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Today'’s lecture
[Section 2.2, ILCO][Chapter 1, FMO]

First-order methods acceleration
e Lower bounds

* Acceleration and convergence analysis

 Examples



Lower bounds




Sublinear convergence rates

For a convex L-smooth function f we have

Gradient descent Proximal gradient
gl = gf — tVf(a:k) 2 = prOth(xk — tVf(xk))
Convergence
BN o |2Y — 2%]|3 . distance O(1/k)
fla7) = f(@7) < ok iterations  O(1/¢)

Can we do better? Is there a lower bound?



Lower bounds

First-order methods
Any algorithm that selects

2"t e xg + span{V f(zo), Vf(z1),..., Vf(z")}

Theorem (Nesterov ’83)

For every integer k£ < (n—1)/2, there exist a convex L-smooth function f such
that, for any first-order method

3L
32(k + 1)

distance  O(1/k?)
iterations  O(1//e)

f(z®) — f(a*) >

Sl —a2*|F



roof

Lower bound p
L

. 1
minimize  f(x) = T (§xTAx - e?x) Vf(x) = g (Ax — e1)
L ]
Gil. Strang -1 2 -1
(MIT) A — (1
“cupcake - a=00
matrix” -1 2 -1
—1 2
* fIs convex and L-smooth |
» z* isthe optimizer with z7 =1 j_ . (Solves Vf(z*) = 0— Ax™ = ey)
T
. L (1 . . L L n . n 4+ 1
'f($):Z(§e{x _eipx>:_§$1: s U Ll



Lower bound proof

Iterates
f 2° =0 then 2% ¢ span{Vf(2"),...,Vf(z* 1)} =spanie;,...,e.}

Upper bound I
k > . T) = min L) =
f@”) 2 x@span{vﬂ%?..,Vf@ck—l)}f( ) a:kﬂz---:a:nzof( ) Sk+1
For k ~n/2orn=2k+1,
f(gjk)—f(i*)>[/ k | 2k + 1 / 2K + 2 — oL
20— 2 T8\ k+1 2k+0 30 B2k+1)3




Convergence rates
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-------- 1/v'k (sublinear)

- -+ - 1/k (sublinear)
............... 1/(k?) (lower bound)
—— 0.5" (linear)
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Can we achieve the lower bound?
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Acceleration



Heavy ball acceleration

Gradient descent
et = g —tV f(2)

Adding momentum
Pt = gF — tVf(xk) + 5k($k — xk_l)

momentum
(fo mitigate zigzag)
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Nesterov momentum

" =yF — 1V (yF)

k
k41 _ k1 k+1 _ .k
d ! Pr3@ T
Properties

* Original Momentum proposed by Nesterov ('83)

- No longer a descent method (i.e., we can have f(z*1) > f(z"))
» Same complexity per iteration as gradient descent

» One of the most interesting results in optimization
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Nesterov acceleration

ODE interpretation P ()
gt = gt k (F+L — k)
Time-varying k+ 3
damping
—§X t—0 a?k%X(k‘\/g):X(T)
. X (1) - ?_X(T)—FVJB(X(T)):O
damping
= coefficient

Spring —Vf(X)
Note: 3 is the smallest constant

that guarantees O(1/74) convergence

12
[A Differential Equation for Modeling Nesterov’s Accelerated Gradient Method: Theory and Insights, Su, Boyd, Candes]



Accelerated proximal gradient method

f(x) convex and smooth

minimize f(x) + g(x) g(x) convex (may be not differentiable)

Iterations
where yy = xo,
" = prox,, (" — 1V f(y")) R Y e
_ _ k
Rl gkt A — 1 (2F L — k) Ao =land Ay = 5

Akt1 (same as Aiﬂ — Xkr1 — A7 = 0)

Note: ¢g(x) = 0 gives accelerated gradient descent .



Proximal gradient and Nesterov weights

1 1 + 4)\2 A — 1 k
Ao = 1 )\k_|_1: _I_\/_|_ k ~ as k — oo
) Ak+1 k+3
1.2
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Convergence rate for accelerated proximal gradient method

f(x) convex and L-smooth

minimize F(z) = f(x) + g(z) g(x) convex (may be not differentiable)

Theorem
The accelerated proximal gradient method with step-size t = 1/L satisfies

f(fk) o f(ZIZ‘*) < QLHCCO - m*HQ

(k+1)2
Note (proof as exercise
® . ) 1+ /14 4X2
For momentum weights \o =1 and Ay 1 = > , we have
k+ 2
NS> TS k> -

= 75 -~



Convergence rate for accelerated proximal gradient method

f(x) convex and L-smooth

minimize f(x) + g(x) g(x) convex (may be not differentiable)

- Better iteration complexity O(1/k%) (i.e. O(1//¢)
 Fast If prox evaluations are cheap

» Can’t do better! (from lower bound)
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Convergence analysis



Fundamental inequality

From prox grad lecture
1
_|_

Y = prox,, (y LVf(y)>

= argmin o(z) = g(2)+ fly) + V(") (z —y) - §|

2 —yl|5

" Lemma (fundamental inequality)
Let y™ = prox(y 1),y — (1/L)Vf(y)). then

L
F(y") — F(z) < §I|:L‘—y||§ |z —y™ |53 — h(z,y)

with h(z,y) = f(x) — f(y) = Vf(y)' (x —y) > 0 (by convexity)

\_

~

_/
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from previous slide ,
(2) = 9(2) + f(y) + VIW") (2 —y) + S llz = vll5

