
Bartolomeo Stellato — Spring 2022

ORF307 – Optimization
6. Constrained least squares



Ed Forum

• For multi-objective least squares, is there a case where we would ever switch 
our primary objective from reducing training error to a different primary 
objective (and in what types of models does this occur if it does)?


• What is the difference between pareto optimality, and simply finding the 
optimal solution? Is there something different about pareto optimality?

2



Recap



Multi-objective least squares
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J1 = kA1x� b1k
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Weighted sum objective
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<latexit sha1_base64="34K/FkPa1KdX4UdfarveVjCU2b4="></latexit>

λ1, . . . ,λk
<latexit sha1_base64="UiuUXLozNoHWnmB5yPX5nyGYpBc="></latexit>
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x J
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λ1 = 1 J1

λi Ji

J1

Primary objective

Bi-criterion optimization
<latexit sha1_base64="On6QLJViwRZ4PiAea5EEpt8YbGg="></latexit>

J1 + λJ2 = ‖A1x− b1‖
2
+ λ‖A2x− b2‖
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Optimal trade-off curve
Bi-criterion problem
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<latexit sha1_base64="tQ8rRturieqxHRIS1AgoVvSzGbg="></latexit>

x
⋆(λ)

<latexit sha1_base64="rO+/3DhIQ8jtL6YADFaw662UZCI="></latexit>

J1(x) + λJ2(x)

<latexit sha1_base64="/wF6ZLFyYarUAF7WH8cxQ8+QDe8="></latexit>

x
?(λ)
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z

with one of the inequalities holding strictly
<latexit sha1_base64="qqzeIA5EmpI1eIhWBuLSznWSoL4="></latexit>

x
?

<latexit sha1_base64="ljvvIJGW7KkD6wive4M7sp9SZs8="></latexit>

J1(z) ≤ J1(x
⋆(λ)) J2(z) ≤ J2(x

⋆(λ))

Optimal trade-off curve
<latexit sha1_base64="wKCjchV4lPP0rPiuZnEJ+kMNnpY="></latexit>

(J1(x
⋆(λ)), J2(x

⋆(λ)), λ > 0



Optimal trade-off curve
Example
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<latexit sha1_base64="rO+/3DhIQ8jtL6YADFaw662UZCI="></latexit>

J1(x) + λJ2(x)
<latexit sha1_base64="rkS5g146adn6D3D6wM9PbA9rfQQ="></latexit>

A1, A2 10× 5

Trade-off curve



• Linearly constrained least squares


• Solving the constrained least squares problem


• Portfolio optimization
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Today’s lecture
Constrained least squares



Linearly constrained least 
squares



Least squares with equality constraints
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<latexit sha1_base64="C1owEls9lJZyWtok7SwZG+/EVvo="></latexit>

‖Ax− b‖2

Cx = d

<latexit sha1_base64="1Ldq8p6fC0BEWZ6TnaLl497UHww="></latexit>

m× n A m b

p× n C p d

The (linearly) constrained least squares problem is
Problem data

objective 
functionequality 

constraints

<latexit sha1_base64="AdTqyaaolkJN7HC5xXQFGQmMOgw="></latexit>

x
?

<latexit sha1_base64="xhGtiSjv/xkV2ziXf2rViE+OdJk="></latexit>

Cx?
= d

kAx? � bk2  kAx� bk2

x Cx = d

<latexit sha1_base64="MfcerVkOJRE26gNKU6CfTOApR8A="></latexit>

x Cx = d

Definitions
Interpretations

<latexit sha1_base64="TBGWT2JOVBFFUY4Q546cddo3OsM="></latexit>

1
kCx� dk2



Optimal advertising with budget

11

<latexit sha1_base64="GecEGOdJRvwNtSHtrxgpwa8KYSU="></latexit>

m

<latexit sha1_base64="x823lNQ/cx2LFDpo0pkWPlk/HLA="></latexit>

v
des

m

<latexit sha1_base64="Zm/z3nTEU0ZCFLpavDP4rOSB7qw="></latexit>

n

<latexit sha1_base64="Jr58CtB06/HsyHiyFXH7umTTrC0="></latexit>

s n

<latexit sha1_base64="xJHOI/jhZW2kJuFZGXvlFepSaAI="></latexit>

m× n A

<latexit sha1_base64="GoPPPeScCbZuxNAASHqrpI2p3kw="></latexit>

Aij

i
j (1000/$)

