
Bartolomeo Stellato — Fall 2024

ORF522 – Linear and Nonlinear Optimization
19. Computer-aided analysis of first-order methods



Today’s lecture
Computer Assisted Analysis and Large Scale Convex Optimization Review

• Analyzing gradient descent using computer-assisted proofs


• Performance estimation


• Summary of large-scale convex optimization 
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Material 
- Blog post by Francis Bach: https://francisbach.com/computer-aided-analyses/ 
- Adrien Taylor’s tutorials https://adrientaylor.github.io/tutorials/  
- Lots of exciting papers by Drori, Bach, Lessard, Hendrickx, de Klerk, Ryu, Bolte, and others….

https://francisbach.com/computer-aided-analyses/
https://adrientaylor.github.io/tutorials/


Computer-assisted proof techniques are growing

3
https://youtu.be/_sTDSO74D8Q?si=U7lYHZB8kBDYEPxv

Lean4 is a theorem proving 
language  

(used to check AlphaProof)

Generative AI is a great 
guessing machine

It works well if we can check the 
correctness of the results!

Today we will see a different 
technique to  

analyze first-order methods!

https://deepmind.google/discover/blog/ai-solves-imo-problems-at-silver-medal-level/
https://www.youtube.com/watch?v=_sTDSO74D8Q


Gradient descent example



Analysis of a gradient step
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<latexit sha1_base64="GDMahNU4xTfrJeUKygyAdZMs2mM="></latexit>

xk+1 = xk − t∇f(xk)

<latexit sha1_base64="86oipIywBRAKw3JS5qrSuHVQKX4="></latexit>

TPUPTPaL f(x)

Unconstrained smooth optimization
<latexit sha1_base64="HEjCGvxNVx5MJ6xWw65pCpQFRYg="></latexit>

x ∈ Rn

<latexit sha1_base64="yHsTaWB769MS+BtFnqWgzNtwjZk="></latexit>

under some assumptions on f

gradient descent

<latexit sha1_base64="8Nw8njP5jngUPILR+/c3QEnC9K4="></latexit>

• Cost function distance: e(x) = f(x)− f(x!)

• Solution distance: e(x) = ‖x− x!‖

• Gradient norm: e(x) = ‖∇f(x)‖

<latexit sha1_base64="Lw1hKba+pULTuFHV7AJqHJrrhSY="></latexit>

What guarantees we can give in terms of the
following performance metrics after N iterations?



Convergence rate of a gradient step

6

<latexit sha1_base64="WiWNpkzOyPNeZVe6h6Z20OVLFH0="></latexit>

‖∇f(x1)‖ ≤ β‖∇f(x0)‖ ∀x0, x1

<latexit sha1_base64="75S013F1nfj5v6bdh4XL/XEAkok="></latexit>

For error e(x) = ‖∇f(x)‖, find the smallest β such that

<latexit sha1_base64="E5KVI+j+BTD3Cp6P3J1pbJ2nbGc="></latexit>

for x1 = x0 − t∇f(x0)

We can write it as an optimization problem
<latexit sha1_base64="NAJnv+4AXpzEdebA8ne8oF/w6tU="></latexit>

maximize
f,x1,x0

‖∇f(x1)‖

subject to x1 = x0 − t∇f(x0)

assumptions on f

‖∇f(x0)‖ ≤ 1



We need assumptions on the problem function
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<latexit sha1_base64="hHRzcRJWuGxKsnKCWKh4+iNbSGA="></latexit>

f(y) ≥ f(x) +∇f(x)T (y − x) +
µ

2
‖x− y‖22, ∀x, y<latexit sha1_base64="n88l/sWUYi3Pr2aE5Qzc1iP7v0Q="></latexit>

µ-strong convexity:

<latexit sha1_base64="V1Zz/ptmfZDJ/3TNpfSs8FVzxxw="></latexit>

f(y) ≤ f(x) +∇f(x)T (y − x) +
L

2
‖x− y‖22

<latexit sha1_base64="+SagxYqOa6/GXDXzN7aWNnSnGno="></latexit>

L-smoothness:

<latexit sha1_base64="PW199WWQHccTjFU77EJKayaetzU="></latexit>

We choose f ∈ Fµ,L, the class of µ-strongly convex and L-smooth functions

<latexit sha1_base64="KZPWmnModiDhUfSzc8002/sTOQs="></latexit>

f(x) +∇f(x)T (y − x) +
L

2
‖x− y‖22

<latexit sha1_base64="dmBnGp22esgqJOgl/9n8JwgcrZM="></latexit>

f(y)

<latexit sha1_base64="PGhyYCTAkIDEFuCHiUkCJTP6wec="></latexit>

f(x) +∇f(x)T (y − x) +
µ

2
‖x− y‖22

<latexit sha1_base64="zPMwP8OKrNr2CSlfM3qOd5a6wSM="></latexit>

(x, f(x))



<latexit sha1_base64="zaajuhe8niXwFxGXdTjWbUFWpXs="></latexit>

maximize
f,x1,x0

‖∇f(x1)‖

subject to x1 = x0 − t∇f(x0)

f ∈ Fµ,L

‖∇f(x0)‖ ≤ 1

Back to the convergence rate problem

8

strongly convex and 
smooth functions

The theoretical worst-case value is

<latexit sha1_base64="ycop2KF2PvyxC5d/5vPIpWe+e5s="></latexit>

which gives the optimal step size t =
2

µ+ L
(from gradient descent lecture)

<latexit sha1_base64="35lNF+9alvxc2HLhwCq06jK9C5o="></latexit>

‖∇f(x1)‖2 ≤ max{(1− tµ)2, (1− tL)2}‖∇f(x0)‖ ∀x0, x1

<latexit sha1_base64="YmhCMGcNKwuT0xn+4tTr/0/Z+aQ="></latexit>

(t, µ, L are problem parameters)

How can we solve the 
maximization problem?



From infinite to finite dimensional optimization
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<latexit sha1_base64="fqjeI7GLX8W6BgB4OhN2hVmIgvI="></latexit>

f ∈ Fµ,L

issues
<latexit sha1_base64="kLwfT7X6IsV2Mi5zOycGjKbb/vA="></latexit>

1. f is a function (infinite dimensional variable)
2. the set Fµ,L represents functions

<latexit sha1_base64="+n+Cy0NXe9pUD/DKxOZnVe5Fvng="></latexit>

2. require points (xi, gi, f i) to be interpolable by a function f ∈ Fµ,L

idea
<latexit sha1_base64="OXW08gO7va1bYlrCZxC23nCP5HU="></latexit>

1. replace f by its discrete representation
<latexit sha1_base64="6OB8DNmk4E3wWvZ2nejWt7931AA="></latexit>

f0 = f(x0), g0 = ∇f(x0)

f1 = f(x1), g1 = ∇f(x1)



<latexit sha1_base64="zaajuhe8niXwFxGXdTjWbUFWpXs="></latexit>

maximize
f,x1,x0

‖∇f(x1)‖

subject to x1 = x0 − t∇f(x0)

f ∈ Fµ,L

‖∇f(x0)‖ ≤ 1

Discretized worst-case problem
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<latexit sha1_base64="D6baNZLarkrOJMq+RM39VBMafMM="></latexit>

maximize
f1,f0,g1,
g0,x1,x0

‖g1‖

subject to x1 = x0 − tg0

∃f ∈ Fµ,L such that
{
f i = f(xi)

gi = ∇f(xi)

‖g0‖ ≤ 1



Smooth and strongly convex interpolation

11

<latexit sha1_base64="MLilYAGJbqA5Ml7+GOZiGUiKxqM="></latexit>

f1

<latexit sha1_base64="dc90HkdQHUN8D2nPk/PU7vzVfLI="></latexit>

f2

<latexit sha1_base64="V69zyv/30FrI/v5hmXzaPEfAwEg="></latexit>

f3

<latexit sha1_base64="oadWalq77vlt6FoD4qRlN8wp1+4="></latexit>

x1
<latexit sha1_base64="088LSFMfRH++FpV6yKdCcRAAa0Q="></latexit>

x2
<latexit sha1_base64="u2OWLF2E7ru7ScjhQTsnZMe/vn0="></latexit>

x3

<latexit sha1_base64="UBoFx+Y6I3KgRgc6BIx8sTv1wGc="></latexit>

(g1,−1)

<latexit sha1_base64="kKZQo0tSNTABKbnCMT+kwLQfbLk="></latexit>

(g2,−1)

<latexit sha1_base64="AjZpbYnI7gqC8RAyAsT07VMMWL4="></latexit>

(g3,−1)

(sub)gradients

<latexit sha1_base64="v8kw0wmSf57hyGwZqFCfjgVS8lg="></latexit>

∃f ∈ Fµ,L such that
{
f i = f(xi)

gi = ∇f(xi)

question

?

