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20. Sequential Convex Programming



Final Exam
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• Date/Time:  

• Tuesday December 17, 00:01am — Friday December 20, 11:59pm.


• You can download and start whenever you prefer


• After download, you have 24 hours to complete


• You cannot submit after Friday December 20, 11:59pm.


• Where: take-home


• Material allowed: only material from the class (slides, code, books, etc.)


• Topics: entire course


• Content: mix of mathematical and coding questions (jupyter & python)



Contents of this course
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Linear  
optimization 

• Modeling and applications 

• Geometry 

• Simplex method 

• Duality and sensitivity analysis

Large-scale convex 
optimization 

• Modeling and applications 

• Optimality conditions 

• First-order methods 

• Operator-splitting algorithms 

• Acceleration schemes 

• Computer-aided analysis

Nonconvex and stochastic 
optimization 

• Sequential convex programming 

• Branch and bound algorithms 

• Robust optimization 

• Distributionally robust optimization



Methods for nonconvex optimization
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Convex optimization algorithms: global and typically fast

• Local methods: fast but not global  
Need not find a global (or even feasible) solution.  
They cannot certify global optimality because  
KKT conditions are not sufficient. 

• Global methods: global but often slow 
They find a global solution and certify it.

heuristics

Nonconvex optimization algorithms: must give up one, global or fast 



Today’s lecture
[Chapter 4 and 17, NO][ee364b]

Convex optimization algorithms to solve nonconvex optimization problems 

• Sequential convex programming


• Trust region methods


• Building convex approximations


• Regularized trust region methods


• Difference of convex programming
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Sequential Convex Programming



Sequential convex programming (SCP)
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Local optimization method that leverages convex optimization
Subproblems are convex we can solve them efficiently

It is a heuristic 
• It can fail to find an optimal (or even feasible point)

• Results depend on the starting point.  

We can run the algorithm from many initial points and take the best result.

It often works very well 
it finds a feasible point with good objective value (often optimal!)



Gradient descent as SCP
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<latexit sha1_base64="fFT00V20hbWmbw7HNiFp4PV6qu4=">AAAETXicZVNNTxQxGO6yCIiiixy9NAIJimxmNiGaGBMSPOABgwkLJMzuptN9d3cy/RjaDs6mzB/0Yjz6Q4wXNbYDBmbp6e3zvJ9P38YZS7QJgh+Nueb8g4XFpYfLjx6vPHnaWn12omWuKHSpZFKdxUQDSwR0TWIYnGUKCI8ZnMbpvudPL0HpRIpjM82gx8lYJKOEEuOgQSst+jbdDkv8Hke5GDpPMHZa2ojHsrBEjXkiyjJ6h0 </latexit>

xk+1 = HYNTPU
y

f(xk) +∇f(xk)T (y − xk) +
1

2tk
‖y − xk‖22

<latexit sha1_base64="BTYij5EavAvrIvPlo+l1+8WUAek="></latexit>

xk+1 = xk − tk∇f(xk)

<latexit sha1_base64="TNNp1twYvqP34uD5K+zc6+q92lg="></latexit>

xk
<latexit sha1_base64="s6UiRNNaP074XfldUGhfj3vWATo="></latexit>

xk+1

<latexit sha1_base64="8ZHTLpLRpSUEZS7MKh+SeAD9u24="></latexit>

f(xk)

<latexit sha1_base64="7CqLsPCszR6wOsW6LLmbokQgZD0="></latexit>

f(xk+1)

<latexit sha1_base64="VGBxSaR45IVJE+ppHrqSDKvBgrE="></latexit>

TPUPTPaL f(x)

Iterates

<latexit sha1_base64="PB5kGlkVN+amb37P+ohuga6R/P4="></latexit>

8\HKYH[PJ HWWYV_PTH[PVU� YLWSHJL r2f(xk) ^P[O 1

tk
I

Problem

strongly convex problem



The problem

9

<latexit sha1_base64="Robj1DcHa6sFv21RzN53AdB/wME="></latexit>

TPUPTPaL f(x)

Z\IQLJ[ [V gi(x)  0, i = 1, . . . ,m

hi(x) = 0, i = 1, . . . , p

<latexit sha1_base64="EqurIbrUXHrLqmQk4k1+E21Y1aw="></latexit>

࠮ f HUK gi JHU IL UVUJVU]L_

࠮ hi JHU IL UVUHɉUL

<latexit sha1_base64="n9sds8b7eBEAzm8qRvuFEXuzs9s="></latexit>

^P[O x 2 Rn



Trust region methods



Main idea
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<latexit sha1_base64="Robj1DcHa6sFv21RzN53AdB/wME="></latexit>

TPUPTPaL f(x)

Z\IQLJ[ [V gi(x)  0, i = 1, . . . ,m

hi(x) = 0, i = 1, . . . , p

<latexit sha1_base64="WUMVLI5ZDKJ5hHQdICbdNbLXaN8="></latexit>

[Y\Z[ YLNPVU T k

<latexit sha1_base64="N+3Q6jmbOw5GDIMgNgvN6PAJCnM="></latexit>

P[LYH[L xk

<latexit sha1_base64="n8/YkyJzZZf6+mQ8pps5u6lGsQA="></latexit>

TPUPTPaL f̂(x)

