
Bartolomeo Stellato — Fall 2024

ORF522 – Linear and Nonlinear Optimization
22. Robust Optimization



Decision-making under uncertainty

2

so far we have modeled and solved optimization 
problems of the form



Today’s lecture
[RO, Ch 1 and 2] [TARO][ee364b]

Decision-making under uncertainty with Robust Optimization 

• Example why uncertain data can be problematic


• Reformulating robust constraints


• Constructing uncertainty sets

3



Why is uncertain data an issue?



A medical production example
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<latexit sha1_base64="oaIV1+sv9++VbZkufRPKZjA6Yis="></latexit>

x1 purchase raw material 1 (kg)
x2 purchase raw material 2 (kg)
x3 produce drug 1 (1000 packs)
x4 produce drug 2 (1000 packs)

<latexit sha1_base64="a6zQlfp7T273m5KLWXeO/MGvoSI="></latexit>

minimize cTx

subject to −0.01x1 − 0.02x2 + 0.5x3 + 0.6x4 ≤ 0

x1 + x2 ≤ 1000

90x3 + 100x4 ≤ 2000

40x3 + 50x4 ≤ 800

100x1 + 199.9x2 + 700x3 + 800x4 ≤ 800

x ≥ 0

balance of active agent

storage
manpower
equipment
budget

optimal objective -8819.66   (8.82% profit)



Uncertainty in the balance of active ingredients constraint
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<latexit sha1_base64="7ZYod2fHPKh32RCqJ+Ic/HhzJr4="></latexit>−0.01x1 − 0.02x2 + 0.5x3 + 0.6x4 ≤ 0

active agent content  
in raw materials

<latexit sha1_base64="laDwEnaY1iQvyVbe0Jez4oWAQr8="></latexit>

What if the composition is not certain?
−0.01(1± 0.5%) for raw material 1
−0.02(1± 2%) for raw material 2

Constraint may  
become infeasible!

What happens to the 
 objective then?

<latexit sha1_base64="xjoLJIJ0T+IrA1bGbMNZU7uG+L0="></latexit>

we adjust x3 (prod. of drug 1)
to ensure feasibility



Large suboptimality
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<latexit sha1_base64="fwbPHyfnunN74tvOhC5yWE1gncw="></latexit>

Frequently lose up to more than 20% of profits



Chance constrained programs
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• Typically intractable (nonconvex, 
except special cases)

Issues

• We often do not know the distribution 

chance  
constraints

Remarks
• Can model uncertain objectives 

through epigraph forms
• Equality constraints do not 

make sense

concave in  
first argument 

(e.g., linear, bilinear)

<latexit sha1_base64="419Y83EAjHEf/jrNcbNT9zCxJyc="></latexit>

minimize f(x)

subject to P(g(u, x) ≤ 0) ≥ 1− ε



Robust Optimization
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Replace chance constraint with
uncertainty  

set

equivalently
<latexit sha1_base64="VU9we/BXfMDmML34+jlCHmIm+Lg="></latexit>

sup
u∈U

g(u, x) ≤ 0

• How to reformulate robust constraints?  
(when are they tractable?)

Questions

• How to construct the uncertainty sets?

<latexit sha1_base64="VnLMFUpC7s4Yz1Wm8iXfHMLZiE0="></latexit>

g(u, x) ≤ 0, ∀u ∈ U



Reformulating robust constraints



Reformulation of uncertain nonlinear constraints
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<latexit sha1_base64="GtJlI6fFg5dhkDpUTCPWdFjGbmc="></latexit>

σU (w) = sup
u∈U

wTu = I∗
U (w)

support functionconjugate function
<latexit sha1_base64="VWWeKhOs9LXq/1KZd16oYnSctmM="></latexit>

[−g]∗(−w, x) = sup
z∈Rn

−wT z + g(z, x)

Deriving robust counterparts of nonlinear uncertain inequalities, Ben-Tal, den Hertog, Vial

