
Bartolomeo Stellato — Fall 2024

ORF522 – Linear and Nonlinear Optimization
8. Linear optimization duality II



Today’s agenda

• Two-person zero-sum games


• Farkas lemma


• Adding new variables


• Sensitivity analysis
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Readings: [Chapter 4, LO][Chapter 11, LP]



Two-person zero-sum games



Rock paper scissors
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Rules
At count to three declare one of: Rock, Paper, or Scissors

Winners
Identical selection is a draw, otherwise:
• Rock beats (“dulls”) scissors

• Scissors beats (“cuts”) paper

• Paper beats (“covers”) rock

Extremely popular: world RPS society, USA RPS league, etc.



Two-person zero-sum game
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Two players make their choice independently

Rule

7SH`LY 1 WH`Z Aij [V WSH`LY 2

<latexit sha1_base64="jyn5PxonjunkDUz/5uUwMN/a1KY="></latexit>

A 2 Rm⇥n PZ [OL WH`VɈ TH[YP_

<latexit sha1_base64="zuxnMvNEnG/MFTYJWQnoouUc/vI="></latexit>

A =




0 1 −1

−1 0 1

1 −1 0





<latexit sha1_base64="xUm2F1IOxCENF75VxcWoqElgzHg="></latexit>

R

<latexit sha1_base64="b8wOfoKJl7/G6YfznQeIIg0ifJM="></latexit>

P

<latexit sha1_base64="/AyRInIbO7rC6GiikoCt/u57k6c="></latexit>

S

<latexit sha1_base64="07Lk6ac3S0476XPpYogjzw/3u/k="></latexit>

R

<latexit sha1_base64="b8wOfoKJl7/G6YfznQeIIg0ifJM="></latexit>

P

<latexit sha1_base64="/AyRInIbO7rC6GiikoCt/u57k6c="></latexit>

S

<latexit sha1_base64="07Lk6ac3S0476XPpYogjzw/3u/k="></latexit>

Rock, Paper, Scissors

࠮ 7SH`LY � �7�� JOVVZLZ H U\TILY i 2 {1, . . . ,m} �VUL VM m HJ[PVUZ�
࠮ 7SH`LY � �7�� JOVVZLZ H U\TILY j 2 {1, . . . , n} �VUL VM n HJ[PVUZ�

<latexit sha1_base64="ZGkMmYMl0rOXRUjnoswXDGotDp0="></latexit>



Mixed (randomized) strategies
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Deterministic strategies can be systematically defeated

Randomized strategies
࠮ 7� JOVVZLZ YHUKVTS` HJJVYKPUN [V KPZ[YPI\[PVU x!

࠮ 7� JOVVZLZ YHUKVTS` HJJVYKPUN [V KPZ[YPI\[PVU y!

<latexit sha1_base64="/l/TR58XV7hEw5maVf00WCZGUoQ="></latexit>

xi = WYVIHIPSP[` [OH[ 7� ZLSLJ[Z HJ[PVU i

<latexit sha1_base64="mgrm0lenZRCux4p/429Ealu46cA="></latexit>

yi = WYVIHIPSP[` [OH[ 7� ZLSLJ[Z HJ[PVU j

<latexit sha1_base64="BY2+2wZlJi2pHFZbb0U52hH3WzM="></latexit>

m∑

i=1

n∑

j=1

xiyjAij = xTAy

<latexit sha1_base64="dEnx31ZWcO+0SYnt5WOpSesbB+0="></latexit>

,_WLJ[LK WH`VɈ �MYVT 7� 7��� PM [OL` \ZL TP_LK�Z[YH[LNPLZ x HUK y�

<latexit sha1_base64="3F5FMPGy2ZLJRSbMKSsoMlK4FI8="></latexit>



Mixed strategies and probability simplex
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Pk = {p ∈ Rk | p ≥ 0, 1T p = 1}

<latexit sha1_base64="Rngmk+G+1BKN38GwljbA8OSyGWU="></latexit>

7YVIHIPSP[` ZPTWSL_ PU Rk

<latexit sha1_base64="t21pfOr3r+Y635owG0lezl2Faxg="></latexit>

Mixed strategy
For a game player, a mixed strategy is a distribution over all possible 
deterministic strategies. 
The set of all mixed strategies is the probability simplex x ∈ Pm, y ∈ Pn