Z\IQLJ[ [V ĝi(x) ≤ 0, i = 1, . . . ,m

ĥi(x) = 0, i = 1, . . . , p

x ∈ T k

approximate 
convex 
problem

<latexit sha1_base64="nfLdyAXHaNQbe0+GI6kSz1H7+9s="></latexit>

࠮ f̂ �ĝi� PZ H JVU]L_ HWWYV_PTH[PVU VM f �gi� V]LY T k

࠮ ĥ PZ HU HɉUL HWWYV_PTH[PVU VM h V]LY T k

<latexit sha1_base64="0s5eeqmyQtUa6dete4M9sMjEr0s="></latexit>

ZVS]L [V NL[
xk+1



The trust region

12

<latexit sha1_base64="7TsOrgWgTRNCB5EWil3cDRZZygs="></latexit>

T k = {x | ‖x− xk‖ ≤ ρ}

Ball
<latexit sha1_base64="+v3ZmbqB4fDbXUbCGkNTTb9dB04="></latexit>

T k = {x | ‖x− xk‖2 ≤ ρ} <latexit sha1_base64="TNNp1twYvqP34uD5K+zc6+q92lg="></latexit>

xk

Box
<latexit sha1_base64="01feG49A+BjNwTF1ad9mz8J1AgM="></latexit>

T k = {x | |xi − xk
i | ≤ ρi} <latexit sha1_base64="TNNp1twYvqP34uD5K+zc6+q92lg="></latexit>

xk <latexit sha1_base64="IC5cPa/1Y0rEL73eRDod2bgqlx4="></latexit>ρ1

<latexit sha1_base64="d/w3c6OyY96I3gFae6cEi8dI9Kc="></latexit>ρ2 <latexit sha1_base64="9HD+oD6ALC51Fkyyoty6nYVMw1I="></latexit>

5V[L! PM f � gi hi HYL JVU]L_
VY HɉUL PU xi� [OLU
^L JHU [HRL ⇢i = 1



Proximal operator interpretation
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trust region problem
<latexit sha1_base64="ZMEfdS1nCcCM5yphhOojEDPQUrg="></latexit>

TPUPTPaL f(x)

Z\IQLJ[ [V ‖x− xk‖2 ≤ ρ

optimality conditions
<latexit sha1_base64="BZ3fEiqXrctzHiI+/EVvU9X+tLs="></latexit>

0 ∈ ∂f(xpr) +
1

λ
(xpr − xk)

<latexit sha1_base64="BkJdDRzoHippoKoHn85uQ418BTU="></latexit>

� = ⇢/µ

optimality conditions
<latexit sha1_base64="4RBQc8WWstSsFQdHSBQAR9tGL7s="></latexit>

0 2 @f(xtr) + µ
xtr � xk

kxtr � xkk2
,

kxtr � xkk2 = ⇢

Note
<latexit sha1_base64="F00ZhxR8SS+3TMnX0z4DbosG+JI="></latexit>

࠮ 4PUPT\T V\[ZPKL [Y! kxtr � xkk = ⇢
࠮ @kzk2 = r(zT z)1/2 = z/kzk �PM z 6= 0�

proximal problem
<latexit sha1_base64="FVMV0Y/7zoHvNh+kHOVKw3ZiG2E="></latexit>

TPUPTPaL f(x) +
1

2λ
‖x− xk‖22



Building convex approximations



Convex Taylor expansions

15

<latexit sha1_base64="/nw/JqMinpLfLNH07CmbJSd49Fo="></latexit>

.P]LU UVUJVU]L_ M\UJ[PVU f

First order
<latexit sha1_base64="UJbE2icXEp+uhWqksbqWrqUpPHU="></latexit>

f̂(x) = f(xk) +∇f(xk)T (x− xk)

Local approximation
<latexit sha1_base64="w8C/QUmgYe7xjDRQbk2P1YtP8nA="></latexit>

P[ KVLZ UV[ KLWLUK VU [Y\Z[�YLNPVU YHKP\Z ⇢

Second order

positive semidefinite  
cone projection

<latexit sha1_base64="7MNrJhlmPagf9WkcBPYUEJBvZgo="></latexit>

f̂(x) = f(xk) +∇f(xk)T (x− xk) + (1/2)(x− xk)TP+(x− xk)

<latexit sha1_base64="5IKwVOjEYzSs00xk8F/6BU0aAY0="></latexit>

^OLYL P+ = ⇧S+(r2f(x)) = U(diag(�))+UT



Quasi-linearization
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Very easy and cheap method for affine approximation
<latexit sha1_base64="Ii/tXOPHJWtfnNKOtZ/e313It44="></latexit>

^YP[L h HZ h(x) = A(x)x+ b(x)

Example
<latexit sha1_base64="AIjUxDamMt7QMZ9einsgYHYYceg="></latexit>

f(x) = (1/2)xTPx+ qTx+ r = ((1/2)Px+ q)Tx+ r
<latexit sha1_base64="9A+l63POjaPbsB7KOcrAqtfHiOE="></latexit>