<latexit sha1_base64="nPKUmwUfYr9oqmItYjYiNXBvmnA="></latexit>

[−g]∗(−w, x) + σU (w) ≤ 0

Proof <latexit sha1_base64="XpeTGoMfbRJUbbGKH6wfmCoADFM="></latexit>

sup
u∈U

g(u, x) = sup
u

g(u, x)− IU (u) = − inf
u

−g(u, x) + IU (u)

= − sup
w

(−[−g]∗(−w, x)− σU (w)) = inf
w
[−g]∗(−w, x) + σU (w)

Fenchel dual function 
Lecture 15



Constraint function examples
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<latexit sha1_base64="eWdg0uFRd/RHE+Os4v45ipKwlI8="></latexit>

[−g]∗(−w, x) = sup
z

−wT z + zTPx+ qT z + rTx+ s =

{
rTx+ s w = Px+ q

∞ otherwise

<latexit sha1_base64="N84+eHsLSl93/4fubF9D043sWuM="></latexit>

Bilinear functions: g(u, x) = uTPx+ qTu+ rTx+ s

<latexit sha1_base64="BAPflN304KzfQ64X2y/OZrpGeCk="></latexit>

Linear functions (P = I, q = 0, r = a, s = −b): g(u, x) = (a+ u)Tx− b
<latexit sha1_base64="KFYuOC356H4Bt+hrLPPLhKoMDcs="></latexit>

[−g]∗(−w, x) =

{
aTx− b w = x

∞ otherwise



Uncertainty set examples
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<latexit sha1_base64="SHGL/Mfz7MCqa3/mTWU2PkrPuvo="></latexit>

Norm ball: U = {u ∈ Rp | ‖u‖ ≤ ρ}
primal/dual norms  

(Lecture 15)
<latexit sha1_base64="jUyrXW4iqbnu4029xRyG81g9WhY="></latexit>

Norm Dual norm

2 2
1 ∞
∞ 1dual norm

<latexit sha1_base64="O9niw9se9OGU5D7Ld/1bSg5r/80="></latexit>

Polyhedral set: U = {u ∈ Rp | Fu ≤ g}
<latexit sha1_base64="+3GnmQA1pKTO4YwjyEFUbAGmMtw="></latexit>

σU (w) = sup {wT z | Fz ≤ g} = inf {gTλ | FTλ = w, λ ≥ 0}

strong duality LP

<latexit sha1_base64="j7ntRvmT5l1dvvkadzOUTr2q2ts="></latexit>

σU (w) = sup
‖z‖≤ρ

wT z = ρ sup
‖v‖≤1

wT v = ρ‖w‖∗



You can mix and match various functions and sets
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Requirements

You can break the rules sometimes and still get a convex problem (S-Lemma)
<latexit sha1_base64="fQTaCn7o4IIozq6afpqNUN4UxAk="></latexit>

g(u, x) = ‖Ax+Bu‖2 ≤ 1
<latexit sha1_base64="zEhleMwrNA9UZ+PVZNZR7/bqeYk="></latexit>

U = {u | ‖u‖2 ≤ 1}
<latexit sha1_base64="icjmqmoVfotwaS7B3U+JuxLqrjs="></latexit>

(convex in u)

<latexit sha1_base64="Yt6BjPMx7bptamEDkkfPtzbnYPY="></latexit>

In general, it is hard when g(·, x) not concave [More details in ORF523]

<latexit sha1_base64="d0SP49IDVNMKy7kvf3jSPAz/9Nc="></latexit>

• U is nonempty, convex, compact, and σU easily computable

<latexit sha1_base64="k2/HFKS2K3nJvktci1YQvDVILTY="></latexit>

• g(·, x) concave and [−g]∗(·, x) easily computable for any x



Back to production example

15

<latexit sha1_base64="7ZYod2fHPKh32RCqJ+Ic/HhzJr4="></latexit>−0.01x1 − 0.02x2 + 0.5x3 + 0.6x4 ≤ 0
balance of active ingredients

uncertainty

equivalent robust constraint
<latexit sha1_base64="k5jv9NtKUkSIN0+osaE36puAw+s="></latexit>