<latexit sha1_base64="IMy+AI5Lt/KXG8OSA/nKrebhATU="></latexit>

v = As

Views across 
demographic groups

Goal
<latexit sha1_base64="MKgPRxBNe3ckFSwpyU9Hre1UZrw="></latexit>

‖As− vdes‖2

1
T s = B

allocated 
budget



Optimal advertising with budget
Results
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<latexit sha1_base64="Fj+tt5Dnm4IUWbfPIws4eQBksYo="></latexit>

m = 10 n = 3

<latexit sha1_base64="juTjvcLS9NTB37lDXUBAUl2kEJg="></latexit>

v
des = (103)1

<latexit sha1_base64="MKgPRxBNe3ckFSwpyU9Hre1UZrw="></latexit>

‖As− vdes‖2

1
T s = B
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Scaled least squares

Optimal constrained least squares

<latexit sha1_base64="WyDUHkRJdFxCkZEOX0Oidx5Yygc="></latexit>

s
? = (315, 110, 859)

<latexit sha1_base64="X8pMg7Vn+sTHPLXvg+zq0hirWAw="></latexit>

16.10%

<latexit sha1_base64="IkjD8FqLRhLEv8UHrpUw6cGkQs8="></latexit>

s
? = (50, 80, 1154)

<latexit sha1_base64="DIpUAZL0UzVuaE0+0YLckniNmDA="></latexit>

23.85%

<latexit sha1_base64="oEyb0odELhzn8/MDrMVRQ5v9f5E="></latexit>

B = 1284



Least norm problem
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<latexit sha1_base64="XtallXy7h8e6vnoc8QA7p/5y9Q4="></latexit>

A = I b = 0

<latexit sha1_base64="68nCcWE2jHFafrBDroYVaqU+yPA="></latexit>

‖x‖2

Cx = d

Find the smallest vector that satisfies a set of linear equations

<latexit sha1_base64="C1owEls9lJZyWtok7SwZG+/EVvo="></latexit>

‖Ax− b‖2

Cx = d



Force sequence
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Unit mass on frictionless 
surface, initially at rest

<latexit sha1_base64="BNJkjdHug+Yjg103/w3cfu6kdRo="></latexit>

10 f

Final velocity and position (Newton’s laws)
<latexit sha1_base64="5xmhuw/V3D6Pbxjpe+bKBmktxJ0="></latexit>

vfin = f1 + f2 + · · ·+ f10

pfin = (19/2)f1 + (17/2)f2 + · · ·+ (1/2)f10

<latexit sha1_base64="aUrUzK/W8vFvO6pMobHylqLi2Pw="></latexit>

ft

<latexit sha1_base64="+M4D52VhdnSGq3gfjnv67ZRCy1w="></latexit>

p
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, v
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= 0

Goal
<latexit sha1_base64="5nDOUDjZ4GWlU8k68Rt508Iqx3w="></latexit>

f vfin = 0 pfin = 1

<latexit sha1_base64="ztorhFw94Dd0No87MNOtxYTl62A="></latexit>

p
fin

= 1



Least norm force sequence
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Bang-bang solution
<latexit sha1_base64="AhGa3oqQ2OjYM0Fs/UjtEEh+XzI="></latexit>

fbb = (1,−1, 0, . . . , 0)
<latexit sha1_base64="wzoGcS6k5mTPMU4n+9gCv4f0wEs="></latexit>

‖fbb‖2 = 2

Least norm solution
<latexit sha1_base64="FBqJRUy5ekOOb6aPtZtu3D2kmQk="></latexit>

‖f‖2
[

1 1 . . . 1
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]

f =
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0

1

]

<latexit sha1_base64="uNrbqaZ3C4TYmYWyXHub8M5i42M="></latexit>
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Much cheaper effort!