<latexit sha1_base64="aDvquLTqsuSezG7AjJiJTzRVaTA="></latexit>

f i ≥ f j + (gj)T (xi − xj) +
1

2L
‖gi − gj‖2 + µ

2(1− µ/L)

∥∥∥∥x
i − xj − 1

L
(gi − gj)

∥∥∥∥
2

<latexit sha1_base64="+iktrogeTv6QwBn/z+yx5Qhf+Ns="></latexit>

Necessary and sufficient conditions ∀i, j ∈ I

<latexit sha1_base64="AfV9eh1qLIpIcWGA4iXn/wQbk9Y="></latexit>

Consider an index set I with associated tuples {(xi, gi, f i}i∈I



Discretized worst-case problem with interpolation constraints
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<latexit sha1_base64="RjeXS4s3lCuQ9U3vjwkpUHt3vwk="></latexit>

∃f ∈ Fµ,L such that
{
f i = f(xi)

gi = ∇f(xi)

nonconvex 
quadratic 

constraints

<latexit sha1_base64="IxGFwWMsQ90qN5uvggc0mFuBa0Q="></latexit>

Substitute gradient step x1 = x0 − tg0

<latexit sha1_base64="W63oVL3jCqbMKo+HcgLVCQk+xEc=">AAAFp3icjVTdbhQ3FJ4s3Ra2fwQuubGA0N2SLDOL+LtDQpVACi1IJETEu5Fn9uysiX8G2xM2OFbVV+oz9Aq1D9C36fFkC5mNKtUXM0fnO985n4+PnVeCW5emf691LnzR/fKri5d6X3/z7XffX16/smt1bQrYKbTQZi9nFgRXsOO4E7BXGWAyF/A6P3wS8ddHYCzX6pU7rmAsWan4jBfMoetgfe0PmkPJlWfGsOPghQg9WqspUs </latexit>

maximize
{(xi,gi,fi)}i∈{0,1}

‖g1‖

subject to f1 ≥ f0 − t‖g0‖2 + 1
2L‖g

1 − g0‖2 + µ
2(1−µ/L)

∥∥( 1
L − t

)
g0 − 1

Lg
1
∥∥2

f0 ≥ f1 + t(g1)T g0 + 1
2L‖g

0 − g1‖2 + µ
2(1−µ/L)

∥∥(t− 1
L

)
g0 + 1

Lg
1
∥∥2

‖g0‖ ≤ 1

<latexit sha1_base64="37L3JBTFAhhAPI+DBqVV9Vj4/08="></latexit>

maximize
f1,f0,g1,
g0,x1,x0

‖g1‖

subject to x1 = x0 − tg0

f1 ≥ f0 + (g0)T (x1 − x0) + 1
2L‖g

1 − g0‖2 + µ
2(1−µ/L)

∥∥x1 − x0 − 1
L (g

1 − g0)
∥∥2

f0 ≥ f1 + (g1)T (x0 − x1) + 1
2L‖g

0 − g1‖2 + µ
2(1−µ/L)

∥∥x0 − x1 − 1
L (g

0 − g1)
∥∥2

‖g0‖ ≤ 1



Semidefinite programming lifting procedure
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Define Gram matrix
<latexit sha1_base64="am/PItjXkX1e1XPp24PIzBZkVSU="></latexit>

G = PTP =





(x0)Tx0 (x0)Tx1 (x0)T g0 (x0)T g1

(x1)Tx0 (x1)Tx1 (x1)T g0 (x1)T g1

(g0)Tx0 (g0)Tx1 (g0)T g0 (g0)T g1

(g1)Tx0 (g1)Tx1 (g1)T g0 (g1)T g1




! 0

<latexit sha1_base64="gyvrMwWIeiRQ/yE9GA/WAV7N5gg="></latexit>

We stack variables in matrix P = [x0 x1 g0 g1] ∈ Rn×4

<latexit sha1_base64="XOU9xZxJy3p3vH9GJYagAMuFL9w="></latexit>

Our problem is linear in G!
<latexit sha1_base64="YxfD7EYq4QT5inzxUnuFwEGgaXg="></latexit>