8\HZP�SPULHY! ĥ(x) = ((1/2)Pxk + q)Tx+ r
<latexit sha1_base64="lEuK1I7CKbSbMDlKddAtdkb+SPo="></latexit>

;H`SVY! ĥ(x) = h(xk) + (Pxk + q)T (x� xk)

Local approximation
<latexit sha1_base64="w8C/QUmgYe7xjDRQbk2P1YtP8nA="></latexit>

P[ KVLZ UV[ KLWLUK VU [Y\Z[�YLNPVU YHKP\Z ⇢

<latexit sha1_base64="8gJCek1EJiUxOJCCfBL3M925BNE="></latexit>

\ZL ĥ(x) = A(xk)x+ b(xk)



6.5 Function fitting and interpolation 339

Figure 6.24 Least-squares fit of a convex function to data, shown as circles.
The (piecewise-linear) function shown minimizes the sum of squared fitting
error, over all convex functions.

which is an LP with variables y0 ∈ R, g0, . . . , gm ∈ Rk. By maximizing y0 (which
is also an LP) we find the largest possible value of f(u0) for a convex function that
interpolates the given data.

Interpolation with monotone convex functions

As an extension of convex interpolation, we can consider interpolation with a convex
and monotone nondecreasing function. It can be shown that there exists a convex
function f : Rk → R, with dom f = Rk, that satisfies the interpolation conditions

f(ui) = yi, i = 1, . . . ,m,

and is monotone nondecreasing (i.e., f(u) ≥ f(v) whenever u $ v), if and only if
there exist g1, . . . , gm ∈ Rk, such that

gi $ 0, i = 1, . . . ,m, yj ≥ yi + gT
i (uj − ui), i, j = 1, . . . ,m. (6.21)

In other words, we add to the convex interpolation conditions (6.19), the condition
that the subgradients gi are all nonnegative. (See exercise 6.12.)

Bounding consumer preference

As an application, we consider a problem of predicting consumer preferences. We
consider different baskets of goods, consisting of different amounts of n consumer
goods. A goods basket is specified by a vector x ∈ [0, 1]n where xi denotes the
amount of consumer good i. We assume the amounts are normalized so that
0 ≤ xi ≤ 1, i.e., xi = 0 is the minimum and xi = 1 is the maximum possible
amount of good i. Given two baskets of goods x and x̃, a consumer can either
prefer x to x̃, or prefer x̃ to x, or consider x and x̃ equally attractive. We consider
one model consumer, whose choices are repeatable.

Particle methods
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Idea
<latexit sha1_base64="Zccn7ZCHv/CmtqMGIZ2FtZVEXzI="></latexit>

࠮ *OVVZL WVPU[Z z1, . . . , zK 2 T k �L�N�� ]LY[PJSLZ� NYPK� YHUKVT� ����
࠮ ,]HS\H[L M\UJ[PVU yi = f(zi)
࠮ -P[ KH[H (zi, yi) ^P[O JVU]L_ M\UJ[PVUZ
�JVU]L_ VW[PTPaH[PVU�

Advantages
<latexit sha1_base64="Bfiq+I637yDgqwBI9oJbHqm/fWk="></latexit>

࠮ 5VUKPɈLYLU[PHISL M\UJ[PVUZ
࠮ YLNPVUHS TVKLSZ! [OL` KLWLUK VU J\YYLU[ xk HUK YHKPP ⇢i



Particle methods
Fit piecewise linear functions to data
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<latexit sha1_base64="o+i7NqL7WjYtlbwTruA5hw6a51s="></latexit>

ŷi HJ[ HZ M\UJ[PVU ]HS\LZ f̂(zi)
gi HJ[ HZ Z\INYHKPLU[Z @f̂(zi)

convexity
lower bound

Fitting problem
<latexit sha1_base64="6zu5KUHNLkS7Fz5n9ptdMMNCGPU="></latexit>

TPUPTPaL
∑K

i=1(ŷi − yi)2

Z\IQLJ[ [V ŷj ≥ ŷi + gTi (zj − zi), i, j = 1, . . . ,K

ŷi ≤ yi, i = 1, . . . ,K

<latexit sha1_base64="yl43hDM6Ay6VkWHPbERMX8T9uKM="></latexit>

f̂(x) = max
i

{ŷi + gTi (x− zi)}

(a) (b) (c)

Figure 2. The particle method. (a) Four randomly sampled points zi (plus boundaries)
and resulting fitted function. (b) Twelve randomly sampled points zi (plus boundaries) and
resulting fitted function. (c) Twenty four uniformly spaced points zi and resulting fitted
function.

nondifferentiable functions, or functions for which evaluating derivatives is very challenging,
and they give regional models that are accurate in a neighborhood of the current point x(k).
Assuming enough coverage in the evaluated points z1, . . . , zK , they can be accurate across
the entire trust region T (k). On the other hand, they can often have extraordinary sampling
requirements—there exist functions for which the sample size K at each iteration must scale
exponentially with the dimension.