<latexit sha1_base64="GzUnJfOHcqFCSFDQT3wjx7r0UAU="></latexit>



Optimal mixed strategies
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7�! VW[PTHS Z[YH[LN` x? PZ [OL ZVS\[PVU VM

<latexit sha1_base64="4bjchu30HVCwL/TdKq9B4cTZfu0="></latexit>

TPUPTPaL max
y∈Pn

xTAy

Z\IQLJ[ [V x ∈ Pm

<latexit sha1_base64="A9LBW4kZslHD6O4tU9izFn2x+Ho="></latexit>

7�! VW[PTHS Z[YH[LN` y? PZ [OL ZVS\[PVU VM

<latexit sha1_base64="w8ysxu8AdX9r2HwTsUPIUuZafvs="></latexit>

TH_PTPaL min
x∈Pm

xTAy

Z\IQLJ[ [V y ∈ Pn

<latexit sha1_base64="1upfjPAWL3Ng9Nd2UE3AQVf72N0="></latexit>

6W[PTHS Z[YH[LNPLZ x? HUK y? JHU IL JVTW\[LK \ZPUN SPULHY VW[PTPaH[PVU

<latexit sha1_base64="FE+zfFEh+sX9hr70uKNTONrPhY4="></latexit>

Inner problem over 
deterministic 

strategies (vertices)

TPUPTPaL max
j=1,...,n

(ATx)j

Z\IQLJ[ [V x ∈ Pm

<latexit sha1_base64="nvCyYmd/cTwvjVWcca+yJQDMP7w="></latexit>

TH_PTPaL min
i=1,...,m

(Ay)i

Z\IQLJ[ [V y ∈ Pn

<latexit sha1_base64="fsFempaBevVxQ4mZdGIe0O2vvQk="></latexit>



Minmax theorem
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Theorem
max
y∈Pn

min
x∈Pm

xTAy = min
x∈Pm

max
y∈Pn

xTAy

<latexit sha1_base64="TrdN/eyPs8QS2WyReHI4zQshuTQ="></latexit>

Proof

TPUPTPaL t

Z\IQLJ[ [V ATx ≤ t1

1Tx = 1

x ≥ 0

<latexit sha1_base64="ap3pXy0lazketRQSdY8Z7NYhGhg="></latexit>

;OL VW[PTHS x? PZ [OL ZVS\[PVU VM

<latexit sha1_base64="Wcvrguxd7L16sr54p4yuzYS0qjc="></latexit>

TH_PTPaL w

Z\IQLJ[ [V Ay ≥ w1

1T y = 1

y ≥ 0

<latexit sha1_base64="t74TMo3TOfrfhS5RubsMLSMSBKg="></latexit>

;OL VW[PTHS y? PZ [OL ZVS\[PVU VM

<latexit sha1_base64="ex213HzUzCLOZroZiebeTIMrDqM="></latexit>

The two LPs are duals and by strong duality the equality follows.



Nash equilibrium
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Consequence
;OL WHPY VM TP_LK Z[YH[LNPLZ (x?, y?) H[[HPUZ [OL 5HZO LX\PSPIYP\T VM [OL [^V�
WLYZVU TH[YP_ NHTL� P�L��

<latexit sha1_base64="aWT5eLBZWXRxTmsuOXicK93B7kg="></latexit>

xTAy! ≥ x!TAy! ≥ x!TAy, ∀x ∈ Pm, ∀y ∈ Pn

<latexit sha1_base64="wGPo/kTVQ437yvvWlHLpgfPsiTA="></latexit>

Theorem
max
y∈Pn

min
x∈Pm

xTAy = min
x∈Pm

max
y∈Pn

xTAy

<latexit sha1_base64="TrdN/eyPs8QS2WyReHI4zQshuTQ="></latexit>



Example
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A =




4 2 0 −3

−2 −4 −3 3

−2 −3 4 1





<latexit sha1_base64="iAdpggvOSmSXflj1HPGNhSr54us="></latexit>

min
i

max
j

Aij = 3 > −2 = max
j

min
i

Aij

<latexit sha1_base64="RQBoe/4PMcFlm28siTDhKPMzfY8="></latexit>

Optimal mixed strategies
x! = (0.37, 0.33, 0.3), y! = (0.4, 0, 0.13, 0.47)