G ! 0 and rank(G) ≤ n ⇐⇒ G = PTP with P ∈ Rn×4

<latexit sha1_base64="5Fa4yv7CuIYTgVViXwz3+5B/tmg="></latexit>

Therefore, rank constraint disappears when n ≥ 4
<latexit sha1_base64="yDyaJwzIyJ/JIeToMNuC+46LLzA="></latexit>

Since G ∈ R4×4 we have rank(G) ≤ 4

<latexit sha1_base64="wZnNWOtEfatdoFffDXtB32eP+E8="></latexit>

⇒ We can recover P = [x0 x1 g0 g1] from G with a Cholesky factorization.



Semidefinite formulation
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<latexit sha1_base64="ylarCDnPrIVGmpOJMMR/NHI37gA="></latexit>

- encode objective ‖g1‖2 = (g1)T g1 = G44
<latexit sha1_base64="57y5g3wGIJydp0MqSzcqoyFSP+0="></latexit>

- encode initial condition ‖g0‖2 = (g0)T g0 = G33 ≤ 1
<latexit sha1_base64="ciXeSGhn0FRrMWzVDEpsiJEt2bI="></latexit>

- encode interpolation constraints as f j − f i + tr(GAij) ≤ 0 for some Aij

automated performance estimation problem
<latexit sha1_base64="s9irA5wccD+/QOtSNAgsMgCi/EA="></latexit>

maximize
G,f1,f0

G44

subject to f j − f i + tr(GAij) ≤ 0, i, j ∈ {0, 1}
G $ 0

G33 ≤ 1
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Solving the SDP
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can we translate this into 
analytical guarantees?

<latexit sha1_base64="oUguRuXhWzmLlKFap5THaHRHw6Y="></latexit>

Divergence (> 1) for t < 0 or t > 2

<latexit sha1_base64="3qmnFSvxWEYO4OYWcg43LyFZOaw="></latexit>

Fix L = 1, µ = 0.1 and solve SDP for varying step size t

<latexit sha1_base64="UCzYZw7sWF1u2NVLwu8wENXa1uw="></latexit>

Exactly matches max{(1− tµ)2, (1− tL)2}-convergence for t ∈ (0, 2/L)



Analytical proofs with duality
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dual variables
<latexit sha1_base64="pHDdhQYvPZAXRW/FFGJTHkMc2KI="></latexit>

λ1

<latexit sha1_base64="d1lOqFqMvNmDpUPKW/1Y1fX7Spw="></latexit>

λ2

guess 
(from numerical  

values)

<latexit sha1_base64="kKsZ4tP0+LO5mdI6rvcW1CrHlbc="></latexit>

=
2

t
(1− µt) ≥ 0

<latexit sha1_base64="kKsZ4tP0+LO5mdI6rvcW1CrHlbc="></latexit>

=
2

t
(1− µt) ≥ 0

<latexit sha1_base64="zXh/4Q/7ViOAdnBTvEYenTfB7Y0="></latexit>≥ 0
<latexit sha1_base64="TYK3cuqsQOi7eSipF/le4F4BVvo="></latexit>

≤ (1− tµ)2‖∇f(x0)‖2
<latexit sha1_base64="ORxC6b6pJjWuhDSrT2kB1dHu4CE="></latexit>

≤ (1− tµ)2

<latexit sha1_base64="cxVD/uYtfGEvENsX47+Y/PaWpyc="></latexit>

Weighted sum of the constraints with weights λ1,λ2 can be written as
<latexit sha1_base64="fwD2gWuAqkiZ4csSF7mE5hQ1rb4="></latexit>

‖∇f(x1)‖2 ≤ (1− tµ)2‖∇f(x0)‖2 − 2−t(L+µ)
t(L−µ) ‖(1− tµ)∇f(x0)−∇f(x1)‖2

<latexit sha1_base64="2HGhs7tin5yTD9Vm3lSsRvTn2Sk="></latexit>

with t = 1/L we have the convergence rate
<latexit sha1_base64="64OceFV7dXcngiSDiETGGe+WLyM="></latexit>