Proof of Lemma

Since ¢ is L-strongly convex and minimized at y ™, then
L
d(z) > (y™) -

2
From smoothess of f, then

|z —yT||5 (smoothness of f to strong convexity of ¢)

by =F)+ VI " = v+ Sy =yl +9")
> fly") +9ly")=F(y")
Together, we have o(x) > F(yt) g\\x—y 5 <<
F) + V1) @~ ) +9(@) + Sl —yl3 > Fa) + Slle— v} =
F(2) ~ hiz,y) + 2z — I} > Fy™) + 5 2 — 7|3
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Convergence rate accelerated proximal gradient method

Proof

1. Construct Lyapunov function

2. Lyapunov function is non-increasing when Nesterov’s coefficients are used!

20



Constructing Lyapunov function

g Lemma (Lyapunov function decrease) A

Let uf = N1z — (¥ + (M1 =Dz ) = N (@ =) — (N1 — D) (21 —2%)

then
2

k+12
[ =

2 *
A (F (2" = F%) < [Ju”|3

- APy (P(a*) — F*)




Proof of Lyapunov function decrease

Let x = /\—]Lkaz* + (1 Alk) " and y = y”. From funamental inequality,
L L
Fa*) = P(a) < Sllo =¥ 3 — Sllz — a3
L —1 % —1\ _k k2 L —1 % —1\ _k k-+1
§§||)‘k$+(1_)‘k )" — y~||3 2||)‘kx+(1_)‘k ) —
L * k k|2 L * k k412
= ozl + (A = D27 = eyt llz = ooz lle™ + (e = D)o = Apa™ 7[5
27 27
L
= o5 ([lu” ]2 = [u™"I3)
207
u = Ap_12” — (2F + A1 — D2
last equality follows from ok Ak—1—1
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Proof of Lyapunov function decrease (cont.)

We can also lower bound F(z"*1) — F(x)
By convexity of I (Al + (1= Ay )2%) S A F(a*) + (1= A ) F(a")
= A R4 (1= A F ()

F(z"h) — FO\a* + (1= A )z”)
(1= A, (F(2®) = F*) = (F(a"*) — F*)

Therefore F(z"h) — F(x)

AVARI

By combining lower and upper bounds on F'(z"™1) — F(z) and A2 — A\ = \2_,,

L
o (13 = u™3)

[V

Me(F (@) = F*) 4+ (g = ) (F(27) — F7)
N (F (@) = ) 4+ Xy (F(2) — F7)
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Convergence rate accelerated proximal gradient method

Proof

1. Construct Lyapunov function =

2. Lyapunov function is non-increasing when Nesterov’s coefficients are used!

24



Convergence rate accelerated proximal gradient method

Proof
From Lyapunov function Lemma between iterations & and 0 (noting ||u*|| > 0)

2 * 2 * * 2 *
Z)‘i—l(F(xk)_F ) < [lut]lz - LA?)(F(SBl)—F ) = [lz" — 2|3 A L(F(l‘l)—F)

Because of the fundamental inequality lemma with y™ = 2!,y = 2°, x = 27,

2 * * * * 2 * *
—(F(z) - F) < |l2° =2z = [l=" =2z <= [lz" —2"2A L(F(xl)—F)SlleO—l’ 3

L

2 * *
Therefore E)\i_l(F(mk) _F ) < HxO _ 7 Hg

L||z® —z*|]3 _ L|lz” — 2|3
= F(z") - F*<
(") =T, 2(k + 1)

T
(since A\ > £12)

25






Example: Lasso without linear convergence

minimize (1/2)||Az — b5 + ||z
f(x) g()

Proximal gradient descent
(Iterative Shrinkage Thresholding Algorithm)

"t =5, (a8 — tAT (Az* — b)) ISTA

Accelerated proximal gradient descent
(Fast Iterative Shrinkage Thresholding Algorithm)

xk—l—l _ Sfyt (yk B tAT(Ayk B b))

JEHL gkt A — 1 (2hH1 k)
Ak+1

FISTA

27

[A Fast Iterative Shrinkage-Thresholding Algorithm for Linear Inverse Problems, Beck, Teboulle]



Example: Lasso without linear convergence
Fast Iterative Soft Thresholding Algorithm (FISTA)

- 118

minimize (1/2)||Az — b||2 + ~v||z||1

\\\\\\

\\\\\

ISTA ¢t = 0.001
FISTAt = 0.001

200

400

600

300

1000

Example

randomly 300 x 500
generated A€R

= Vf=A"A%0
= f not strongly convex

FISTA is much faster

Typical rippling behavior
(not a descent method)
28



Image deblurring

x:. reconstructed image

minimize  (1/2)|| Az — b||5 + 7||z|1 in wavelet basis (sparse)

k= 100 k = 200

is
-

original blurred

FISTA

29

[A Fast Iterative Shrinkage-Thresholding Algorithm for Linear Inverse Problems, Beck, Teboulle]



More sophisticated accelerations
Other algorithms

Acceleration can also be applied also to ADMM

[Fast Alternating Direction Optimization Methods, Goldstein, O’Donoghue, Setzer, Baraniuk]

Momentum with restarts Improved
(reset momentum when it makes convergence rate
small progress) O(1/k*)

Nonlinear acceleration
(e.g., Anderson Acceleration)

Adaptively pick weights by solving
a small optimization problem
(usually least-squares)

[Acceleration Methods, d'Aspremont, Scieur, Taylor]
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Momentum intuition and much more

Why Momentum Really Works
P All deep learning optimization
| algorithms
are based on

Momentum/Acceleration:

RMSprop, AdaGrad, Adam, etc.

https://distill.pub/2017/momentum/
31



Acceleration In nonlinear optimization

Today, we learned to:
* Derive lower bounds on cost optimality for first-order methods
* Accelerate first-order algorithms by adding momentum term

* Apply acceleration schemes to get the best possible convergence
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Next lecture

 Computed-assisted proofs
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