(a+Mu)Tx ≤ 0, ∀u ∈ U

<latexit sha1_base64="UuFXPknk0H4w7eysMqvZ4t1k3J8="></latexit>

a = (−0.01,−0.02, 0.5, 0.6)

M = diag(5 · 10−5, 4 · 10−4, 0, 0)

U = {u ∈ R4 | ‖u‖∞ ≤ 1}

<latexit sha1_base64="0NrUPEIadf8Hk92mgDFjxLT7Sus="></latexit>

g(u, x)

<latexit sha1_base64="MdemvhIKvdNfQc4LdPaObr9yTL4="></latexit>

raw material 1: −0.01± 5 · 10−5

raw material 2: −0.02± 4 · 10−4

conjugate function
<latexit sha1_base64="6246ml2IydGYxMygrVeTd74nARo="></latexit>

[−g]∗(−w, x) =

{
aTx w = MTx

∞ otherwise

support function
<latexit sha1_base64="xIUdvgbN6XYIieC4E+O1JBdRiv4="></latexit>

σU (w) = ‖w‖1

reformulation
<latexit sha1_base64="gGpACyvnpNPhbuzLeU4eO0vE1iM="></latexit>

aTx+ ‖MTx‖1 ≤ 0



Robust performance in production example
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robust solution

<latexit sha1_base64="w4jheLubItB+5hoqyZvch2lqjxY="></latexit>

x!
ro has degradation provably no worse than 3.7%

<latexit sha1_base64="jECtbE/KfgMbEPs5CSGXvz0JyqM="></latexit>

How can we construct
U in general?



Constructing uncertainty sets



Uncertain linear constraint with Gaussian data
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<latexit sha1_base64="hUP9bBP5OnMNKDbwdlHkVnnDENE="></latexit>

P(aTx ≤ b) ≥ 1− ε
<latexit sha1_base64="Cs1oebmiWvEWmN72jPzicGhvikY="></latexit>

a ∼ N (ā,Σ)

assumption 
multivariate Gaussian

How can we rewrite 
the chance constraint?

projection property
<latexit sha1_base64="3FzquUzkZegGMTK+XlFyblk8Go0="></latexit>

aTx ∼ N (āTx, xTΣx)

<latexit sha1_base64="vIIu7gHFk92yHgRpVqnxah2vjlY="></latexit>

1− ε ≥ 1/2
assumption



Uncertain linear constraint with Gaussian data
Exact reformulation

19

projection property
<latexit sha1_base64="3FzquUzkZegGMTK+XlFyblk8Go0="></latexit>

aTx ∼ N (āTx, xTΣx)

<latexit sha1_base64="vjDTPY4XKDiwD6ZNxAxeeo7lWcM="></latexit>

N (0, 1)

<latexit sha1_base64="qdi2wNeSmuzWrLlYR4j7pqEg9/Q="></latexit>

P(aTx ≤ b) = P

(
aTx− āTx√

xTΣx
≤ b− āTx√

xTΣx

)
= Φ

(
b− āTx√
xTΣx

)

cumulative 
distribution function 

of zero mean unit 
variance Gaussian

<latexit sha1_base64="+4db65DvaqCVPElFA0aOsg1Sj80="></latexit>

Φ(z) =
1

2
√
π

∫ z
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e−t2/2dt
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<latexit sha1_base64="jWEal0tHI4nqAj/7u1+S6DpBL2Y="></latexit>

P(aTx ≤ b) ≥ 1− ε ⇐⇒ b− āTx√
xΣx

≥ Φ−1(1− ε)

<latexit sha1_base64="Ko9Zr7wNeBsN7zozKOtXxo2IhlM="></latexit>

āTx+ Φ−1(1− ε)‖Σ1/2x‖2 ≤ b

exact reformulation

<latexit sha1_base64="i9qdPFNCh8qcnFQytRm9yKKPm8E="></latexit>≥ 0

equivalent to robust constraint with
<latexit sha1_base64="cRnAB9BrcXQ/qqNrBaHln/JYks4="></latexit>

g(u, x) = (ā+ Σ1/2u)Tx− b

U = {u ∈ Rn | ‖u‖2 ≤ Φ−1(1− ε)}



Approximation with high probability bounds
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What if the distribution is 
not Gaussian?