‖∇f(x1)‖2 ≤ (1− µ/L)2‖∇f(x0)‖2

<latexit sha1_base64="0jvZx7OWn3L3ooJmTY4kpeXnQnI="></latexit>

f1 ≥ f0 +∇f(x0)T (x1 − x0) + 1
2L‖∇f(x1)−∇f(x0)‖2

+ µ
2(1−µ/L)

��x1 − x0 − 1
L (∇f(x1)−∇f(x0))

��2

f0 ≥ f1 +∇f(x1)T (x0 − x1) + 1
2L‖∇f(x0)−∇f(x1)‖2

+ µ
2(1−µ/L)

��x0 − x1 − 1
L (∇f(x0)−∇f(x1))

��2

interpolation inequalities

<latexit sha1_base64="282IsMXeb+D39joAA81dsOCUeCo="></latexit>

(= 0 at the worst-case)

<latexit sha1_base64="VqU0fwME0nAzKZoR+SqZfzJ0ri8="></latexit>

(tight)

<latexit sha1_base64="CgMhaA2xKd3gOuPrCLFuqkozU1E="></latexit>

gradient step with t = 1/L
((1− µ/L)2 = (1− tµ)2 ≥ (1− tL)2 = 0)



Remarks on dual problem
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• find the smallest upper bound that can be proved by a linear 
combination of the interpolation inequalities

interpretation

• we can show that strong duality holds 
(existence of Slater’s point)

any convergence rate (primal objective) can be proved by  
a linear combination of interpolation inequalities (dual objective)
any dual feasible point can be translated into “traditional” (SDP-
less) proofs

how to build purely analytical proofs?
• we need to “guess” how the optimal dual variables depend on 

problem parameters

• SDP optimal values gives us a way to check correctness



Performance estimation



Performance Estimation Problem (PEP)

19

Features
• any primal solution gives a lower bound (i.e., function)

• any dual solution is a worst-case guarantee (i.e., a proof)

• both can be computed using semidefinite programming (SDP)

Algorithms (with accelerated variants)
• (sub)gradient methods

• proximal point methods

• projected and proximal gradients methods

• splitting methods

• randomized/stochastic gradient methods

• distributed/decentralized gradient methods

• … and many more!



Classes of optimization problems
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We can model any composite optimization problem of the form
<latexit sha1_base64="shadw0e+cBBMbjas9sriIYRhnwM="></latexit>

minimize f(x) + h(x)

For many functional classes in convex optimization::
• different types of (smooth or non-smooth) functions

• convex indicator and support functions

• monotone inclusion problems

• … and more

any class whose interpolation conditions are SDP-representable



Performance metrics

21

<latexit sha1_base64="8Nw8njP5jngUPILR+/c3QEnC9K4="></latexit>

• Cost function distance: e(x) = f(x)− f(x!)

• Solution distance: e(x) = ‖x− x!‖

• Gradient norm: e(x) = ‖∇f(x)‖

<latexit sha1_base64="w9J6xiRg1u7p524u7uM9jc49U5A="></latexit>

min
0≤i≤N

e(xi)

best error along the way

common errors

any linear function of
<latexit sha1_base64="p5xXX+m+z1rgUiHLEaoRXvGJF14="></latexit>

fi and gram matrix entries ‖xi‖2, ‖gi‖2, (gi)Txj



PEPit toolbox

22

• Works in Python


• Used to analyze virtually any first-order method used in convex optimization 
(includes stochastic, and continuous-time methods)


• Interfaces with cvxpy to call an SDP solver

https://github.com/PerformanceEstimation/PEPit



Can be used to design algorithms as well

23

Optimized Gradient Method
tight convergence guarantee 

(lower and upper bounds match  
exactly up to constants)

<latexit sha1_base64="7VVSVYn5i0MgUMfABORGYf5w1Zo="></latexit>

xk+1 = yk − 1

L
∇f(yk)

yk+1 = xk+1 +
θk − 1

θk+1
(xk+1 − xk) +

θk
θk+1

(xk+1 − yk)
<latexit sha1_base64="mJNQ9NfJuFkmgCN2eSOiuc37Zhs="></latexit>

(for appropriately chosen θk)
Y. Drori, M. Teboulle (2014). Performance of first-order methods for smooth convex minimization: a novel approach. Mathematical Programming