Let us describe two fitting strategies for such problems. A simple idea is to find the
tightest convex lower bound on the sampled function values (zi, yi) = (zi, f(zi)); in effect,
this is (approximately) taking the biconjugate of f over the region T (k). We begin by fitting
f with a piecewise affine function (as f ∗∗ is of course the supremum of all affine functions
underestimating f). Let us call the fitted function h : Rn → R. For each i = 1, . . . , K,
we introduce variables hi ∈ R (to act as function values h(xi)) and gi ∈ Rn (to act as
subgradients in ∂h(xi)). We define

h(x) = max
i

{hi + gTi (x− zi)}.

This function is clearly convex, and we see that the first-order convexity conditions become
hj ≥ hi + gTi (zj − zi) for all pairs (i, j), which are convex constraints in h, g. As we wish our
function to be an (approximate) lower bound on f , we introduce the constraint yi ≥ hi for
all i as well. Then, to obtain our approximate function h, we solve the convex optimization
problem

minimize
h,g

K∑

i=1

(hi − yi)
2

subject to hj ≥ hi + gTj (zj − zi), hi ≤ yi for i, j = 1, . . . , K.

(7)

In Figure 2, we give an example of this method’s performance. In the plots, we show the
results of the function h(x) fit by the optimization problem (7), where the true function (the

10

<latexit sha1_base64="uTo3XlGOvkiUj4agAUV2GhLZyKk=">AAAD+nicZVPLThRBFC0YH4gv0I2Jm4pAgo/pdA8S3ZiQsMEFBhMHSOiBVFffmalQj6aqeuxJ2X6McWOMrvwK/8C/saohgR5qdXPOPffec6sqKzgzNo7/zc13bty8dXvhzuLde/cfPFxafrRvVKkp9KniSh9mxABnEvqWWQ6HhQYiMg4H2el24A8moA1T8pOdFjAQZCTZkFFiPXSy9GS4Xj3H73B1/Bp3ca863sAvcRxtVCdLK3 </latexit>

f(x) = x4 − 2x3 + 0.3x

<latexit sha1_base64="S/L4aOpdeU844vs3ej9XcB+mNw4="></latexit>

5 YHUKVT <latexit sha1_base64="Nanf3a370QXqd+L2JFUDHP4kwKo="></latexit>

12 YHUKVT
<latexit sha1_base64="/mHDp/DKQYVE20sW04/0XGkup6A="></latexit>

\UPMVYT NYPK



Particle methods
Fit quadratic functions to data

• No necessarily upper/lower bound

• We can add other objectives, convex constraints and norm penalties

• Can be more sample efficient than piecewise linear

• Need to solve a convex problem for every function at every SCP iteration19

<latexit sha1_base64="uARcHA9aizVyD1KJj1jvbIphyb4="></latexit>

f̂(x) = (1/2)(x− xk)TP (x− xk) + qT (x− xk) + r

Fitting problem
<latexit sha1_base64="emp8/faYF2QYIPai7dQ945RtVvg="></latexit>

TPUPTPaL
K∑

i=1

((1/2)(zi − xk)TP (zi − xk) + qT (zi − zk) + r − yi)
2

Z\IQLJ[ [V P " 0

Remarks



Trust region example



Example: nonconvex quadratic program
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<latexit sha1_base64="DktooghgKKwGLxkCwaHyRYVGzmc="></latexit>

TPUPTPaL f(x) = (1/2)xTPx+ qTx

Z\IQLJ[ [V ‖x‖∞ ≤ 1

<latexit sha1_base64="8whr3Vec3ZeepYtU6FWRpiKHKA4="></latexit>

P PZ Z`TTL[YPJ I\[ UV[ WVZP[P]L ZLTPKLÄUP[L

Taylor approximation
<latexit sha1_base64="Ei2+95OY5Yu2jHviyqd9+Bd1jm4="></latexit>

f̂(x) = f(xk) + (Pxk + q)T (x− xk) + (1/2)(x− xk)TP+(x− xk)



Example: nonconvex quadratic program
Lower bound via convex duality
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<latexit sha1_base64="DktooghgKKwGLxkCwaHyRYVGzmc="></latexit>

TPUPTPaL f(x) = (1/2)xTPx+ qTx

Z\IQLJ[ [V ‖x‖∞ ≤ 1

Lagrangian
<latexit sha1_base64="dNEocLeiYV+6PP3Etud7G01jBwM="></latexit>

L(x,�) = (1/2)xTPx+ qTx+
Pn

i=1 �i(x2
i � 1)

= (1/2)xT (P + 2diag(�))x+ qTx� 1T�

Dual problem (always convex)
<latexit sha1_base64="uArmL1rH4cI1gSZMMSF5983Uolg="></latexit>

TH_PTPaL −(1/2)qT (P + 2diag(λ))−1q − 1Tλ

λ ≥ 0

<latexit sha1_base64="knI6bIZW2v7j5Ddfn7fYd8uVjkU="></latexit>

g(λ)



Example: nonconvex quadratic program
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• example with x ∈ R20

• SCP with ρ = 0.2, started from 10 different points

5 10 15 20 25 30
−70

−60

−50

−40

−30

−20

−10

k

f
(x

(k
) )