<latexit sha1_base64="7L2OxNacI1PNr2P/TWK2WYCtp28="></latexit>

f pfin = 1 vfin = 0



Solving the constrained least 
squares problem



Optimality conditions via calculus
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Lagrangian function
<latexit sha1_base64="hk+KmYv92+YId1MRlkvACajRoBw="></latexit>

L(x, z) = f(x) + z1(c
T
1
x− d1) + · · ·+ zp(c

T
p x− dp)

Optimality conditions
<latexit sha1_base64="MMhhspVHLOiUWatHTZhjcAIYfqE="></latexit>

∂L

∂xi

(x?, z) = 0, i = 1, . . . , n,

∂L

∂zi
(x?, z) = 0, i = 1, . . . , p

<latexit sha1_base64="9eUNIvKFVLQgXp12P0mICs9aQug="></latexit>

f(x) = ‖Ax− b‖2

Cx = d

<latexit sha1_base64="EXRTZHUSaU0Doo1dPIQv2jURqnk="></latexit>

f(x) = ‖Ax− b‖2

cT
i
x = di, i = 1, . . . , p



Optimality conditions via calculus
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<latexit sha1_base64="h9zs2yQskVMp9RquIo1IWWuLYtY="></latexit>

L(x, z) = xTATAx− 2(AT b)Tx+ bT b+ z1(c
T
1
x− d1) + · · ·+ zp(c

T
p x− dp)

(we already knew)

<latexit sha1_base64="S4YLl73OcUJXPYQxYhIWiYsRKJg="></latexit>

∂L

∂zi
(x?, z) = cT

i
x− di = 0

Optimality conditions Vector form
<latexit sha1_base64="n1osfcW5yoHhci2f2wllSOHIPtg="></latexit>

Cx = d

<latexit sha1_base64="/S1uxMxTYKuaz1FGBz14h0txWws="></latexit>

2A
T
Ax

⋆
− 2A

T
b+ C

T
z = 0

Karush-Kuhn-Tucker (KKT) conditions
<latexit sha1_base64="E8Q/2LXfMtIWC8LqKP/WoFdU8A0="></latexit>
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z
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<latexit sha1_base64="4vsQDP/xVg23hMVcH4y/DpAn2Ss="></latexit>

n+ p

<latexit sha1_base64="8Uf0HVG+2VlpjpeYIxtvoWsjN5k="></latexit>

<latexit sha1_base64="UNDiPA4w2bg+y7gQDvupwmN5QNI="></latexit>

∂L

∂xi

(x?, z) = 2
nX

j=1

(ATA)ijx
?

j − 2(AT b)i +

pX

j=1

zj(cj)i = 0



Invertibility of KKT matrix
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<latexit sha1_base64="E8Q/2LXfMtIWC8LqKP/WoFdU8A0="></latexit>
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2ATA CT
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][
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z
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2AT b

d

]

<latexit sha1_base64="jtcJMt9xIhSTc4CHNVEZdr5lYVM="></latexit>

p ≤ n C
<latexit sha1_base64="jg6Kv4xak0wekENN05ImoWW6NVQ="></latexit>

m+ p ≥ n

([

A

C

] )

The KKT matrix is invertible if and only if 
<latexit sha1_base64="uMRl2BhvdAzTMlfaQaAcnlHG7jY="></latexit>

C
"

A

C

#

<latexit sha1_base64="/wLgqjbiCusQ+HAraD9PySLa87c="></latexit>

A

<latexit sha1_base64="9KlyuJgdzVPBlJtHMpUW+M1ZIyE="></latexit>

p ≤ n ≤ m
<latexit sha1_base64="PYDtUd+EKtMS1NRqJXoC8PYm9AE="></latexit>

2mn2 + (2/3)(n+ p)3 + 2(n+ p)2 ≈ 2mn2

b 2mn+ 2(n+ p)2 ≈ 2mn

same as  
unconstrained

no longer positive 
definite in general



Optimality from KKT solution
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<latexit sha1_base64="lHWPfkStH02PeMQIfphhardOs4w="></latexit>

x
?

z
?

