
Bartolomeo Stellato — Fall 2024

ORF522 – Linear and Nonlinear Optimization
12. Subgradients



Today’s lecture
[Chapter 3 and 8, FMO][ee364b][Chapter 1 LSCO][Chapter 3, ILCO]

Gradient descent 

• Line search


Subgradients 

• Geometric definitions


• Subgradients


• Subgradient calculus


• Optimality conditions based on subgradients

2



Line search



Exact line search

4

Choose the best step along the descent direction

Used when 
• computational cost very low or

• there exist closed-form solutions

In general, impractical to perform exactly

<latexit sha1_base64="+MGjyXDunmO7Wg3xUrZsJJLGnF8="></latexit>

tk = argmin
t≥0

f(xk − t∇f(xk))



Backtracking line search
Condition

5

<latexit sha1_base64="BcyZgKeoheijdYL16PhhlHw3Lnw="></latexit>

t

<latexit sha1_base64="RbWYb9I0BUHuOAXxc9+ig4ZWJsk="></latexit>

f(xk − t∇f(xk))

<latexit sha1_base64="NgF6y2+mSOcpCuntfs8VlZichQY="></latexit>

0

<latexit sha1_base64="wrLYYv3693L5rGMKzwSEkKVKsyk="></latexit>

f(xk)− t‖∇f(xk)‖22

<latexit sha1_base64="CPpswKRxLCtpQ2mvVhp0mbYPhPg="></latexit>

f(xk)− αt‖∇f(xk)‖22

admissible

<latexit sha1_base64="sgrFM8dFjPibhwxYzAhIMCCAoRU="></latexit>

Armijo condition: for some 0 < ↵  1/2
<latexit sha1_base64="XusBB5/2V5t7m0VXArPCdZsD90U="></latexit>

f(xk + tdk) < f(xk) + αt∇f(xk)T dk

Guarantees  
sufficient decrease  

in objective value

<latexit sha1_base64="iF3kXYTw9TXWGRp2j10G4dh3+fw="></latexit>

where dk = �rf(xk)

<latexit sha1_base64="cqu/d78LXaHk/S3cBslhUN4Dmpc="></latexit>

f(xk − t∇f(xk)) < f(xk)− αt‖∇f(xk)‖22



Backtracking line search
Iterations
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<latexit sha1_base64="BcyZgKeoheijdYL16PhhlHw3Lnw="></latexit>

t

<latexit sha1_base64="RbWYb9I0BUHuOAXxc9+ig4ZWJsk="></latexit>

f(xk − t∇f(xk))

<latexit sha1_base64="NgF6y2+mSOcpCuntfs8VlZichQY="></latexit>

0

<latexit sha1_base64="wrLYYv3693L5rGMKzwSEkKVKsyk="></latexit>

f(xk)− t‖∇f(xk)‖22

<latexit sha1_base64="CPpswKRxLCtpQ2mvVhp0mbYPhPg="></latexit>

f(xk)− αt‖∇f(xk)‖22

admissible

<latexit sha1_base64="LV8bQQXbXwZuP+JRIgfzYvVMKts=">AAAEWHicZVPdTtswGE1LN6CwDdjlbqxRJDaNKqmEtqsJiRt2wcSkFZBwqRzna2PVP8F2SiuTF9wbbNrDzO4qQYqvvpxzvr9jJy04MzaOfzeaa60XL9c3Nttb269ev9nZ3bs0qtQU+lRxpa9TYoAzCX3LLIfrQgMRKYerdHIa+KspaMOU/GnnBQwEGUs2YpRYDw13pg6nI3SfMw4V6owOZ7cTdIQsliTlBC2+P3xAX5eRpzDhRU </latexit>

^OPSL f(xk � trf(xk)) > f(xk)� ↵tkrf(xk)k22
t �t

<latexit sha1_base64="K+jzjofLRZMFhBEYSlRYYGtJ+lY=">AAAELnicZVPLbhMxFHUbHiW8WliysWgqIdSmM5EqWIBUqZsiUVQk0laqo8rjuUms+jG1PSHBmn9CfAYfgGCBEKz4DOwhUjupN3N1zj33cezJCsGtS5IfS8utGzdv3V6507577/6Dh6trj46sLg2DPtNCm5OMWhBcQd9xJ+CkMEBlJuA4O9+L/PEEjOVafXCzAgaSjhQfckZdgM5W33qSDTFX3HEq+KcarTAh7Y7Dr3G6SS5Kmu </latexit>