• runs typically converge to points between −60 and −50

• dashed line shows lower bound on optimal value ≈ −66.5

EE364b, Stanford University 12

<latexit sha1_base64="5jSEakfCtrRZxBK5XswntEWFi0w="></latexit>

:*7 ^P[O ⇢ = 0.2 ^P[O �� KPɈLYLU[ YHUKVT x0 2 Rn

gap

<latexit sha1_base64="rp9rwO8q2bqGKOCDlcb+FaiLhSU="></latexit>

k

<latexit sha1_base64="UhT+e9mmz3DQtSPescnrMNXsXFU="></latexit>

f(xk)

<latexit sha1_base64="TGfCjsiRSOrhObxwyFVJxHYntSg="></latexit>

SV^LY IV\UK ⇡ �66.5



Regularized trust region methods



Issues with vanilla sequential convex programming
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<latexit sha1_base64="n8/YkyJzZZf6+mQ8pps5u6lGsQA="></latexit>

TPUPTPaL f̂(x)

Z\IQLJ[ [V ĝi(x) ≤ 0, i = 1, . . . ,m

ĥi(x) = 0, i = 1, . . . , p

x ∈ T k

<latexit sha1_base64="Robj1DcHa6sFv21RzN53AdB/wME="></latexit>

TPUPTPaL f(x)

Z\IQLJ[ [V gi(x)  0, i = 1, . . . ,m

hi(x) = 0, i = 1, . . . , p

Infeasibility
<latexit sha1_base64="pChMshYqf2xUt0tpYUMoDGhbOWI="></latexit>

(WWYV_PTH[L WYVISLT JHU IL PUMLHZPISL �L�N� [VV ZTHSS ⇢�

<latexit sha1_base64="Hbctj1RC1yP6vNZQ5sxmwXp4jYk="></latexit>

,]HS\H[L WYVNYLZZ
^OLU xk PUMLHZPISL

<latexit sha1_base64="wnV3723Ub5tltsXAEEUp44NeMGI="></latexit>

࠮ 6IQLJ[P]L! f(xk)
࠮ 0ULX\HSP[` ]PVSH[PVUZ! gi(xk)+
࠮ ,X\HSP[` ]PVSH[PVUZ! |hi(xk)|

Controlling trust region size
<latexit sha1_base64="EaVkZ1hNAoxbg6ybsG1LYWs8Njc="></latexit>

࠮ ⇢ [VV SHYNL
WVVY HWWYV_PTH[PVUZ ! IHK xk+1

࠮ ⇢ [VV ZTHSS
NVVK HWWYV_PTH[PVUZ ! ZSV^ WYVNYLZZ



Exact penalty formulation
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Solve unconstrained problem instead of the original problem

<latexit sha1_base64="uef76RiSL/00wSxW+GIhev1HVVU="></latexit>

-VY � SHYNL LUV\NO
<latexit sha1_base64="f9PVENRwe0lwsZjSWThyo7RVU7w="></latexit>

�� > ky?k1 ^OLYL y? PZ [OL K\HS ]HYPHISL ZH[PZM`PUN [OL 22; JVUKP[PVUZ�

<latexit sha1_base64="J29k+zViZf7cP+CWMRvFwSok8+Q="></latexit>

x? = argmin�(x) ZVS]LZ [OL VYPNPUHS WYVISLT

SCP solves the convex approximation (always feasible)

<latexit sha1_base64="SyAkXYNYJpekntj7OTxqgDsPyxs="></latexit>

0M � UV[ SHYNL LUV\NO� ^L OH]L ZWHYZL ]PVSH[PVUZ

<latexit sha1_base64="5lvchHzQf1NhZfZ3ed9MI2vaYsg="></latexit>

φ̂(x) = f̂(x) + λ

(
m∑

i=1

(ĝi(x))+ +
p∑

i=1

|ĥi(x)|
)

<latexit sha1_base64="yEMb9WBe6pw/Qw7Y81QjzOvP8yk="></latexit>

TPUPTPaL φ(x) = f(x) + λ

(
m∑

i=1

(gi(x))+ +
p∑

i=1

|hi(x)|
)
, λ > 0



Trust region update
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<latexit sha1_base64="3Qog1/CuCqX4mDa9m07oOYRpSFI="></latexit>

0KLH Q\KNL WYVNYLZZ PU � \ZPUN x̂ = argmin �̂(x)

Approximate decreaseExact decrease
<latexit sha1_base64="NP/ebFt/4gEyIRpZbnTzs/uUrO0="></latexit>

δ = φ(xk)− φ(x̂)
<latexit sha1_base64="vpsreEs2ITZfrkaLa5IUSSPmWxM="></latexit>

δ̂ = φ(xk)− φ̂(x̂)