<latexit sha1_base64="/kebxZJD0S9TnMrNSKVia6ww0WY="></latexit>

Expected payoff
x!TAy! = 0.2

<latexit sha1_base64="lNSbBCRgt/vsss65gH4SreXoFFw="></latexit>



Farkas lemma



Feasibility of polyhedra
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P = {x | Ax = b, x ≥ 0}

<latexit sha1_base64="H+VsDsuCwjAWhaXh6m7I/sgv1/U="></latexit>

/V^ [V ZOV^ [OH[ P PZ MLHZPISL&

<latexit sha1_base64="t6A50YwiecT68odiR9zMwt3l6Oo="></latexit>

,HZ`! ^L Q\Z[ ULLK [V WYV]PKL HU x 2 P � P�L�� H JLY[PÄJH[L

<latexit sha1_base64="0nUXP73e8Ml/j1f3VHd1joC682o="></latexit>

/V^ [V ZOV^ [OH[ P PZ PUMLHZPISL&

<latexit sha1_base64="OKzHvnkb7e/MGBU1SNs7m585jQo="></latexit>



Farkas lemma
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Theorem
.P]LU A HUK b� L_HJ[S` VUL VM [OL MVSSV^PUN Z[H[LTLU[Z PZ [Y\L!

<latexit sha1_base64="lqPo2bWtfcNc4O8XIlaUSIGVsIk="></latexit>

�� ;OLYL L_PZ[Z HU x ^P[O Ax = b� x � 0

�� ;OLYL L_PZ[Z H y ^P[O AT y � 0� bT y < 0

<latexit sha1_base64="SqxY0KKjAfSs/D+Y95HFhHbAjgo="></latexit>



Farkas lemma
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1. First alternative

b =
n∑

i=1

xiAi, xi ≥ 0, i = 1, . . . , n

<latexit sha1_base64="ZxA1j0wP0mzzaJbnECbXCHmKG4Q="></latexit>

A1

<latexit sha1_base64="FNvoOFbqNLJElR3NjilYdZRP/H0="></latexit>

A2

<latexit sha1_base64="KgrKK9KYvPH4kjMIdhPuNkOgpss="></latexit>

b

<latexit sha1_base64="OzSK7EZmpoXuJ+VzUHQsyBUqncI="></latexit>

2. Second alternative

yTAi ≥ 0, i = 1, . . . ,m, yT b < 0

<latexit sha1_base64="XPvKEIc3HVt7TVo5MELSsb/ZbyY="></latexit>

A1

<latexit sha1_base64="FNvoOFbqNLJElR3NjilYdZRP/H0="></latexit>

A2

<latexit sha1_base64="KgrKK9KYvPH4kjMIdhPuNkOgpss="></latexit>

b

<latexit sha1_base64="OzSK7EZmpoXuJ+VzUHQsyBUqncI="></latexit>

y

<latexit sha1_base64="KoB4NUJYVht9YOipvyMj2J0QdkU="></latexit>

;OL O`WLYWSHUL yT z = 0
ZLWHYH[LZ b MYVT A1, . . . , An

<latexit sha1_base64="dpxUXvoEbvTj6aGKpzP1L3IFQRk="></latexit>

<latexit sha1_base64="HaOzvZONUJgj7U2AlAmXfkkajKg="></latexit>

;OLYL L_PZ[Z H y ^P[O AT y � 0� bT y < 0

Geometric interpretation

b PZ PU [OL JVUL NLULYH[LK I` [OL
JVS\TUZ VM A

<latexit sha1_base64="wgxFXKXOpydgAkGVVX+fnvwKI5U="></latexit>

<latexit sha1_base64="IFNKPTKQKNqy1MTl3cfXO54ybJg="></latexit>

;OLYL L_PZ[Z HU x ^P[O Ax = b� x � 0



Farkas lemma
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<latexit sha1_base64="gwjpSqVZrOwjwy8mSLcvU2PeQhs="></latexit>