PUP[PHSPaH[PVU
t = 1, 0 < ↵  1/2, 0 < � < 1



Backtracking line search
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<latexit sha1_base64="zJCc/BE93wDxxiZ6zGURufd90cg="></latexit>

f(x) = (x2
1 + 20x2

2)/2
<latexit sha1_base64="Wnf835Vrg1v4dAiHLJ6bQrl8s3U="></latexit>

x0 = (20, 1)

Backtracking line search

Converges in 31 iterations



Backtracking line search convergence

8

Theorem

<latexit sha1_base64="O+SFO0QtUoDp2nLqwsyH4L2BGy0="></latexit>

f(xk)− f(x!) ≤ ‖x0 − x!‖22
2tmink

<latexit sha1_base64="F/episHYR3CoMzLBk4SrNZfnjuM="></latexit>

^OLYL tmin = min{1,�/L}

<latexit sha1_base64="rr8+4Yk7hy8WJ37AkZv7elN5Ve8="></latexit>

࠮ 0M � ⇡ 1� ZPTPSHY [V VW[PTHS Z[LW�ZPaL ��/L ]Z 1/L�
࠮ :[PSS JVU]LYNLUJL YH[L O(1/✏) P[LYH[PVUZ �JHU IL ]LY` ZSV^��

Remarks

Proof almost identical to fixed step case

<latexit sha1_base64="HhIcBfrqptr35sQCX0xsMgRwpq0="></latexit>

Let f be L-smooth. Gradient descent with backtracking line search satisfies



Gradient descent issues



Slow convergence
Very dependent on scaling

10

<latexit sha1_base64="zJCc/BE93wDxxiZ6zGURufd90cg="></latexit>

f(x) = (x2
1 + 20x2

2)/2

Slow convergence Faster

<latexit sha1_base64="q3ooUeUBZZjr4f2++yZGr3iv4Ow="></latexit>

f(x) = (x2
1 + 2x2

2)/2



Non-differentiability
Wolfe’s example
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In general: gradient descent cannot handle non-differentiable 
functions and constraints

<latexit sha1_base64="DWnWyZAs0bOu5zIMp3P/j1lsphE="></latexit>

f(x) =






√
x2
1 + γx2

2 |x2| ≤ x1

x1 + γ|x2|√
1 + γ

|x2| > x1

<latexit sha1_base64="cr1LwAjS+NcC670+jvEF5rtfcN8="></latexit>

.YHKPLU[ KLZJLU[ ^P[O L_HJ[ SPUL ZLHYJO NL[Z Z[\JR H[ x = (0, 0)

Nondi�erentiable example

f (x) =
q

x
2
1 + �x

2
2 if |x2 |  x1, f (x) = x1 + � |x2 |p

1 + �
if |x2 | > x1

with exact line search, starting point x
(0) = (�,1), converges to non-optimal point

�2 0 2 4�2

0

2

x1

x 2
gradient method does not handle nondi�erentiable problems

Gradient method 1.4



Subgradients



Gradients and epigraphs
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<latexit sha1_base64="Z9Z3xtc8i8BeiXyKls49D/93uvQ="></latexit>

-VY H JVU]L_ KPɈLYLU[PHISL M\UJ[PVU f � P�L�
<latexit sha1_base64="TVLA/UtpsWUC3vl2HmFQGzui2Z8="></latexit>

f(y) ≥ f(x) +∇f(x)T (y − x), ∀y ∈ dom f

<latexit sha1_base64="OrHAiiAt8fvAIdTFw7jLG385fHA="></latexit>[
∇f(x)

−1

]T ([
y

t

]
−
[

x

f(x)

])
≤ 0, ∀(y, t) ∈ epi f

<latexit sha1_base64="Xi3BlAtXrMWUMpDU4X5UwUsogLo="></latexit>

(rf(x),�1) KLÄULZ H Z\WWVY[PUN O`WLYWSHUL
[V LWPNYHWO VM f H[ (x, f(x))