D. Kim, J. Fessler (2016). Optimized first-order methods for smooth convex minimization. Mathematical Programming 

Y. Drori (2017). The exact information-based complexity of smooth convex minimization. Journal of Complexity

Numerically optimal step sizes
<latexit sha1_base64="bEEzfz2DmYQjG6sCCJ03MjZ/HHQ="></latexit>

Solve minmax problem using branch-and-bound:
1. we minimize over step sizes tk
2. we maximize over PEP problem variables (f i, G,...)

S. Das Gupta, B. Van Parys, E. Ryu, (2024) "Branch-and-Bound Performance Estimation Programming: A Unified Methodology for Constructing 
Optimal Optimization Methods", Mathematical Programming

Many more (active research area…)



Limitations of PEP

• Results are not interpretable in terms of problem parameters. You need to 
“guess” the connections.


• If you already have an optimal algorithm matching lower bounds (e.g., in 
Nesterov acceleration), PEP cannot give you better rates. It can give you 
the exact constant in front of the rate.


• SDPs can become very large for 50/100 steps and take a very long time


• Results are dimension-independent: cannot represent exactly the iterates 
because they disappear in the Gram matrix

24



Summary of large-scale convex optimization



Large-scale convex optimization
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Optimality conditions
<latexit sha1_base64="7KtSNryQuKKjmUlCX41JJR83QYk="></latexit>

࠮ 22; VW[PTHSP[` JVUKP[PVUZ
࠮ :\INYHKPLU[ VW[PTHSP[` JVUKP[PVUZ 0 2 @f(x?)

General 
Necessary

Convex 
Necessary and sufficient

First order methods: Moderate accuracy on Large-scale data
<latexit sha1_base64="Oz/fjpVD8DjNEXKa9wL3eUEBXLU="></latexit>

࠮ .YHKPLU[ KLZJLU[
࠮ :\INYHKPLU[ TL[OVKZ
࠮ 7YV_PTHS HSNVYP[OTZ �L�N�� 0:;(�
࠮ 6WLYH[VY ZWSP[[PUN HSNVYP[OTZ �L�N�� (+44�



Convergence rates
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Typical rates 
(gradient descent, proximal gradient, ADMM, etc.)

<latexit sha1_base64="Y6rwDiAeZCsgE0t7RDLMWTuoqBU="></latexit>

࠮ L�ZTVV[OULZZ! O(1/k)� HJJLSLYH[LK O(1/k2)
࠮ µ�Z[YVUN JVU]L_P[`! O(log(1/k))
࠮ >L JHU HS^H`Z JVTIPUL SPUL ZLHYJO
࠮ *VU]LYNLUJL IV\UKZ \Z\HSS` PU [LYTZ VM JVZ[ M\UJ[PVU KPZ[HUJL

Operator theory
<latexit sha1_base64="pldFc/EG5sDpiU/b4x6uCAqL0IE="></latexit>

࠮ /LSWZ KL]LSVWPUN HUK HUHS`aPUN ZLYPHS HUK KPZ[YPI\[LK HSNVYP[OTZ
࠮ (SNVYP[OTZ HS^H`Z JVU]LYNL MVY JVU]L_ WYVISLTZ
�PUKLWLUKLU[S` MYVT Z[LW ZPaL�
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First-order methods
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• Gradient/subgradient method


• Forward-backward splitting (proximal algorithms)


• Accelerated forward-backward splitting


• Douglas-Rachford splitting (ADMM)


• Interior-point methods (not covered)

Large-scale systems

• start with feasible method with cheapest per-iteration cost

• if too many iterations, transverse down the list

Per-iteration 
cost

Number of 
iterations



Computer-assisted analysis of optimization algorithms

Today, we learned to:


• Formulate performance analysis problem using semidefinite programming


• Recover known convergence rates by observing SDP solution


• Prove convergence rates using dual variables by combining interpolation 
inequalities


• Select the appropriate algorithms to apply in large-scale optimization
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Next lecture

• Extensions and nonconvex and stochastic optimization
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