<latexit sha1_base64="oshVa1hGW3MrrCN1U/temoGXM6I="></latexit>

� � ↵�̂

<latexit sha1_base64="UuNEpNvFc2aRTS/+LxrVMPXZhtc="></latexit>

� < ↵�̂

<latexit sha1_base64="Ldq757C/G2GQcfXdOSql+OZtus0="></latexit>

[VSLYHUJL ↵ �L�N�� = 0.1�
HJJLW[ T\S[PWSPLY �acc � 1 �L�N�� = 1.1�
YLQLJ[ T\S[PWSPLY �rej 2 (0, 1) �L�N�� ����

<latexit sha1_base64="De3f2mSKpcKy7b8+xNM2iZZKOVY="></latexit>

࠮ HJJLW[! xk+1 = x̂
࠮ PUJYLHZL YLNPVU ⇢ = �acc⇢

<latexit sha1_base64="tB9BMZuV5y22BuLLVibklWfcsy4="></latexit>

࠮ YLQLJ[! xk+1 = xk

࠮ KLJYLHZL YLNPVU ⇢ = �rej⇢

Updates Parameters

Interpretation
<latexit sha1_base64="NrhW1gQv59saex/Su1G4Xg41tDk="></latexit>

0M HJ[\HS KLJYLHZL � PZ TVYL [OHU ↵ MYHJ[PVU VM WYLKPJ[LK KLJYLHZL �̂
[OLU PUJYLHZL [Y\Z[ YLNPVU ZPaL �SVUNLY Z[LWZ�� 6[OLY^PZL KLJYLHZL P[�



Regularized trust region example



Nonlinear optimal control
Robotic arm

29

Nonlinear optimal control

θ1

θ2

τ1

τ2

l1, m1

l2, m2

• 2-link system, controlled by torques τ1 and τ2 (no gravity)

EE364b, Stanford University 17

2-dimensional system

no gravity (horizontal)

<latexit sha1_base64="fhWBGOh6DJ4BGsKtWacPlG52vAk="></latexit>JVU[YVSSLK [VYX\LZ ⌧1, ⌧2



Nonlinear optimal control
The problem
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<latexit sha1_base64="KMePhwgZVRNlfZKLOD1Pj3G2hbY="></latexit>

TPUPTPaL J =

∫ T

0
‖τ(t)‖22dt

Z\IQLJ[ [V θ(0) = θinit, θ(T ) = θfinal
θ̇(0) = 0, θ̇(T ) = 0

‖τ(t)‖∞ ≤ τmax, 0 ≤ t ≤ T

position
velocity

minimum  
torque

Not convex!  
(Hard to optimize)

Note: cheap to simulate

Dynamics
<latexit sha1_base64="kNbRc+GbTfcCSIMy+zc0PhzEqJw="></latexit>

M(θ)θ̈ +W (θ, θ̇)θ̇ = τ

<latexit sha1_base64="gbYbazpdYg0x9WiHxPYgc4zrjP0="></latexit>

M(θ) =

[
(m1 +m2)l21 m2l1l2(s1s2 + c1c2)

m2l1l2(s1s2 + c1c2) m2l22

]

<latexit sha1_base64="jHB9J+US74RRw2CPvqyC+qNjCf4="></latexit>

W (θ, θ̇) =

[
0 m2l1l2(s1c2 − c1s2)θ̇2

m2l1l2(s1c2 − c1s2)θ̇1 0

]

<latexit sha1_base64="Mvfg6A6vG5cDWTGoAdly6+kFUrQ="></latexit>

^OLYL si = sin(✓i) HUK ci = cos(✓i)



Nonlinear optimal control
Discretization
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Objective

<latexit sha1_base64="A/m/SKfj7FMr/bAb4eczgxwlhp8="></latexit>

J =

∫ T

0
‖τ(t)‖22dt ≈ h

N∑

i=1

‖τi‖22, ^P[O τi = τ(ih)

nonlinear equality constraints
<latexit sha1_base64="vXsODOMtCOJRerFHzD5PRxhBpCo="></latexit>

M(θi)
θi+1 − 2θi + θi−1

h2
+W

(
θi,

θi+1 − θi−1

2h

)
θi+1 − θi−1

2h
= τi

Dynamics: approximate derivatives

<latexit sha1_base64="dF1NFTIwNpBBnNUceyWNK4k9X+w="></latexit>

θ̇(ih) ≈ θi+1 − θi−1

2h

<latexit sha1_base64="BW49MTegHKbr57FVolrAY/IyixA="></latexit>

θ̈(ih) ≈ θi+1 − 2θi + θi−1

h2

<latexit sha1_base64="kNbRc+GbTfcCSIMy+zc0PhzEqJw="></latexit>

M(θ)θ̈ +W (θ, θ̇)θ̇ = τ

<latexit sha1_base64="hwp6xupYKmiyh7o62Jvz5a8YtTo="></latexit>

✓0 = ✓1 = ✓init

✓N = ✓N+1 = ✓final

zero initial velocities

<latexit sha1_base64="JX5cqrd/rYbOhqz9KtmH2r8klik="></latexit>

+PZJYL[PaL ^P[O [PTL PU[LY]HSZ h = T/N



Nonlinear optimal control
Convexification
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<latexit sha1_base64="bu84f4go4fMJ9KKWqZTzJe05sZQ="></latexit>