<latexit sha1_base64="Kbmz2zrUglsWMVxXiwEzhwm+PBY="></latexit>

(x, f(x))

<latexit sha1_base64="K5TRoHFgEnG2AGN5VYeVkk9QDyI="></latexit>

epi f

<latexit sha1_base64="71rcXIs071Aqc8c20w2fYiLawlQ="></latexit>

(∇f(x),−1)



Subgradient
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<latexit sha1_base64="FgYCOhX2IPV+K7yaIZCD0dutlYg="></latexit>

>L ZH` [OH[ g PZ H Z\INYHKPLU[ VM M\UJ[PVU f H[ WVPU[ x PM
<latexit sha1_base64="qLcJmh6lWQGG+TwlF9gEa/23qpY="></latexit>

f(y) ≥ f(x) + gT (y − x), ∀y

<latexit sha1_base64="SRK4MUsM3S4pdh3i4IcOo2314BU="></latexit>

(x1, f(x1))
<latexit sha1_base64="oQ/tJjOOhXRtN11soGrUxXNZD/w="></latexit>

(x2, f(x2))

<latexit sha1_base64="gsg1C4IZhqeSl2nMQL8bvBtKJjo="></latexit>

f(x1) + gT1 (x− x1)

<latexit sha1_base64="2MEvcouF/KCEihLaQely24t1xww="></latexit>

f(x)

<latexit sha1_base64="BTrikpgk5SV2aXhxdOV1Dug/d2E="></latexit>

f(x2) + gT2 (x− x2)

<latexit sha1_base64="HZVwwuz+9twk2ZvbzMj5GZLke3A="></latexit>

f(x2) + gT3 (x− x2)



Subgradient properties
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<latexit sha1_base64="UabpWDQXASFHgfEW13oDqBGPZ/Q="></latexit>

g PZ H Z\INYHKPLU[ VM f H[ x PɈ (g,�1)
Z\WWVY[Z epi f H[ (x, f(x))

<latexit sha1_base64="oOppo/k2u38HmLZFmZoKHjz5nmc="></latexit>

g PZ H Z\INYHKPLU[ VM f PɈ f(x) + gT (y � x)
PZ H NSVIHS \UKLYLZ[PTH[VY VM f

<latexit sha1_base64="JNxeMoFk91kUHrsEPreB8/2bmiQ="></latexit>

0M f PZ JVU]L_ HUK KPɈLYLU[PHISL� rf(x) PZ
H Z\INYHKPLU[ VM f H[ x

<latexit sha1_base64="K5TRoHFgEnG2AGN5VYeVkk9QDyI="></latexit>

epi f

<latexit sha1_base64="qhUMC3BFPpGo8Ot9kBKRIjQ7zGA=">AAAEgXicbVPLThsxFDUkbWn6ANplN1YBCSqIZiJFrdQNEhu6oKJSA1RMhGzPTWLhx2B70kTWfEW37Yf1b2oPSDBDvbo6D1+fa11aCG5dkvxdWe10nzx9tva89+Llq9frG5tvzqwuDYMR00KbC0osCK5g5LgTcFEYIJIKOKfXR5E/n4OxXKvvblnAWJKp4hPOiAvQj93pVbqPD9K9q42tpJ/UBz8u0rti63AX1ef0arNDs1yzUo </latexit>

(g1,−1)
<latexit sha1_base64="vEt1ZzWG7qJ8TBbJammR/M+rWzQ="></latexit>

(g2,−1)

<latexit sha1_base64="oL6vt47SRlGeeWojVTFkUvJ4SuA="></latexit>

(g3,−1)



(Sub)gradients and sublevel sets
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<latexit sha1_base64="w1IcsNLDlMh8kvLs3FMGGWHje3c="></latexit>

g ILPUN H Z\INYHKPLU[ VM f TLHUZ f(y) � f(x) + gT (y � x)
<latexit sha1_base64="OC+T1E0W54fvzzFiP/nlMAFMHj0=">AAAEKHicZVPLShxBFC2dPIx5abLMpogjjEGb7gFJloIQzMJgwNGAPZHq6tszhfVoq6onPRT9QyFfklXIJkiyypekahzQHu/qcs4991mVlZwZG8dXS8ude/cfPFx5tPr4ydNnz9fWX5wYVWkKA6q40p8zYoAzCQPLLIfPpQYiMg6n2cV+4E8noA1T8thOSxgKMpKsYJRYD52vvT8eg4ZCadjGrMDdojfdwikHXPTqrS7umcpnmg </latexit>

