
Bartolomeo Stellato — Fall 2024

ORF522 – Linear and Nonlinear Optimization
7. Linear optimization duality I



Today’s agenda

• Obtaining lower bounds


• The dual problem


• Weak and strong duality


• Complementary slackness

2

[Chapter 4, LO][Chapter 5, LP]



Obtaining lower bounds



Obtaining lower bounds

4

TPUPTPaL x1 + 3x2

Z\IQLJ[ [V x1 + 3x2 ≥ 2

<latexit sha1_base64="/jtkbcSBltCYy65nA7yL0f+HzWU="></latexit>

What is a lower bound on the optimal cost?

A simple example

( SV^LY IV\UK PZ 2 ILJH\ZL x1 + 3x2 � 2

<latexit sha1_base64="G1bcBRtrorDUmkm78a0bYKt/q9U="></latexit>



Obtaining lower bounds
Another example

5

TPUPTPaL x1 + 3x2

Z\IQLJ[ [V x1 + x2 ≥ 2

x2 ≥ 1

<latexit sha1_base64="2iogeanK6I0PR5Ruu2ZaJdxQM90="></latexit>

What is a lower bound on the optimal cost?

Let’s sum the constraints
1 · (x1 + x2 � 2)

+ 2 · (x2 � 1)

= x1 + 3x2 � 4

<latexit sha1_base64="DJFWRAVgM+uvBlpZn7xelL+UzPE="></latexit>

( SV^LY IV\UK PZ 4

<latexit sha1_base64="g0uOhy/AwpMNolM4ztGXml2+3zo="></latexit>
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Obtaining lower bounds
A more interesting example
TPUPTPaL x1 + 3x2

Z\IQLJ[ [V x1 + x2 ≥ 2

x2 ≥ 1

x1 − x2 ≥ 3

<latexit sha1_base64="tFYXbkwVHLgaAHWE/DRk1TdXTqE="></latexit>

How can we obtain a lower bound?

y1 + y3 = 1

y1 + y2 � y3 = 3

y1, y2, y3 � 0

<latexit sha1_base64="aNBsuLruGiXdLKbpiNsNJj+pvNk="></latexit>

Match cost coefficientsAdd constraints
y1 · (x1 + x2 � 2)

+ y2 · (x2 � 1)

+ y3 · (x1 � x2 � 3)

= x1 + 3x2 � 2y1 + y2 + 3y3

<latexit sha1_base64="W44ls6IrKBK1A8d/UDQilxIw3rE="></latexit>

Bound

y = (0, 4, 1) ) )V\UK 7

<latexit sha1_base64="yf85BADd6hdePlh7z2AMPd/IwNc="></latexit>

y = (1, 2, 0) ) )V\UK 4

<latexit sha1_base64="H75Gi2BbRq640RQw7cZ1mHMNfz8="></latexit>

Many options

How can we get the best one?
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Obtaining lower bounds
A more interesting example — Best lower bound

TH_PTPaL 2y1 + y2 + 3y3
Z\IQLJ[ [V y1 + y3 = 1

y1 + y2 − y3 = 3

y1, y2, y3 ≥ 0

<latexit sha1_base64="D0IjjTXvqdJMH/UejfvBzuM+IoU="></latexit>

We can obtain the best lower bound by solving the following problem

This linear optimization problem is called the dual problem



The dual problem



Lagrangian dual function

9

Consider the Linear Program Lagrangian
<latexit sha1_base64="UXtGexRYD4wlA9NHj5cwGa+M+1U="></latexit>

L(x, y, z) = cTx+ yT (Ax− b) + zT (Cx− d)

Lagrange dual function
<latexit sha1_base64="0txua2ISH4iSWYMBie/0BbVzCaw="></latexit>

g(y, z) = inf
x

L(x, y, z)

Proof. <latexit sha1_base64="kco4oXPBwpZDcon6VGS8MtmuJGs="></latexit>

Let x̃ be a feasible point. Then,
<latexit sha1_base64="wUGAKMbXRdhU6iTIBO4nMTFh9pM="></latexit>

g(y, z) = inf
x

L(x, y, z) ≤ cT x̃+ yT (Ax̃− b) + zT (Cx̃− d)
<latexit sha1_base64="lG90JUvOLVcs2dStkeWtTj8aALc="></latexit>≤ 0

<latexit sha1_base64="ofKeG1xlpgnhuuLdysBvj0gNyjI="></latexit>

= 0

<latexit sha1_base64="zm7vFweMdCpj8rL/yNzgz/B5BgQ="></latexit>≥ 0

Lower bound property
<latexit sha1_base64="fV6/0BhNMtJGc3h0fE+87QAbm5I="></latexit>

For any y ≥ 0 and z, g(y, z) ≤ p!