;OLYL L_PZ[Z x ^P[O Ax = b, x � 0
<latexit sha1_base64="ZHIOSMLxunk12VyVtwkV1epFk+o="></latexit>

;OLYL L_PZ[Z y ^P[O AT y � 0, bT y < 0OR

1 and 2 cannot be both true (easy)

x � 0� Ax = b HUK yTA � 0

<latexit sha1_base64="agBaNvKrrXuBEnT0BonIqvA1od8="></latexit>

yT b = yTAx ≥ 0

<latexit sha1_base64="ztSfiMQN7AjQZ6ZUx2ky7jrcq7s="></latexit>

Proof



Farkas lemma
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1 and 2 cannot be both false (duality)

TPUPTPaL 0

Z\IQLJ[ [V Ax = b

x ≥ 0

<latexit sha1_base64="OfoycAPGdbyGtnEgicbxIDMTBLc="></latexit>

TH_PTPaL −bT y

Z\IQLJ[ [V AT y ≥ 0

<latexit sha1_base64="E1u9nihad+MNRT/OsVoH3LMCgEk="></latexit>

Primal Dual

<latexit sha1_base64="gwjpSqVZrOwjwy8mSLcvU2PeQhs="></latexit>

;OLYL L_PZ[Z x ^P[O Ax = b, x � 0
<latexit sha1_base64="ZHIOSMLxunk12VyVtwkV1epFk+o="></latexit>

;OLYL L_PZ[Z y ^P[O AT y � 0, bT y < 0OR

y = 0 HS^H`Z MLHZPISL

<latexit sha1_base64="5F77GyMkjg8IA/CES6h5aHU3s2g="></latexit>

d! != −∞, p! = d!

<latexit sha1_base64="q+cLFOx/fgcs4mcFiC6gZX7pcWw="></latexit>

Strong duality holds

Proof



Farkas lemma
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1 and 2 cannot be both false (duality)

TPUPTPaL 0

Z\IQLJ[ [V Ax = b

x ≥ 0

<latexit sha1_base64="OfoycAPGdbyGtnEgicbxIDMTBLc="></latexit>

TH_PTPaL −bT y

Z\IQLJ[ [V AT y ≥ 0

<latexit sha1_base64="E1u9nihad+MNRT/OsVoH3LMCgEk="></latexit>

Primal Dual

<latexit sha1_base64="gwjpSqVZrOwjwy8mSLcvU2PeQhs="></latexit>

;OLYL L_PZ[Z x ^P[O Ax = b, x � 0
<latexit sha1_base64="ZHIOSMLxunk12VyVtwkV1epFk+o="></latexit>

;OLYL L_PZ[Z y ^P[O AT y � 0, bT y < 0OR

bT y � 0 MVY HSS y Z\JO [OH[ AT y � 0

<latexit sha1_base64="hlBGC6BYfDuZz9tv515pIGRxIJ0="></latexit>

(S[LYUH[P]L �! WYPTHS MLHZPISL p? = d? = 0

<latexit sha1_base64="cAqFky9lYPOlrCbDuOKd1o1JY0U="></latexit>

Proof



Farkas lemma
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1 and 2 cannot be both false (duality)

TPUPTPaL 0

Z\IQLJ[ [V Ax = b

x ≥ 0

<latexit sha1_base64="OfoycAPGdbyGtnEgicbxIDMTBLc="></latexit>

TH_PTPaL −bT y

Z\IQLJ[ [V AT y ≥ 0

<latexit sha1_base64="E1u9nihad+MNRT/OsVoH3LMCgEk="></latexit>

Primal Dual

<latexit sha1_base64="gwjpSqVZrOwjwy8mSLcvU2PeQhs="></latexit>

;OLYL L_PZ[Z x ^P[O Ax = b, x � 0
<latexit sha1_base64="ZHIOSMLxunk12VyVtwkV1epFk+o="></latexit>