TPUPTPaL h
NX

i=1

k⌧ik22

Z\IQLJ[ [V ✓0 = ✓1 = ✓init, ✓N = ✓N+1 = ✓final
k⌧ik1  ⌧max

M(✓i)
✓i+1�2✓i+✓i�1

h2 +W
⇣
✓i,

✓i+1�✓i�1

2h

⌘
✓i+1�✓i�1

2h = ⌧i

Remarks
<latexit sha1_base64="t3W5heHFDWNc6bvpwutSKj7yJKo="></latexit>

࠮ [Y\Z[ YLNPVU VUS` VU ✓i �JVZ[ HUK JVUZ[YHPU[Z JVU]L_ PU ⌧i�
࠮ PUP[PHSPaL ^P[O Z[YHPNO[ SPUL! ✓i = i�1

N�1 (✓final � ✓init), i = 1, . . . , N

<latexit sha1_base64="7QyP4QJRn5HmbCCwRbHLZUm9JaQ="></latexit>

M(✓ki )
✓i+1 � 2✓i + ✓i�1

h2
+W

 
✓ki ,

✓ki+1 � ✓ki�1

2h

!
✓i+1 � ✓i�1

2h
= ⌧i

<latexit sha1_base64="7Y5UgwrwX+76jwGqS7R1StPJ2g8="></latexit>

8\HZP�SPULHYPaH[PVU VM [OL K`UHTPJZ HYV\UK WYL]PV\Z xk



Nonlinear optimal control
Example

33

System

Algorithm

<latexit sha1_base64="+UwuJnGUynaosThCaA9L3SkoRI8="></latexit>࠮ m1 = 1� m2 = 5� l1 = l2 = 1
࠮ N = 40� T = 10
࠮ ✓init = (0,�2.9)� ✓final = (3, 2.9)
࠮ ⌧max = 1.1

<latexit sha1_base64="FMocr9/+5l0+2VC3LGcLwj2LyWA="></latexit>࠮ � = 2
࠮ ↵ = 0.1� �acc = 1.1� �rej = 0.5
࠮ ⇢1 = 90� �]LY` SHYNL�

SCP progress
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EE364b, Stanford University 22

<latexit sha1_base64="rp9rwO8q2bqGKOCDlcb+FaiLhSU="></latexit>

k

<latexit sha1_base64="+3Nll8aaH7rkZuFFZytF6cMtN1o="></latexit>

φ(xk)

Progress

Note: does not go to 0



Nonlinear optimal control

34

Convergence of J and torque residuals
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<latexit sha1_base64="qLvzOB0JpC1pXhrhToAvJxXOq9Y="></latexit>

J

objective

not  
feasible

Becomes  
feasible

fine 
tuning

<latexit sha1_base64="rp9rwO8q2bqGKOCDlcb+FaiLhSU="></latexit>

k

Convergence of J and torque residuals
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torque residuals

<latexit sha1_base64="rp9rwO8q2bqGKOCDlcb+FaiLhSU="></latexit>

k
Predicted and actual decreases in φ
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Predicted and actual decreases in φ
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<latexit sha1_base64="rp9rwO8q2bqGKOCDlcb+FaiLhSU="></latexit>

k
<latexit sha1_base64="rp9rwO8q2bqGKOCDlcb+FaiLhSU="></latexit>

k

<latexit sha1_base64="T8p4GNLjfGbwNssfdIxwz+ocpHM="></latexit>

�̂ : �KHZOLK�
� : �ZVSPK�

<latexit sha1_base64="hGUs7VtYW8v2Ru7wqxqvupB+h38="></latexit>

⇢k

trust region size
<latexit sha1_base64="OfgUBTP/O9bdrMa8nxPvW4hJ/kM="></latexit>

KLJYLHZL PU �

Discretization 
error



Nonlinear optimal control
Trajectories
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Trajectory plan
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Trajectory plan
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Trajectory plan

0 1 2 3 4 5 6 7 8 9 10
−0.5

0

0.5

1

1.5

0 2 4 6 8 10
−1

0

1

2
t

t

τ
1

τ
2

0 1 2 3 4 5 6 7 8 9 10
0

0.5

1

1.5

2

2.5

3

3.5

0 2 4 6 8 10
−5

0

5
t

t

θ
1

θ
2

EE364b, Stanford University 25

Trajectory plan
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<latexit sha1_base64="wqS5Kf/8TPrX8WdjnuvZV0bQmnE="></latexit>τ1

<latexit sha1_base64="vs2B6mMwupJeAehjfduVu+tPRh4="></latexit>τ2

<latexit sha1_base64="o83CT454yUKL78PZRZy+SB9J3sY="></latexit>

t

<latexit sha1_base64="o83CT454yUKL78PZRZy+SB9J3sY="></latexit>

t

<latexit sha1_base64="o83CT454yUKL78PZRZy+SB9J3sY="></latexit>

t

<latexit sha1_base64="o83CT454yUKL78PZRZy+SB9J3sY="></latexit>

t

<latexit sha1_base64="W0iGhKd+ux/d+aC+3xcUYkbQhrw="></latexit>

θ1

<latexit sha1_base64="8F+nJK7gCMnVEwjTdVUOaTQFOT4="></latexit>

θ2



Difference of convex programming



<latexit sha1_base64="tQ+lPWu5s6AUXsJ3Df0jfO8JzRE="></latexit>

TPUPTPaL f0(x)� g0(x)