<latexit sha1_base64="3sHYI2rakCpv2VnaOHDgqEuv0bQ="></latexit>

≤ cT x̃

<latexit sha1_base64="MLS6uFJfbF/84bVL6KVelNkfz0c="></latexit>

=⇒ g(y, z) ≤ p!

<latexit sha1_base64="ujVkxJq9OkH2ugbxkc5pjmFwBUM="></latexit>

p! = minimize cTx

subject to Ax ≤ b

Cx = d



Dual problem
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Lower bound property
<latexit sha1_base64="fV6/0BhNMtJGc3h0fE+87QAbm5I="></latexit>

For any y ≥ 0 and z, g(y, z) ≤ p!

Lagrangian
<latexit sha1_base64="UXtGexRYD4wlA9NHj5cwGa+M+1U="></latexit>

L(x, y, z) = cTx+ yT (Ax− b) + zT (Cx− d)

Lagrange dual function
<latexit sha1_base64="0txua2ISH4iSWYMBie/0BbVzCaw="></latexit>

g(y, z) = inf
x

L(x, y, z)

when is it non-vacuous?
<latexit sha1_base64="hxX28BnXcbG8lKuSRWHr48LWsUU="></latexit>

∇xL(x, y, z)

dual problem 
find the best lower bound

<latexit sha1_base64="QUys53vIVcwYlzg7p+QYTTRZKe4="></latexit>

maximize −bT y − dT z

subject to c+AT y + CT z = 0

y ≥ 0

<latexit sha1_base64="MDRQ03iU0J82LJKgdERyTNTPpfM="></latexit>

When g(y, z) = −∞ the bound is vacuous.

<latexit sha1_base64="x1u2gJ4hD1c07PET4LFgdfgLQ6M="></latexit>

=

{
−bT y − dT z c+AT y + CT z = 0

−∞ otherwise

<latexit sha1_base64="efHCEdyR4VRCBrX8fi4umVVrfoU="></latexit>

g(y, z) = inf
x
(c+AT y + CT z)Tx− bT y − dT z



Primal and dual problems
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Primal problem Dual problem

7YPTHS ]HYPHISL x 2 Rn

<latexit sha1_base64="U8vlTk26bxmJmu+WA3OKKH0z2xM="></latexit>

The dual problem carries useful information for the primal problem

Duality is useful also to solve optimization problems

<latexit sha1_base64="QUys53vIVcwYlzg7p+QYTTRZKe4="></latexit>

maximize −bT y − dT z

subject to c+AT y + CT z = 0

y ≥ 0

<latexit sha1_base64="EwpDq1iqahJNdIJUv+QKDJsr3kM="></latexit>

minimize cTx

subject to Ax ≤ b

Cx = d

<latexit sha1_base64="aQtDdXRhDaiM2aFtxRhSL07VlxA="></latexit>

Dual variables y ∈ Rm, z ∈ Rp



Example from before
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TPUPTPaL x1 + 3x2

Z\IQLJ[ [V x1 + x2 ≥ 2

x2 ≥ 1

x1 − x2 ≥ 3

<latexit sha1_base64="tFYXbkwVHLgaAHWE/DRk1TdXTqE="></latexit>

Dual
TH_PTPaL −bT y

Z\IQLJ[ [V AT y + c = 0

y ≥ 0

<latexit sha1_base64="oaj5YVrar4QqelpzNtZl3ufiwOM="></latexit>

Inequality form LP
TPUPTPaL cTx

Z\IQLJ[ [V Ax ≤ b

<latexit sha1_base64="4SLIyybDLsW4EisEGAZzVa/nhY8="></latexit>

c = (1, 3)