;OLYL L_PZ[Z y ^P[O AT y � 0, bT y < 0OR

;OLYL L_PZ[Z y Z\JO [OH[ AT y � 0 HUK bT y < 0

<latexit sha1_base64="GFZi9qA90k0fG/GrKUhwn+YIE/s="></latexit>

(S[LYUH[P]L �! WYPTHS PUMLHZPISL p? = d? = +1

<latexit sha1_base64="MLRsWCXIaFjqmWCE9Z0XDqpI8CA="></latexit>

y PZ HU

<latexit sha1_base64="WVVAC7JRKrfFdXj2hSpT1w7gWL0="></latexit>

infeasibility  
certificate

Proof



Farkas lemma
Many variations
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<latexit sha1_base64="gwjpSqVZrOwjwy8mSLcvU2PeQhs="></latexit>

;OLYL L_PZ[Z x ^P[O Ax = b, x � 0

<latexit sha1_base64="ZHIOSMLxunk12VyVtwkV1epFk+o="></latexit>

;OLYL L_PZ[Z y ^P[O AT y � 0, bT y < 0
OR

OR

<latexit sha1_base64="7PB3PPOsaQ37kzHovYL2I4eUZ7c="></latexit>

;OLYL L_PZ[Z x ^P[O Ax  b, x � 0

<latexit sha1_base64="bk47nggmOIMPjpXoUhPzzynNOxE="></latexit>

;OLYL L_PZ[Z y ^P[O AT y � 0, bT y < 0, y � 0

OR

<latexit sha1_base64="mrX/D+pKeTJ/bL+o+gRrwzVPG/M="></latexit>

;OLYL L_PZ[Z x ^P[O Ax  b

<latexit sha1_base64="ncBPQxjRkQqSRzx3pVUtF5/6TkI="></latexit>

;OLYL L_PZ[Z y ^P[O AT y = 0, bT y < 0, y � 0



Adding new variables



Adding new variables
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TPUPTPaL cTx

Z\IQLJ[ [V Ax = b

x ≥ 0

<latexit sha1_base64="HPMbYtzn0EM0OJtYXiUwEiG72Zc="></latexit>

TPUPTPaL cTx+ cn+1xn+1

Z\IQLJ[ [V Ax+An+1xn+1 = b

x, xn+1 � 0

<latexit sha1_base64="RzG62pB5EbGcgI0G5gR22zhmylU="></latexit>

:VS\[PVU x?, y?

<latexit sha1_base64="ALx/XKLFSX79bBi2eAend+v8+xk="></latexit>

:VS\[PVU (x?, 0), y? VW[PTHS MVY [OL UL^ WYVISLT&

<latexit sha1_base64="w95Il2nmLW7pvUAMWLbQ2+ZnlK4="></latexit>



Adding new variables
Optimality conditions
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TPUPTPaL cTx+ cn+1xn+1

Z\IQLJ[ [V Ax+An+1xn+1 = b

x, xn+1 � 0

<latexit sha1_base64="RzG62pB5EbGcgI0G5gR22zhmylU="></latexit>

:VS\[PVU (x?, 0) PZ Z[PSS WYPTHS MLHZPISL

<latexit sha1_base64="riy/Pp4wAikQWsTzGnJJwxrpMhY="></latexit>

0Z y? Z[PSS K\HS MLHZPISL&

<latexit sha1_base64="aIW9ks0+sV8wpbkMZue1U0Wv3qY="></latexit>

AT
n+1y

! + cn+1 ≥ 0

<latexit sha1_base64="G0QzW3nH2KI1Bti1gLRiIlSrAz4="></latexit>

Yes
(x?, 0) Z[PSS VW[PTHS MVY UL^ WYVISLT

<latexit sha1_base64="WKi7UAD5rar81cTo2pA+WyN2XCE="></latexit>

Otherwise
Primal simplex



Adding new variables
Example

24

TPUPTPaL −60x1 − 30x2 − 20x3

Z\IQLJ[ [V 8x1 + 6x2 + x3 ≤ 48

4x1 + 2x2 + 1.5x3 ≤ 20

2x1 + 1.5x2 + 0.5x3 ≤ 8

x ≥ 0

<latexit sha1_base64="AwlEQSlXr9zdcH3sB+v4h/qIYhU="></latexit>

-profit
material
production
quality control

TPUPTPaL cTx

Z\IQLJ[ [V Ax = b

x ≥ 0

<latexit sha1_base64="exWKsXdGCX1Qfu3yNbHGzeW4fdU="></latexit>

c = (�60,�30,�20, 0, 0, 0)