Z\IQLJ[ [V fi(x)� gi(x)  0, i = 1, . . . ,m

37

Difference of convex programming

<latexit sha1_base64="KtPSWLYIFx53Sb20E2xn6gHxEXA="></latexit>

^OLYL fi HUK gi HYL JVU]L_

Difference of 
convex functions

[On Functions Representable As A Difference Of Convex Functions, Hartman]

Very powerful 
it can represent any twice differentiable function

Hard
<latexit sha1_base64="2tIEKQDxAp8Wb1+E5xGemgd9alo="></latexit>

UVUJVU]L_ WYVISLT \USLZZ gi HYL HɉUL



Difference of convex programming

38

<latexit sha1_base64="iOUaFO2vFZe04My+QGZBGDhNwtU="></latexit>

*VU]L_PM` f(x)� g(x)
<latexit sha1_base64="IT1p11UvVizXm5L7odhDmjnJvMw="></latexit>

f(x)− ĝ(x) = f(x)− g(xk)−∇g(xk)T (x− xk)

<latexit sha1_base64="TNNp1twYvqP34uD5K+zc6+q92lg="></latexit>

xk

<latexit sha1_base64="uZ0Gw6ImUn8ezactoqdu914fxv4="></latexit>

−g(x)

<latexit sha1_base64="h7Ke0yqd3fMkkVtB9iCTOi0Ecyw="></latexit>

−g(xk)−∇g(xk)T (x− xk)Convexification

Remarks

<latexit sha1_base64="Cj64/VSZKo+sjVbERSm/yUf6CPE="></latexit>

f(x)− g(x) ≤ f(x)− ĝ(x)

<latexit sha1_base64="X55MSlvltTtkED7T/QH1MlVWG3w="></latexit>

࠮ ;Y\L VIQLJ[P]L IL[[LY [OHU JVU]L_PÄLK VIQLJ[P]L

࠮ ;Y\L MLHZPISL ZL[ JVU[HPUZ JVU]L_PÄLK MLHZPISL ZL[ No trust region 
needed



Difference of convex programming
Iterations
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Convex-concave procedure

<latexit sha1_base64="PBFRGR+wI8DN6tf8Bm3DkcaQKV0="></latexit>

TPUPTPaL f0(x)� ĝ0(x)

Z\IQLJ[ [V fi(x)� ĝi(x)  0

<latexit sha1_base64="Cxa/PoK809IGNHTUn7jOKuFu4dM="></latexit>

�� *VU]L_PM`! MVYT ĝi(x) = gi(xk) +rgi(xk)T (x� xk) MVY i = 0, . . . ,m

�� :VS]L [V VI[HPU xk+1

Remarks
It always converges to a stationary point (it might be a maximum)

[Variations and extension of the convex–concave procedure, Lipp, Boyd]



Path planning example
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<latexit sha1_base64="JenZDzAVlGOOV/qAo+4fqyAdYBg="></latexit>

-PUK ZOVY[LZ[ WH[O JVUULJ[PUN a HUK b PU Rd

<latexit sha1_base64="/utfa21RPWF9X/PNNb6E+471g/U="></latexit>

(]VPK JPYJSLZ JLU[LYLK H[ cj ^P[O YHKP\Z rj ^P[O j = 1, . . . ,m

path lengths
obstacle 

constraints 
(not convex)

<latexit sha1_base64="LIoYGLYcG1EqCOm+Mm/34s9ctMU="></latexit>

TPUPTPaL L

Z\IQLJ[ [V x0 = a, xn = b

‖xi − xi−1‖2 ≤ L/n, i = 1, . . . , n

‖xi − cj‖2 ≥ rj , i = 1, . . . , n, j = 1, . . . ,m



<latexit sha1_base64="1Ug5fa1AwJrtONOaMOzBlWerlTs="></latexit>a

<latexit sha1_base64="O1FuWbcXIUZmOiWg2JhtYS3YgMk="></latexit>

b

Path planning example

41

<latexit sha1_base64="Wvt2sLffM5ayiew6V1lhjU6aXUY="></latexit>

+PTLUZPVU! d = 2
<latexit sha1_base64="99wpOsCVgQirh1LwU03iFr8HDAc="></latexit>

:[LWZ! n = 50

<latexit sha1_base64="TcP0q3t5QSlyI9bNkvBxgkbcmvQ="></latexit>

0[ JVU]LYNLZ PU 26 P[LYH[PVUZ �JVU]L_ WYVISLTZ�

[Disciplined Convex-Concave Programming, Shen, Diamond, Gu, Boyd]

<latexit sha1_base64="LIoYGLYcG1EqCOm+Mm/34s9ctMU="></latexit>

TPUPTPaL L

Z\IQLJ[ [V x0 = a, xn = b

‖xi − xi−1‖2 ≤ L/n, i = 1, . . . , n

‖xi − cj‖2 ≥ rj , i = 1, . . . , n, j = 1, . . . ,m



Sequential convex programming

Today, we learned to:


• Familiarize with concepts of sequential convex programming 

• Develop trust region algorithms


• Build convex approximations of nonlinear/nonsmooth functions


• Develop regularized trust region methods to account for infeasibility 

• Recognize difference-of-convex programs and apply convex-concave 
procedure

42



Next lecture

• Branch and bound algorithms

43