A =

2

64
�1 �1

0 �1

�1 1

3

75

b = (�2,�1,�3)

<latexit sha1_base64="KliOr8hLubxtiTpWCMGWtbRAsDI="></latexit>

TH_PTPaL 2y1 + y2 + 3y3
Z\IQLJ[ [V −y1 − y3 = −1

−y1 − y2 + y3 = −3

y1, y2, y3 ≥ 0

<latexit sha1_base64="ASl3K3x/bAA5czcD6wGQVNHRx3o="></latexit>



To memorize
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Ways to get the dual
• Derive dual function directly

• Transform the problem in inequality form LP and dualize

Sanity-checks and signs convention
<latexit sha1_base64="5wsLy7CZq9daLFBCMSc/usUoLWk="></latexit>

• Consider constraints as g(x) ≤ 0 or g(x) = 0
• Each dual variable is associated to a primal constraint
• z free for primal equalities and y ≥ 0 for primal inequalities



Dual of an LP in standard form
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TPUPTPaL cTx

Z\IQLJ[ [V Ax = b

x ≥ 0

<latexit sha1_base64="HPMbYtzn0EM0OJtYXiUwEiG72Zc="></latexit>



Dual of the dual
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Theorem
If we transform the primal into its dual and then transform the dual to its dual, we 
obtain a problem equivalent to the original problem. In other words, the dual of 
the dual is the primal.

Theorem
If we transform a linear optimization problem to another form (inequality 
form, standard form, inequality and equality form), the dual of the two 
problems will be equivalent.

Primal Dual

Exercise 
Derive dual and dualize again

TPUPTPaL cTx

Z\IQLJ[ [V Ax ≤ b

Cx = d

<latexit sha1_base64="MuCD1qJ4w/yzWwTyp1TUlRCOQIs="></latexit>

TH_PTPaL −bT y − dT z

Z\IQLJ[ [V AT y + CT z + c = 0

y ≥ 0

<latexit sha1_base64="m8OhQ66YroxkUuTKv2mlMffgE6o="></latexit>



Weak and strong duality



Optimal objective values
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Primal Dual
TPUPTPaL cTx

Z\IQLJ[ [V Ax ≤ b

<latexit sha1_base64="4SLIyybDLsW4EisEGAZzVa/nhY8="></latexit>

TH_PTPaL −bT y

Z\IQLJ[ [V AT y + c = 0

y ≥ 0

<latexit sha1_base64="oaj5YVrar4QqelpzNtZl3ufiwOM="></latexit>

p? PZ [OL WYPTHS VW[PTHS ]HS\L

<latexit sha1_base64="TXrK1G29fTKJzr82IEqZca+P75M="></latexit>

d? PZ [OL K\HS VW[PTHS ]HS\L

<latexit sha1_base64="XDOywE7hqz2G64ME9p2Yp9gV5wg="></latexit>

7YPTHS PUMLHZPISL! p? = +1
7YPTHS \UIV\UKLK! p? = �1

<latexit sha1_base64="BDsDEKO4Vhf0wm1vEEqgpCMkzGY="></latexit>

+\HS PUMLHZPISL! d? = �1
+\HS \UIV\UKLK! d? = +1

<latexit sha1_base64="S1jM2jtLe9z9zk9jo4djbTpPaGY="></latexit>



Weak duality
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Theorem

−bT y ≤ cTx

<latexit sha1_base64="dvww1Fkpv8FHLo4kOGV79G+shos="></latexit>

Proof
>L RUV^ [OH[ Ax  b� AT y + c = 0 HUK y � 0� ;OLYLMVYL�

<latexit sha1_base64="xwEey0etSqGluPNL09iwyNYmnj0="></latexit>

0 ≤ yT (b−Ax) = bT y − yTAx = cTx+ bT y

<latexit sha1_base64="ysV00ZKG1sNIlO0AOqGMzEXjNqI="></latexit>

Remark
࠮ (U` K\HS MLHZPISL y NP]LZ H SV^LY IV\UK VU [OL WYPTHS VW[PTHS ]HS\L
࠮ (U` WYPTHS MLHZPISL x NP]LZ HU \WWLY IV\UK VU [OL K\HS VW[PTHS ]HS\L
࠮ cTx+ bT y PZ [OL K\HSP[` NHW