A =

2

64
8 6 1 1 0 0

4 2 1.5 0 1 0

2 1.5 0.5 0 0 1

3

75

b = (48, 20, 8)

<latexit sha1_base64="nb8EjmHuqyCI2FXf/o+cYitaWQ0="></latexit>

x? = (2, 0, 8, 24, 0, 0), y? = (0, 10, 10), cTx? = �280, IHZPZ {1, 3, 4}

<latexit sha1_base64="LH0IUqKGk23f79KLHOpqdIMV+FI="></latexit>



Adding new variables
Example: add new product?
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TPUPTPaL cTx+ cn+1xn+1

Z\IQLJ[ [V Ax+An+1xn+1 = b

x, xn+1 � 0

<latexit sha1_base64="RzG62pB5EbGcgI0G5gR22zhmylU="></latexit>

Previous solution
x? = (2, 0, 8, 24, 0, 0), y? = (0, 10, 10), cTx? = �280, IHZPZ {1, 3, 4}

<latexit sha1_base64="LH0IUqKGk23f79KLHOpqdIMV+FI="></latexit>

c = (�60,�30,�20, 0, 0, 0,�15)

A =

2

64
8 6 1 1 0 0 1

4 2 1.5 0 1 0 1

2 1.5 0.5 0 0 1 1

3

75

b = (48, 20, 8)

<latexit sha1_base64="OHdI2lFZ4Wbr8ZaNBEEUX/OAoSk="></latexit>

AT
n+1y

! + cn+1 =
[
1 1 1

]



0

10

10



− 15 = 5 ≥ 0

<latexit sha1_base64="8cMhSO1OYCpvQnSKnWTHog1sVsc="></latexit>

Still optimal

Shall we add a 
new product?



Sensitivity analysis



Information from primal-dual solution
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.VHS! L_[YHJ[ PUMVYTH[PVU MYVT x?, y? HIV\[ [OLPY ZLUZP[P]P[` ^P[O YLZWLJ[ [V
JOHUNLZ PU WYVISLT KH[H

<latexit sha1_base64="RdlIDuM0CyX90mOGyXQbdA+NRy8="></latexit>

6W[PTHS JVZ[ p?(u)

<latexit sha1_base64="BnecA8wxgMfaMyJ4OB2RAM1562s="></latexit>

Modified LP
TPUPTPaL cTx

Z\IQLJ[ [V Ax = b+ u

x ≥ 0

<latexit sha1_base64="EZdJ9+wVkD/5UceOzpPEXzMuziU="></latexit>



Global sensitivity
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Dual of modified LP

Global lower bound
.P]LU y? H K\HS VW[PTHS ZVS\[PVU MVY u = 0� [OLU

<latexit sha1_base64="oUX/mCQ1iXbYWTmGblUNqVo+jaQ="></latexit>

p?(u) � �(b+ u)T y?

= p?(0)� uT y?

<latexit sha1_base64="HeXnr+PleJv4aMG0bOIXgb4oZ9U="></latexit>

(from weak duality and  
dual feasibility)

0[ OVSKZ MVY HU` u

<latexit sha1_base64="pO45dFV4oTd5nsH+8kz95DO/TDs="></latexit>

TH_PTPaL −(b+ u)T y

Z\IQLJ[ [V AT y + c ≥ 0

<latexit sha1_base64="93Op7bnvmnHIy4uUa2lpaYU3juY="></latexit>



Global sensitivity
Example
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;HRL u = td ^P[O d 2 Rm Ä_LK

<latexit sha1_base64="+F1tTKHeGsV43/FkHoMzr51KyMc="></latexit>

p?(td) PZ [OL VW[PTHS ]HS\L HZ H M\UJ[PVU VM t

<latexit sha1_base64="Umn2TSfLjkAn7ZebWgFKdly/6JM="></latexit>

p!(0)− tdT y!