;OLYLMVYL� PM f(y)  f(x) �Z\ISL]LS ZL[�� [OLU gT (y � x)  0�

<latexit sha1_base64="Frl/jqI5tlidwmNIltw3E2f5JpM=">AAAERHicZVPJbhMxGHYblhK2FI5cLDqVWkSjSaQKjpV6KYeiIpG2Uh1VHs8/iRUvU9sTElnzegjxBrwD4oIQnBB2iNRO6tOvb/k321kpuHVp+m1tvXXn7r37Gw/aDx89fvK0s/ns1OrKMBgwLbQ5z6gFwRUMHHcCzksDVGYCzrLJYeTPpmAs1+qjm5cwlHSkeMEZdQG67GRJkeCcFwUYUI7T4MPU4WSWENJOiAoAxcXObDfB3G </latexit>

f KPɈLYLU[PHISL H[ x
rf(x) PZ UVYTHS [V [OL Z\ISL]LS ZL[ {y | f(y)  f(x)}

<latexit sha1_base64="B1UIMJGOTWHZzVRGtK7i//RHTAQ=">AAAERXicZVNNb9QwEHW7fJTlq4UjF4tuJYToKlmpgmOlXsqhqEhsW6lZVY4zSaw6dmo7y66s/D4E/4AfgbggBCcYLyvRbH0avTdv3szYTmsprIuir2vrvVu379zduNe//+Dho8ebW09OrG4MhzHXUpuzlFmQQsHYCSfhrDbAqlTCaXp5EPjTKRgrtPrg5jVMKlYokQvOHEIXm3yQD6jSKhN5DgaUEwyllDk6mA2SpG+btDAsE8 </latexit>

f UVUKPɈLYLU[PHISL H[ x
Z\INYHKPLU[Z KLÄUL Z\WWVY[PUN O`WLYWSHUL [V Z\ISL]LS ZL[ [OYVNO x

<latexit sha1_base64="B0T/kk3F7zpeVP1JoSLMsGwQHHE="></latexit>x0

<latexit sha1_base64="2LOuxMJFE/EfrazBdvaGOPzTiMI="></latexit>x1

<latexit sha1_base64="y3Osl+cyoCJlaAtQWEuJWsBgdvw="></latexit>

∇f(x1)

<latexit sha1_base64="LvzZIAp1DsZo1qbNtVV08470HI4="></latexit>

g ∈ ∂f(x0)

<latexit sha1_base64="z+aY3ctznVEO3mtBmpWaQ/aIGeo="></latexit>

f(y) ≤ f(x)



Subdifferential
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<latexit sha1_base64="PBmRLMf5U8Zy3i+9NA/VxIAo60g="></latexit>

;OL Z\IKPɈLYLU[PHS @f(x) VM f H[ x PZ [OL ZL[ VM HSS Z\INYHKPLU[Z

Properties
<latexit sha1_base64="dlkXxJ8iMbOXbA3P/BjBgaxSbw0="></latexit>

• @f(x) is always closed and convex, also for nonconvex f .
(intersection of halfspaces)

• If f is convex and differentiable at x, then @f(x) = {rf(x)}

• If f is convex and @f(x) = {g}, then f is differentiable at x and g = rf(x)

<latexit sha1_base64="RdDBem4SiabH2hPFuEYCyYss44Y="></latexit>

∂f(x) = {g | gT (y − x) ≤ f(y)− f(x), ∀y ∈ dom f}



Example

18

f (x)

x

@f (x)

x

Absolute value

<latexit sha1_base64="KzEVHPRTc9PUaczgHbfYoRUKM8Y="></latexit>

f(x) = |x|

<latexit sha1_base64="TM3InXpuswfaXzg2B4P839CXp0k="></latexit>

∂f(x) =






{−1} x < 0

[−1, 1] x = 0

{1} x > 0

=

{
sign(x) x "= 0

[−1, 1] x = 0



Subgradient calculus



Subgradient calculus
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<latexit sha1_base64="IZ9SDJ8+ExPZlqOdEZ4bBP4luIQ="></latexit>

