIUh2Rl84zEYv3Xx1A+e73w="></latexit>



Return over a period

34

Asset returns
<latexit sha1_base64="TePxH7kdP5hiscH6C/lOw0Axrm8="></latexit>

r̃t = (0.01,−0.023, 0.02)<latexit sha1_base64="jVHKjz6LvRg5Mth4Fbqd3AOFeXI="></latexit>

r̃t

t (often expressed as percentage)

Total portfolio value 
after a period

<latexit sha1_base64="iMGW9czokLJCnxwX4io1U9ZgDwo="></latexit>

Vt+1 = Vt + Vtr̃
T

t
w = Vt(1 + rt)

Portfolio return

<latexit sha1_base64="OvJJ2QHDPryVqHsSKZf/xI04DX4="></latexit>

t

<latexit sha1_base64="/7Z2t5CVEjUNfXKyBZ2jXq/39DM="></latexit>

rt = r̃
T

t
w



Return matrix

35

<latexit sha1_base64="viyboD9gQHP7ZIicfAct8vfGz9Q="></latexit>

R T × n

AAPL GOOG MMM US $
Mar 1, 2016

Mar 2, 2016

Mar 3, 2016

<latexit sha1_base64="rNnWapY/nS/ihiVaBqjaTKGwyBg="></latexit>

R =







0.00219 0.0006 −0.00113 0.00005

0.00744 −0.00894 −0.00019 0.00005

0.01488 −0.00215 0.00433 0.00005







<latexit sha1_base64="kU6igZosBGqVUc8AecDbGgLzZr4="></latexit>

w T

<latexit sha1_base64="f/X52UkKe1l7vYb/RzgVaqUnndY="></latexit>

Rtj j t

Rows interpretation
<latexit sha1_base64="1GvgLx87ovg28Gk4hguQ9FDr8gQ="></latexit>

t r̃t

t

Columns interpretation
<latexit sha1_base64="hpaxg4qnaAlN18mO3Zkc/bvtZ5M="></latexit>

j

j

<latexit sha1_base64="ZGNcMEdpVEkzlwcukc1GKG99iaQ="></latexit>

n

R µrf
1

µrf

Portfolio returns (time series)
<latexit sha1_base64="+WJt8zb53ZS5nUvvf3tMQ3Z9aCY="></latexit>

r = Rw T



Returns over multiple periods

36

<latexit sha1_base64="5kCt8J0uZR0nYxDhHlaasOBgy3Y="></latexit>

r T

risk 
(deviation from mean return)

<latexit sha1_base64="rbpJyr3YvxQp7uK0bjkUg0diE74="></latexit>

std(r) = ‖r − avg(r)1‖/
√
T

average return  
(or just return)

<latexit sha1_base64="s+kAXeA1MHUOXdKTJ5p4S1jkCoc="></latexit>

avg(r) = 1T r/T

Total portfolio value
<latexit sha1_base64="VJk2+8s9pDncMOh1T0oZan1iMlU="></latexit>

VT+1 = V1(1 + r1) · · · (1 + rT )

≈ V1 + V1(r1 + · · ·+ rT )

= V1 + Tavg(r)V1

<latexit sha1_base64="if8ppU6nREgZOtMFRmyyVVZ5Rlo="></latexit>

|rt| ≤ 0.01

<latexit sha1_base64="M4DR5wvC970xlUnUvFHpdLbRYXs="></latexit>

avg(r)



Portfolio optimization

37

<latexit sha1_base64="fi54qKlX2JNKcZFzVf/s8PtT5VA="></latexit>

w

Goals

High (average) return Low risk

Data
<latexit sha1_base64="8eqCsZlJyxUMTVkyPFXX7Xt+hjA="></latexit>

w



Linear optimization for portfolio objective

38

Average return
<latexit sha1_base64="i64O+b85fZxrS4i18eEzsJS9WeA="></latexit>

µ n

<latexit sha1_base64="eYXvAzsslWTv14ejapnT+1PtX7s="></latexit>

avg(r) = (1/T )1T (Rw)

= (1/T )(RT1)Tw = µTw

1-norm risk approximation

<latexit sha1_base64="rYlqKqwwKnfvuNXDH0f4NEb3RBU="></latexit>

‖r − avg(r)1‖1/T

<latexit sha1_base64="v0JL0rAiYbe7zIrPGUNs9wS1E0s="></latexit>

std(r) T
√

T

|ri − avg(r)|

Risk-return objective
<latexit sha1_base64="9LpEN8nSpVXEPKnBTWJai92e+gY="></latexit>

−µTw + λ‖Rw − (µTw)1‖1/T

(tradeoff parameter)



Portfolio optimization 

39

<latexit sha1_base64="EuYLIpuh01Kokzv3GpqPFIFkbJ8="></latexit>

n w

Minimize risk-return tradeoff

Remarks
<latexit sha1_base64="Zni/dIY4LyAgah+yRlOGZyw5Lno="></latexit>

λ

w
?

<latexit sha1_base64="7YDZhWkjchczKnpzb8XSxvRqf3w="></latexit>

−µTw + λ‖Rw − (µTw)1‖1/T

1
Tw = 1

w ≥ 0



Example
20 assets over 2000 days (past)

40
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<latexit sha1_base64="HFL8XtrT6MXXCYG5mqHAAhbqxow="></latexit>

λ = ∞

1/n



The big assumption

41

Future returns will look like past ones
<latexit sha1_base64="LJW2CCje9jVq+ogrdIMD3B574Is="></latexit>

<latexit sha1_base64="7XgITWCdwsvFjqFI7ccTc6FtDb0="></latexit>

w

Example
<latexit sha1_base64="y1skWbJ2689LjqhiGHjeIaft6Ck="></latexit>

w

w



Total portfolio value

42

<latexit sha1_base64="UOx3lgNLBFKCfQdZNYksp0g2ZOA="></latexit>

0.01 0.01 0.00 0.00

λ = 1.0e− 02 0.19 0.30 2.97 2.18

λ = 4.6e− 03 0.19 0.31 3.05 2.21
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λ = 1.0e− 03 0.19 0.34 3.93 2.73

1/n 0.10 0.21 2.33 1.51
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Build your quantitative hedge fund
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<latexit sha1_base64="PZL+R1CKmrRBSmtQkzv+98Uma8U="></latexit>

t wt L
<latexit sha1_base64="3kR0cz//fL105p48NZ9plTG22TE="></latexit>

rt−1, . . . , rt−L

Variations
<latexit sha1_base64="Tr5O96Ppb+MRuO0+GJeOYPW/fHI="></latexit>

w K

λkwt � wt−1k1

Rolling portfolio optimization



Applications of linear optimization

Today, we learned to apply linear optimization in


• Optimal control problems with vehicle dynamics


• Machine learning problems for character recognition


• Portfolio optimization for investment strategies
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• Github companion notebooks



Next steps

• Simplex method
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