<latexit sha1_base64="gHeWMs1Z/YlNn2iSyZJSjmDvp4Y="></latexit>

2ATAx⋆
+ CT z⋆ = 2AT b, Cx⋆

= d

<latexit sha1_base64="ZPrAHQYoBMsJiT3eotGXoJz0FHU="></latexit>

kAx� bk2 = k(Ax�Ax
?) + (Ax? � b)k2

= kA(x� x
?)k2 + kAx? � bk2 + 2(x� x

?)TAT (Ax? � b)

<latexit sha1_base64="Fb2gsaqRDAEWIGjAqXtYx+jR5zc="></latexit>

x z

<latexit sha1_base64="qZs6MzjM+wv3Gp+9GS+zTS8qwtw="></latexit>

2AT (Ax?
− b) = −CT z? Cx = Cx? = d

<latexit sha1_base64="/TvcTpGQFVEyEqsWdQusD7bS7p8="></latexit>

2(x− x
?)TAT (Ax?

− b) = −(x− x
?)TCT

z
? = −(C(x− x

?))T z? = 0

<latexit sha1_base64="yFOzVCanZXNgpgwY87ACsWOPyTM="></latexit>

‖Ax− b‖2 = ‖A(x− x
⋆)‖2 + ‖Ax⋆ − b‖2 ≥ ‖Ax⋆ − b‖2

<latexit sha1_base64="5CLczJHKz0hsr7Ut0ATwYsjapvc="></latexit>

x
?



Portfolio optimization



Portfolio allocation weights
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<latexit sha1_base64="u0FuvuzcUK3q+rpT1Vd9hfFt3JA="></latexit>

V n
<latexit sha1_base64="jjJD1JjWMTs623Z3v99Gj+kA+XU="></latexit>

t = 1, . . . , T

Portfolio allocation weights
<latexit sha1_base64="tBhy7rW97XDzyv0zy5RNDjOXM6o="></latexit>

n w

Properties
<latexit sha1_base64="OjYSGpgibcN/lIqzg0M7flzmGAc="></latexit>

V wj j

1
Tw = 1

wj < 0
T

w = (−0.2, 0.0, 1.2)

<latexit sha1_base64="HnVIfgBv4spEa6f18coNFMQ6JQ8="></latexit>

0.2V

<latexit sha1_base64="ZFOwnLtL4uBFNRCQqwlwNwmo9s4="></latexit>

1.2V
<latexit sha1_base64="9qhmzIUh2Rl84zEYv3Xx1A+e73w="></latexit>



Leverage, long-only portfolios, and cash
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Leverage
<latexit sha1_base64="6U7KEA3njlKbe1p+mlVCd1mfpdk="></latexit>

L = |w1|+ · · ·+ |wn| = ‖w‖1

Uniform portfolio
<latexit sha1_base64="l+PdK4p4uxpFFfL5kHqQXMjshiM="></latexit>

w = 1/n

Risk free asset
<latexit sha1_base64="GyUKxVVH4BimAkS9akKsoRXk2AU="></latexit>

n

<latexit sha1_base64="vkwLVzuvZXR5gulHzpWu9MnJKks="></latexit>

w = en

<latexit sha1_base64="brH4fNv5D1ZmJ+aEK5FfpnJbtyk="></latexit>

L = 1



Return over a period

24

Asset returns
<latexit sha1_base64="TePxH7kdP5hiscH6C/lOw0Axrm8="></latexit>

r̃t = (0.01,−0.023, 0.02)<latexit sha1_base64="jVHKjz6LvRg5Mth4Fbqd3AOFeXI="></latexit>

r̃t

t (often expressed as percentage)

Total portfolio value 
after a period

<latexit sha1_base64="iMGW9czokLJCnxwX4io1U9ZgDwo="></latexit>

Vt+1 = Vt + Vtr̃
T

t
w = Vt(1 + rt)

Portfolio return

<latexit sha1_base64="OvJJ2QHDPryVqHsSKZf/xI04DX4="></latexit>

t

<latexit sha1_base64="/7Z2t5CVEjUNfXKyBZ2jXq/39DM="></latexit>

rt = r̃
T

t
w



Return matrix
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<latexit sha1_base64="viyboD9gQHP7ZIicfAct8vfGz9Q="></latexit>