>LHR Z\INYHKPLU[ JHSJ\S\Z
-VYT\SHZ MVY ÄUKPUN VUL Z\INYHKPLU[ g 2 @f(x)

<latexit sha1_base64="hnAvrK4vxOqYxYjv4PdrgdvgrIY="></latexit>

:[YVUN Z\INYHKPLU[ JHSJ\S\Z
-VYT\SHZ MVY ÄUKPUN [OL ^OVSL Z\IKPɈLYLU[PHS @f(x) Hard

Easy

<latexit sha1_base64="mKuY0QoxqyJEPqsxatlznMuCFjk="></latexit>

0U WYHJ[PJL� TVZ[ HSNVYP[OTZ YLX\PYL VUS` VUL Z\INYHKPLU[ g H[ WVPU[ x



Basic rules

21

<latexit sha1_base64="EGAiuuv+cmhOXNkeHG9q76NKsS4="></latexit>

5VUULNH[P]L ZJHSPUN! @(↵f) = ↵@f ^P[O ↵ > 0

<latexit sha1_base64="J1rcV1El7SQ25lCIXyKJC1umWpI="></latexit>

(KKP[PVU! @(f1 + f2) = @f1 + @f2

<latexit sha1_base64="NBXa6Wl1GF+V9VFyHE6gjuh73aI="></latexit>

(ɉUL [YHUZMVYTH[PVU! f(x) = h(Ax+ b)� [OLU

@f(x) = AT@h(Ax+ b)



Basic rules
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Pointwise maxima

<latexit sha1_base64="0HDQ0b4Ek2Y2vqrVYVwpsJSrX9s="></latexit>

5V[L! ,X\HSP[` YLX\PYLZ ZVTL YLN\SHYP[` HZZ\TW[PVUZ
�L�N� S JVTWHJ[ HUK fs PZ JVU[PU\V\Z PU s�

<latexit sha1_base64="3lF/Xetkv85TOvkcRNj6MwIYCS4="></latexit>

.LULYHS WVPU[^PZL TH_PT\T �Z\WYLT\T� f(x) = max
s2S

fs(x)� [OLU

@f(x) ◆ conv
⇣[

{@fs(x) | fs(x) = f(x)}
⌘

<latexit sha1_base64="AEsOikVNjtlWaCZulX5P+zmaUW4="></latexit>

-PUP[L WVPU[^PZL TH_PT\T f(x) = max
i=1,...,m

fi(x)� [OLU

@f(x) = conv
⇣[

{@fi(x) | fi(x) = f(x)}
⌘

�JVU]L_ O\SS VM HJ[P]L M\UJ[PVUZ�



Example
Piecewise linear function
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aTi x+ bi

<latexit sha1_base64="SfZ4lm6gr27fx0vo/2LLLPxK0dI="></latexit>

f(x)

<latexit sha1_base64="hW9NcKlOhxJRmAWm/Da/zTHjPm8="></latexit>

x

<latexit sha1_base64="mujD+dT4O/F7J4ucgnGEWKVHNJM="></latexit>

f(x) = max
i=1,...,m

(aTi x+ bi)

<latexit sha1_base64="3fmMk1FfxZhZvHn7u+pb4x9WW/E="></latexit>

<latexit sha1_base64="2C5LgLbHqE6RfFxxCTzkOcvE5QI="></latexit>

I(x) = {i | aTi x+ bi = f(x)}

<latexit sha1_base64="uavABzDNBPWGh9PTlXpjw1jzcQU="></latexit>

∂f(x) = conv{ai | i ∈ I(x)}

Subdifferential is a polyhedron



Norms
Example
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<latexit sha1_base64="0E3nshMsY4ygRUs9OeTI2g0f1As="></latexit>