<latexit sha1_base64="OryaIktJWNbEpHmwbjuCqpqlAZY="></latexit>

t

<latexit sha1_base64="i36ULjhz8kD6sYGmb2Pl2w2aIkM="></latexit>

p!(td)

<latexit sha1_base64="f+6wwktCT4p/bmHjKEr0LR9JtXg="></latexit>

:LUZP[P]P[` PUMVYTH[PVU �HZZ\TPUN dT y? � 0�

<latexit sha1_base64="9/xGD3WnsfEAtmpwIo6NMPGrjHs="></latexit>

࠮ t < 0 [OL VW[PTHS ]HS\L PUJYLHZLZ
࠮ t > 0 [OL VW[PTHS ]HS\L KLJYLHZLZ �UV[ ZV T\JO PM t PZ ZTHSS�

<latexit sha1_base64="RXm4cgCX8NaYmwUsDv1crvjjW9I="></latexit>

TPUPTPaL cTx

Z\IQLJ[ [V Ax = b+ td

x ≥ 0

<latexit sha1_base64="FV1ArJGSbuN3tHAJx1TsnI461E0="></latexit>



Optimal value function

30

(ZZ\TW[PVU! p?(0) PZ ÄUP[L

<latexit sha1_base64="ZtFLlBbkM40hO8nRdFuxQIKwuik="></latexit>

Properties

p!(u) = min{cTx | Ax = b+ u, x ≥ 0}

<latexit sha1_base64="tqGpNp3rFyZmyiN9F/kh25B9oAs="></latexit>

<latexit sha1_base64="SR3kjE7ARu1VINEJ3D7ZlGVmdqU="></latexit>

• p?(u) > �1 everywhere (from global lower bound)

• p?(u) is piecewise-linear on its domain



Optimal value function is piecewise linear
Proof
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(ZZ\TW[PVU! p?(0) PZ ÄUP[L

<latexit sha1_base64="ZtFLlBbkM40hO8nRdFuxQIKwuik="></latexit>

D = {y | AT y + c ≥ 0}

<latexit sha1_base64="DKdkZhG+nql+0QUG1DgNKQdjQEM="></latexit>

Dual feasible set

0M p?(u) ÄUP[L

<latexit sha1_base64="9sptrkDT3uQTOed4khggwQRrwEw="></latexit>

y1, . . . , yr HYL [OL L_[YLTL WVPU[Z VM D

<latexit sha1_base64="HSkPd8jJy13LpMbPrLkB/dm/QeI="></latexit>

<latexit sha1_base64="SYVR/Nj1EZn318H+Hy8nrkbTE/I="></latexit>

p!(u) = max
y∈D

−(b+ u)T y = max
k=1,...,r

−yTk u− bT yk

p!(u) = min{cTx | Ax = b+ u, x ≥ 0}

<latexit sha1_base64="tqGpNp3rFyZmyiN9F/kh25B9oAs="></latexit>



Local sensitivity
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Original LP
TPUPTPaL cTx

Z\IQLJ[ [V Ax = b

x ≥ 0

<latexit sha1_base64="37kDWxYzfWmwzJ8PCmqbpnkpSjM=">AAAD93icbVPLbhMxFHUbHiU82sKSjUXVCiE1momogAVSUTdhUVRQ01aqQ+VxbhJTP0a2J0ywRkj8Bgt2iC1fwIItP8AnsIUfwE4jlUnx6uqc+zz3OssFty5Jfi4sNi5dvnJ16Vrz+o2bt5ZXVm8fWF0YBl2mhTZHGbUguIKu407AUW6AykzAYXa6E/nDMRjLtdp3kxx6kg4VH3BGXYBOVnokgyFXnhpDJ5UXomoSmenSS6645O </latexit>

Optimal solution
u PU ULPNOIVYOVVK VM [OL VYPNPU

<latexit sha1_base64="7CM1i84FNeXha/qIDykPURoWX80="></latexit>

Modified LP
TPUPTPaL cTx

Z\IQLJ[ [V Ax = b+ u

x ≥ 0

<latexit sha1_base64="EZdJ9+wVkD/5UceOzpPEXzMuziU=">AAAD+3icbVNNbxMxEHUbPkr4auHIxaJqhUCNNhEVcEAq6iUcigpq2kp1qLzOZGPqj5XtDRusFRJ/gyM3xJUzRy78AX4EV7hip5HKpvg0eu/NeOZ5nOaCW5ckPxcWGxcuXrq8dKV59dr1GzeXV27tW10YBj2mhTaHKbUguIKe407AYW6AylTAQXqyHfmDMRjLtdpzkxz6kmaKDzmjLkDHy5SkkHHlqTF0UnkhqiaRqS695IpL/g </latexit>