R T × n

AAPL GOOG MMM US $
Mar 1, 2016

Mar 2, 2016

Mar 3, 2016

<latexit sha1_base64="rNnWapY/nS/ihiVaBqjaTKGwyBg="></latexit>

R =







0.00219 0.0006 −0.00113 0.00005

0.00744 −0.00894 −0.00019 0.00005

0.01488 −0.00215 0.00433 0.00005







<latexit sha1_base64="kU6igZosBGqVUc8AecDbGgLzZr4="></latexit>

w T

<latexit sha1_base64="f/X52UkKe1l7vYb/RzgVaqUnndY="></latexit>

Rtj j t

Rows interpretation
<latexit sha1_base64="1GvgLx87ovg28Gk4hguQ9FDr8gQ="></latexit>

t r̃t

t

Columns interpretation
<latexit sha1_base64="hpaxg4qnaAlN18mO3Zkc/bvtZ5M="></latexit>

j

j

<latexit sha1_base64="ZGNcMEdpVEkzlwcukc1GKG99iaQ="></latexit>

n

R µrf
1

µrf

Portfolio returns (time series)
<latexit sha1_base64="+WJt8zb53ZS5nUvvf3tMQ3Z9aCY="></latexit>

r = Rw T



Returns over multiple periods
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<latexit sha1_base64="5kCt8J0uZR0nYxDhHlaasOBgy3Y="></latexit>

r T

risk 
(standard deviation)

<latexit sha1_base64="rbpJyr3YvxQp7uK0bjkUg0diE74="></latexit>

std(r) = ‖r − avg(r)1‖/
√
T

average return  
(or just return)

<latexit sha1_base64="s+kAXeA1MHUOXdKTJ5p4S1jkCoc="></latexit>

avg(r) = 1T r/T

Total portfolio value
<latexit sha1_base64="VJk2+8s9pDncMOh1T0oZan1iMlU="></latexit>

VT+1 = V1(1 + r1) · · · (1 + rT )

≈ V1 + V1(r1 + · · ·+ rT )

= V1 + Tavg(r)V1

<latexit sha1_base64="if8ppU6nREgZOtMFRmyyVVZ5Rlo="></latexit>

|rt| ≤ 0.01

<latexit sha1_base64="M4DR5wvC970xlUnUvFHpdLbRYXs="></latexit>

avg(r)



Annualized return and risk
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Mean return and and risk are often expressed in  
annualized form (per year)

<latexit sha1_base64="XXzC7bqazLkDW0vvJs0XTGjS74U="></latexit>

P 250

<latexit sha1_base64="R8J3gj2Wooyl1lqOn6s/Bih8qs4="></latexit>

= Pavg(r), =
√

P std(r)

<latexit sha1_base64="1q1BlbOyu3n8rjCWDIE2Dos+FJU="></latexit>

√

P rt



Portfolio optimization
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<latexit sha1_base64="fi54qKlX2JNKcZFzVf/s8PtT5VA="></latexit>

w

Goals

<latexit sha1_base64="ADC3GD9Y69HbvsffTTvTPfHf34g="></latexit>

avg(r)
High (mean) return Low risk

<latexit sha1_base64="vy05kOvvTfnjq+kw4hV6kHq/f9Y="></latexit>

std(r)

Data
<latexit sha1_base64="8eqCsZlJyxUMTVkyPFXX7Xt+hjA="></latexit>

w



Portfolio optimization
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<latexit sha1_base64="EuYLIpuh01Kokzv3GpqPFIFkbJ8="></latexit>

n w

Minimize risk given a target return

<latexit sha1_base64="57AagQxAnzYc52KEhUlYf3zOEYM="></latexit>

std(Rw)2 = (1/T )‖Rw − ρ1‖2

1Tw = 1

avg(Rw) = ρ

(past) portfolio 
returns time series

(past) target 
mean return

<latexit sha1_base64="kDusctplhnaZG8yhVIvnwJ8PJDA="></latexit>

w

<latexit sha1_base64="K7SUzYy+k/1YXdGw7D6QmtdzkVk="></latexit>

w



Example allocations
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<latexit sha1_base64="H4x7LpVXEET8xnc+/3MlKdtQ+/o="></latexit>