Approximate 
chance constraint  

with high 
probability bounds

<latexit sha1_base64="hUP9bBP5OnMNKDbwdlHkVnnDENE="></latexit>

P(aTx ≤ b) ≥ 1− ε

Assumption
<latexit sha1_base64="S3CpES/m3j2f1o6kjqUA1ozZnPk="></latexit>

mean ā, and a ∈ [!, u]

<latexit sha1_base64="4KXgv7SPIhvhvxVHqQvS7n3gkIA="></latexit>

E(aixi) = āixi

!ixi ≤ aixi ≤ uixi

more compactly:
<latexit sha1_base64="IkxYgd37BDOCWJ2Cm00MC9a8BE4="></latexit>

P(aTx ≤ b) ≥ 1− exp

(
− 2(b− āTx)2

‖diag(u− !)x‖22

)

<latexit sha1_base64="Oj0ByXw95eJ48S94B1I/rxxP3Rg="></latexit>

P(aTx ≤ b) = P

)
n∑

i=1

aixi − āixi ≤ b− āTx

)
≥ 1−exp

(
− 2(b− āTx)2∑n

i=1(ui − !i)2x2
i

)

Hoeffding’s  
inequality



Constraint reformulation with high probability bounds

21

<latexit sha1_base64="nBFLhj1l/mTuqb9bxtbBDk1mcMc="></latexit>

P(aTx ≤ b) ≥ 1− exp

(
− 2(b− āTx)2

‖diag(u− !)x‖22

)
≥ 1− ε

⇐⇒ exp

(
− 2(b− āTx)2

‖diag(u− !)x‖22

)
≤ ε

⇐⇒ − 2(b− āTx)2

‖diag(u− !)x‖22
≤ log(ε)

⇐⇒ 2(b− āTx)2 ≥ log(1/ε)‖diag(u− !)x‖22

equivalent to robust constraint with
<latexit sha1_base64="99okVULKl+nUX1lEiP2q1wLNY3I="></latexit>

g(v, x) = (ā+ diag(u− !)v)Tx− b

U =

{
u ∈ Rn | ‖u‖2 ≤

√
1

2
log

1

ε

}<latexit sha1_base64="x7tl5+RvoGTEcedVSS6dlzaILWA="></latexit>

āTx+

√
1

2
log

1

ε
‖diag(u− ")x‖2 ≤ b

reformulation



Portfolio optimization example
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optimization problem
expected 
returns

loss risk 
constraint

unwanted 
return level

robust reformulation



Portfolio optimization strategies
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returns

baselines
<latexit sha1_base64="xIG06kg3pZVccG2ZFe+QOzkVv5M="></latexit>

• nominal minimizer x!
nom = e1

• conservative minimizer x!
con = en

• robust minimizer x!
ro

<latexit sha1_base64="xXR68f/rckdYYJxilzx0XYlJzXo="></latexit>

|ri − µi| ≤ ui = 0.05 +
n− i

2n
, un = 0



Portfolio optimization results comparison
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Issues with traditional uncertainty set construction

25

Data is observed in practice

Are there better ways to model the uncertainty 
that still lead to tractable formulations?

<latexit sha1_base64="PrmZLWfeRBj0XIDmyM4iTMt/zK4="></latexit>

di

<latexit sha1_base64="awV8TNZ82Q7/Y3yZ2NQzMdYdpHk="></latexit>

All we have is the empirical distribution

P̂N =
1

N

N∑

i=1

δdi



Robust Optimization

• Today we learned to:


• Understand the limitations of optimization in presence of uncertainty


• Derive tractable reformulations of robust constraints using duality theory


• Construct uncertainty sets from probabilistic assumptions on the 
uncertainty

26



Next lecture

• Bringing data in the picture

27