TH_PTPaL −(b+ u)T y

Z\IQLJ[ [V AT y + c ≥ 0

<latexit sha1_base64="93Op7bnvmnHIy4uUa2lpaYU3juY="></latexit>

Modified dual
Optimal basis 

does not change

y?(u) = y?

<latexit sha1_base64="MzJ2LRtIy3XlGgkaGqDFGv9lDHA="></latexit>

Modified optimal solution
<latexit sha1_base64="fCFqIhqfkrInovhrsyqYFSlmyLM="></latexit>

x?
B(u) = A�1

B (b+ u) = x?
B +A�1

B u

Primal
<latexit sha1_base64="klyZcvjdlQzGzzKfI+pHvOS6ZDI="></latexit>

xi = 0, i /2 B

x?
B = A�1

B b
<latexit sha1_base64="QXGFoMfMZqwG5CEHPHXz3apnl3k="></latexit>

y? = �A�T
B cBDual



Derivative of the optimal value function
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Local derivative
@p?(u)

@u
= �y?

<latexit sha1_base64="NNWMLRufgqQ2CsPyBKRFcbmYdpE="></latexit>

�y? HYL [OL ZOHKV^ WYPJLZ�

<latexit sha1_base64="yjSmpJ0fAKrSR5Tff1d7j16qWqs="></latexit>

Optimal value function

�HɉUL MVY ZTHSS u�

<latexit sha1_base64="ASuF2ygC/2FQ74bOt9AHCYnrNg8="></latexit>

<latexit sha1_base64="NVXTqDkIHXsmpfjoqyv1ONHEe2A="></latexit>

p?(u) = cTx?(u)

= cTx? + cTBA
�1
B u

= p?(0)� y?Tu

y?(u) = y?

<latexit sha1_base64="MzJ2LRtIy3XlGgkaGqDFGv9lDHA="></latexit>

Modified optimal solution
<latexit sha1_base64="fCFqIhqfkrInovhrsyqYFSlmyLM="></latexit>

x?
B(u) = A�1

B (b+ u) = x?
B +A�1

B u



Sensitivity example
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TPUPTPaL −60x1 − 30x2 − 20x3

Z\IQLJ[ [V 8x1 + 6x2 + x3 ≤ 48

4x1 + 2x2 + 1.5x3 ≤ 20

2x1 + 1.5x2 + 0.5x3 ≤ 8

x ≥ 0

<latexit sha1_base64="AwlEQSlXr9zdcH3sB+v4h/qIYhU="></latexit>

-profit
material
production
quality control

x? = (2, 0, 8, 24, 0, 0), y? = (0, 10, 10), cTx? = �280, IHZPZ {1, 3, 4}

<latexit sha1_base64="LH0IUqKGk23f79KLHOpqdIMV+FI="></latexit>

>OH[ KVLZ y?3 = 10 TLHU&

<latexit sha1_base64="QN3ayUlg9TSNmOEVOILc2u4tz48="></latexit>

3L[»Z PUJYLHZL [OL X\HSP[` JVU[YVS I\KNL[ I` 1� P�L�� u = (0, 0, 1)

<latexit sha1_base64="NXbjLl0DNL+SaRHGvkkZ33UlqS8="></latexit>

p!(10) = p!(0)− y!Tu = −280− 10 = −290

<latexit sha1_base64="ZWI8Uev4RjjTfJX2vqOMXTPYn90="></latexit>



Linear optimization duality

Today, we learned to:


• Interpret linear optimization duality using game theory


• Prove Farkas lemma using duality


• Understand how the solution changes if we add new variables to the problem 

• Analyze sensitivity of the cost with respect to changes in the data
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Next lecture

• Nonlinear optimization
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