∂f(x) = argmax
‖z‖q≤1

zTx

<latexit sha1_base64="vFYjyrYrQCE3isT9tc8Wv1Vqh3Y="></latexit>

,_HTWSL! f(x) = kxk1 = max
ksk11

sTx
<latexit sha1_base64="qHkCnU3dFXnDee7eWODseoj/RPY="></latexit>

∂f(x) = J1 × · · ·× Jn ^OLYL Ji =






{−1} x < 0

[−1, 1] x = 0

{1} x > 0

weak result
<latexit sha1_base64="BFy54xuNoQ8xIuz+sSwBhGWLS7M="></latexit>

sign(x) ∈ ∂f(x)

<latexit sha1_base64="1yDL/1t9LwaqjVkZ6UxflVymsaA="></latexit>

Given f(x) = kxkp we can express it as

kxkp = max
kzkq1

zTx,

where q such that 1/p+ 1/q = 1 defines the dual norm. Therefore,



Basic rules
Composition
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<latexit sha1_base64="/HkyIFX+e8MzxTol+209FL/yNcM="></latexit>

f(x) = h(f1(x), . . . , fk(x))� h JVU]L_ UVUKLJYLHZPUN� fi JVU]L_
<latexit sha1_base64="hTtV9Sk0r8/DL7Qoi9lRDtJl3sM="></latexit>

g = q1g1 + · · ·+ qkgk ∈ ∂f(x)

<latexit sha1_base64="rkBagsVcNP+1IWGFaZLQEqX5jaA="></latexit>

^OLYL q 2 @h(f1(x), . . . , fk(x)) HUK gi 2 @fi(x)

Proof
<latexit sha1_base64="xvWxN5Afn3D1mlJtKEFSmyHRc2I="></latexit>

f(y) = h(f1(y), . . . , fk(y))

� h(f1(x) + gT1 (y � x), . . . , fk(x) + gTk (y � x))

� h(f1(x), . . . , fk(x)) + qT (gT1 (y � x), . . . , gTk (y � x))

= f(x) + gT (y � x)



Optimality conditions



Fermat’s optimality condition

27

<latexit sha1_base64="19a4Rdh9tYLUiVChtOTt0TQ+mio="></latexit>

0 ∈ ∂f(x!)

Proof
<latexit sha1_base64="4Jjs9059qOKRmEsEgWfymnxh+3U="></latexit>

( Z\INYHKPLU[ g = 0 TLHUZ [OH[� MVY HSS y
<latexit sha1_base64="OEzg1YNclCWlpFNu8wc0ueYlHd8="></latexit>

f(y) ≥ f(x!) + 0T (y − x!) = f(x!)

<latexit sha1_base64="tZQwUpT6eiyok5STEGPJsLVXYmY="></latexit>

5V[L KPɈLYLU[PHISL JHZL ^P[O @f(x) = {rf(x)}

<latexit sha1_base64="UBm7kC6W25iutWB7G4ITe7DhDPQ="></latexit>

(x!, f(x!))

<latexit sha1_base64="es2LINjx/tQ5mOn6FPnpsYOi8ec="></latexit>

∂f(x!) = 0

<latexit sha1_base64="wou3+5cmuAd72HOXcD7v/Ebq0gQ="></latexit>

For a convex function f , then
x? is a global minimizer if and only if



Example: piecewise linear function
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f(x) = max
i=1,...,m

(aTi x+ bi)

<latexit sha1_base64="3fmMk1FfxZhZvHn7u+pb4x9WW/E="></latexit>

Optimality condition

<latexit sha1_base64="Jnm+PqS6JebFf5INe15+OGTiCwk="></latexit>

0U V[OLY ^VYKZ� x? PZ VW[PTHS PM HUK VUS` PM 9� Z\JO [OH[
<latexit sha1_base64="U0FgXR5NsUqIFUMKKm3qCvyS5wQ="></latexit>

λ ≥ 0, 1Tλ = 1,
m∑

i=1

λiai = 0
<latexit sha1_base64="Bvr6sibyC2jFAZIjYBeaqXLOBv0="></latexit>

^OLYL �i = 0 PM aTi x? + bi < f(x?)