1% 1%
<latexit sha1_base64="lgnRXrPOeCxmKCM516qrdX6co80="></latexit>

w = (0.00, 0.00, 0.00, . . . , 0.00, 0.00, 1.00)

<latexit sha1_base64="kuogSS8KnYNBgUzVyyd0x1ZRS4M="></latexit>

13%
<latexit sha1_base64="YJ92/urJ7aj1vNAGN8fBcuaf2VQ="></latexit>

w = (0.02,−0.07,−0.05, . . . ,−0.03, 0.06, 0.56)

<latexit sha1_base64="lONmCUDuqhF8qY2ZjEW4JOXZJ8o="></latexit>

25%
<latexit sha1_base64="ybL7zWv6E4ZeFTVi5/ikJmv5ljI="></latexit>

w = (0.05,−0.143,−0.09, . . . ,−0.07, 0.12, 0.12)

Asking for higher annual returns yields
<latexit sha1_base64="XBFnbhrHgBvgGwLCIqz8JKYVGYo="></latexit>



Portfolio optimization
As constrained least squares

31

<latexit sha1_base64="TgnhibQqVvikLPPCua5cgDh9w3o="></latexit>

‖Rw − ρ1‖2
[

1
T

µT

]

w =

[

1

ρ

]

<latexit sha1_base64="i64O+b85fZxrS4i18eEzsJS9WeA="></latexit>

µ n

<latexit sha1_base64="eYXvAzsslWTv14ejapnT+1PtX7s="></latexit>

avg(r) = (1/T )1T (Rw)

= (1/T )(RT1)Tw = µTw

Solution via KKT linear system

<latexit sha1_base64="5AaKcI0Nbvn+Ztxgf0mhei8xuo0="></latexit>
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Optimal portfolios
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Perform much better than individual assets

Two fund theorem
<latexit sha1_base64="KMaybG0S0fPu//hM7lIer3PfN3M="></latexit>

w ρ

<latexit sha1_base64="Zq+cudruRjwuYTXCn6/vnKMs3lw="></latexit>

w = w0 + ρv

<latexit sha1_base64="WBZIyCdBbaJ+c0QcwXNXDWF8YUE="></latexit>

n

Risk-free
<latexit sha1_base64="sDFmwmCndgn4+GhVoQMgMcGe9co="></latexit>

ρ = 0
Other optimal portfolio

<latexit sha1_base64="IKMaWUub2NaDq2nlrh52AtwyQ8o="></latexit>
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Example
20 assets over 2000 days (past)
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<latexit sha1_base64="ehTQISa0HZIQNv1mrLYqCNMy2JU="></latexit>

ρ = 0

1/n



The big assumption

34

Future returns will look like past ones
<latexit sha1_base64="LJW2CCje9jVq+ogrdIMD3B574Is="></latexit>

<latexit sha1_base64="7XgITWCdwsvFjqFI7ccTc6FtDb0="></latexit>

w

Example
<latexit sha1_base64="y1skWbJ2689LjqhiGHjeIaft6Ck="></latexit>

w

w



Total portfolio value
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<latexit sha1_base64="TxWMpSgcT29w78eoUs+p8KFhZhY="></latexit>

(1%) 0.01 0.01 0.00 0.00 1.00

10% 0.10 0.08 0.09 0.07 1.96

20% 0.20 0.15 0.18 0.15 3.03

40% 0.40 0.30 0.37 0.31 5.48

1/n 0.10 0.21 0.23 0.13 1.00



Build your quantitative hedge fund
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<latexit sha1_base64="PZL+R1CKmrRBSmtQkzv+98Uma8U="></latexit>

t wt L
<latexit sha1_base64="3kR0cz//fL105p48NZ9plTG22TE="></latexit>

rt−1, . . . , rt−L

Variations
<latexit sha1_base64="kLyuhHufoRBt2R719tK86DItPFY="></latexit>

w K

λkwt � wt−1k
2

Rolling portfolio optimization



Constrained least squares

Today, we learned to:


• Formulate (linearly) and solve constrained least squares problems


• Solve portfolio allocations problems


• Understand the difference between past and future returns (be careful!)
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Next lecture

• Linear optimization
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