<latexit sha1_base64="bXWHV3exVT6GORjpScCNhfqsEa8="></latexit>

�0 2 @f(x)�

<latexit sha1_base64="x1l4w1J2mtUJGW8qmH/f/k96D+8="></latexit>

0 ∈ ∂f(x) = conv{ai | aTi x+ bi = f(x)}

<latexit sha1_base64="UD7c8VUy2EVI+TtSM6Y4uMzNOaU="></latexit>

TPUPTPaL t

Z\IQLJ[ [V Ax+ b ≤ t1

<latexit sha1_base64="HC00Yg4eLSvQeWww2AXuoCq1Kr4="></latexit>

:HTL 22; VW[PTHSP[` JVUKP[PVUZ HZ [OL WYPTHS�K\HS WYVISLTZ
<latexit sha1_base64="yhoUadxNEQDoUyhO3TKqj2Hy/io="></latexit>

TH_PTPaL bTλ

Z\IQLJ[ [V ATλ = 0

λ ≥ 0, 1Tλ = 1



Constrained optimization
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<latexit sha1_base64="uFzPblfuxVwVjyG2HMP2DXgWCmw="></latexit>

TPUPTPaL f(x)

Z\IQLJ[ [V x ∈ C

Constrained form Unconstrained form
<latexit sha1_base64="Aluo0wu8DfCBGqlGGLvKHjJ/mho="></latexit>

TPUPTPaL f(x) + IC(x)

Indicator function 
of a convex set

<latexit sha1_base64="uHc1HhrGRqmi9n6o3zomH4De2pQ="></latexit>

IC(x) =
{
0 x ∈ C

∞ x /∈ C



Subgradient of indicator function
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<latexit sha1_base64="idjYWQ6qzZpExXqlN9XfircBLRE="></latexit>

∂IC(x) = NC(x)

<latexit sha1_base64="nD4xtTw6lo75kYyKxnpEYegj0Fg=">AAADt3icbVJNa1NBFJ0mftT41erSzWApRLDhJSAqIhQCUhctFZq20olh3rz7kiHz8TozLyYMb+u/Ehdu/QPu3LjVjT/AmbQgL/WuLufcM3PPvTctBLcuSb6vNZrXrt+4uX6rdfvO3Xv3NzYfHFtdGgYDpoU2pym1ILiCgeNOwGlhgMpUwEk67Uf+ZAbGcq2O3KKAoaRjxXPOqAvQaOM9kdRNGBX+oBr12/Mn+DUmAnJH/BgTyT </latexit>

NC(x) =
{
g | gT (y − x) ≤ 0, MVY HSS y ∈ C

}

The subdifferential of the indicator 
functon is the normal cone

where,

<latexit sha1_base64="ZXqjuIA0izeTNF6VJCUO1TszS28="></latexit>x<latexit sha1_base64="ZXqjuIA0izeTNF6VJCUO1TszS28="></latexit>x

<latexit sha1_base64="oUxVCtGAHUTnpXbW2ZrWRInHjhA="></latexit>

NC(x)
<latexit sha1_base64="oUxVCtGAHUTnpXbW2ZrWRInHjhA="></latexit>

NC(x)

Proof
<latexit sha1_base64="QYKKOswIWP27kNIQ+YQ3JMpxHrU="></latexit>

)` KLÄUP[PVU VM Z\INYHKPLU[ g�
<latexit sha1_base64="3gWrXSeImwhhRBwM/5cXgw+KG8Y="></latexit>

IC(y) ≥ IC(x) + gT (y − x), ∀y
<latexit sha1_base64="/W6nlyyHoTiRqsHo9WlPvASuAlE="></latexit>

y /2 C =) IC(y) = 1
y 2 C =) 0 � gT (y � x)



First-order optimality conditions from subdifferentials
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<latexit sha1_base64="Aluo0wu8DfCBGqlGGLvKHjJ/mho="></latexit>

TPUPTPaL f(x) + IC(x)

Fermat’s optimality condition
<latexit sha1_base64="LdZgPBSTU1w+DW/XWtTkMn5Ga+c="></latexit>

0 2 @(f(x) + IC(x))
<latexit sha1_base64="dUI9uFyzBX8M8kaDD+qbz+7CuZI="></latexit>

() 0 2 {rf(x)}+NC(x)

() �rf(x) 2 NC(x)

<latexit sha1_base64="OUEmhgxRcMB2sHscfYuZK/16LlI="></latexit>

−∇f(x)

<latexit sha1_base64="Fj645zYLaxMp07YM5gJZPmST2wE="></latexit>

C

<latexit sha1_base64="FE9IljexM14XwAgBh8qQkaIr2GE="></latexit>x

Equivalent to
<latexit sha1_base64="VvW95SBYcqYDZoEmqV/9vPlEczs="></latexit>

∇f(x)T (y − x) ≥ 0, ∀y ∈ C

<latexit sha1_base64="bv4igYPd7xEJvszmIs/1qipjGzc="></latexit>

f JVU]L_ ZTVV[O�
C JVU]L_



Normal cone condition
Linear program example
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<latexit sha1_base64="4sDs0tlTTYEHfdpoL+5UhM02Wh4="></latexit>

TPUPTPaL cTx

Z\IQLJ[ [V Ax ≤ b

;̂ V HJ[P]L JVUZ[YHPU[Z H[ VW[PT\T! aT1 x? = b1, aT2 x
? = b2

<latexit sha1_base64="4HnmTUw334kxfNlo2Jg+Ekqyd4I="></latexit>

6W[PTHS K\HS ZVS\[PVU y ZH[PZÄLZ!

<latexit sha1_base64="abzYU/XrwnrVYLqUjfAW1HTOQjQ="></latexit>

AT y + c = 0, y ≥ 0, yi = 0 MVY i "= {1, 2}

<latexit sha1_base64="uCJ0h9ICiKq+sPyyniKppXX/pGY="></latexit>

0U V[OLY ^VYKZ� �c = a1y1 + a2y2 ^P[O y1, y2 � 0

<latexit sha1_base64="FIGKKB4mVaXR39lv6LCbZBOKpDQ="></latexit>

x!

<latexit sha1_base64="+jDiYZ6ROT1P7S+wPmpE8k10UWU="></latexit>

a1

<latexit sha1_base64="/ejWg8DVgF65TRktZtAmGvqDF9I="></latexit>

a2

<latexit sha1_base64="UNixJ33oiXOhGMCghDYg192JaUo="></latexit>

−c

<latexit sha1_base64="dKCmff4E1I2iSUZKYZFxkIOe7v4="></latexit>

<latexit sha1_base64="Fj645zYLaxMp07YM5gJZPmST2wE="></latexit>

C

<latexit sha1_base64="jaXQ/rLrYELh1vsJXtxr/DVKxOI="></latexit>

−c ∈ N{Ax≤b}(x
!) = {AT y | y ≥ 0 HUK yi(a

T
i x

! − bi) = 0}
Normal cone to polyhedron

Recap from Lecture 8



Example: KKT of a quadratic program
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<latexit sha1_base64="pE9BtyBT1I2vYDF1peeeJQY22aE="></latexit>

TPUPTPaL (1/2)xTPx+ qTx

Z\IQLJ[ [V Ax  b

<latexit sha1_base64="icfnK/sAPXTFz/yKR2ctmBVoIdM="></latexit>

TPUPTPaL (1/2)xTPx+ qTx+ I{Axb}(x)

KKT Optimality conditions
<latexit sha1_base64="5o5KepfgbTO1EGOd+RE72QngRd0="></latexit>

Px+ q +AT y = 0

y � 0

Ax� b  0

yi(a
T
i x� bi) = 0, i = 1, . . . ,m

<latexit sha1_base64="fgwAbhzwGAiQZLsdkueLrFJOok8="></latexit>

�rf(x) 2 @I{Axb}(x) = N{Axb}(x)

First-order optimality condition

Normal cone to polyhedron
<latexit sha1_base64="2DwuzAXTDE8PfJg6Ks5kbTkQUbw="></latexit>

∇f(x) = Px+ q

Gradient
<latexit sha1_base64="quID/a/fMXCdVQqo+j1TSqlpABA="></latexit>

N{Ax≤b}(x) = {AT y | y ≥ 0 HUK yi(a
T
i x− bi) = 0}

Proof: [Theorem 6.46, Variational Analysis,  
            Rockafellar & Wets]



Subgradient methods

Today, we learned to:


• Analyze gradient descent with line search


• Understand issues with gradient descent 

• Define subgradients


• Apply subgradient calculus


• Derive optimality conditions from subgradients

34



Next lecture

• Subrgradient method


• Proximal algorithms
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