<latexit sha1_base64="tVd+d/r4wNYPUED63xN4x8mfHLw="></latexit>

0M x, y ZH[PZM`!
࠮ x PZ H MLHZPISL ZVS\[PVU [V [OL WYPTHS WYVISLT
࠮ y PZ H MLHZPISL ZVS\[PVU [V [OL K\HS WYVISLT

<latexit sha1_base64="pIsS7swAWA9/Gmftuz/bz1RIWEo="></latexit>



Weak duality
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Corollaries

Unboundedness vs feasibility
࠮ 7YPTHS \UIV\UKLK �p? = �1� ) K\HS PUMLHZPISL �d? = �1�
࠮ +\HS \UIV\UKLK �d? = +1� ) WYPTHS PUMLHZPISL �p? = +1�

<latexit sha1_base64="GqKMHFNvSmE2l2tvaajvDHa5OsE="></latexit>

Optimality condition

;OLU x HUK y HYL VW[PTHS ZVS\[PVUZ [V [OL WYPTHS HUK K\HS WYVISLT YLZWLJ[P]LS`

<latexit sha1_base64="82kL+63gEVzxSDlCRpiXRZDLjJ8="></latexit>

0M x, y ZH[PZM`!
࠮ x PZ H MLHZPISL ZVS\[PVU [V [OL WYPTHS WYVISLT
࠮ y PZ H MLHZPISL ZVS\[PVU [V [OL K\HS WYVISLT
࠮ ;OL K\HSP[` NHW PZ aLYV� P�L�� cTx+ bT y = 0

<latexit sha1_base64="HARHS9ocTy4iPtwZEp2aG8sZfcI="></latexit>



Strong duality
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Theorem
0M H SPULHY VW[PTPaH[PVU WYVISLT OHZ HU VW[PTHS ZVS\[PVU� ZV KVLZ P[Z K\HS� HUK
[OL VW[PTHS ]HS\L VM WYPTHS HUK K\HS HYL LX\HS

<latexit sha1_base64="oWbeWUu2rS0eB6bkL80iJQORq/s="></latexit>

d! = p!

<latexit sha1_base64="rhnP4KMn58uw0WtdEhbWlaNcyEE="></latexit>



Strong duality
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Constructive proof
.P]LU H WYPTHS VW[PTHS ZVS\[PVU x? ^L ^PSS JVUZ[Y\J[ H K\HS VW[PTHS ZVS\[PVU y?

<latexit sha1_base64="IUpuSptYR0JaqyXSJmburjVNAzg="></latexit>

TPUPTPaL cTx

Z\IQLJ[ [V Ax = b

x ≥ 0

<latexit sha1_base64="HPMbYtzn0EM0OJtYXiUwEiG72Zc="></latexit>

Apply simplex to problem in standard form
<latexit sha1_base64="gDjc1E3ol/5omsoaB+hZPKl1oxU="></latexit>

࠮ VW[PTHS IHZPZ B
࠮ VW[PTHS ZVS\[PVU x? ^P[O ABx?

B = b
࠮ YLK\JLK JVZ[Z c̄ = c�ATA�T

B cB � 0

)` ^LHR K\HSP[` [OLVYLT JVYVSSHY �̀ y? PZ HU VW[PTHS ZVS\[PVU VM [OL K\HS�
;OLYLMVYL� d? = p?�

<latexit sha1_base64="j6mIa7/4zMs7qp/2XXjO1cPUq3E="></latexit>

<latexit sha1_base64="JeRHFmghZU9ASdTpiYQ+snFNP6o="></latexit>

+LÄUL y? Z\JO [OH[ y? = �A�T
B cB � ;OLYLMVYL� AT y? + c � 0 �y? K\HS MLHZPISL��

<latexit sha1_base64="HWlCvUzvWQ6YMQJr0BOSYuARyGM="></latexit>

−bT y! = −bT (−A−T
B cB) = cTB(A

−1
B b) = cTBx

!
B = cTx!



Exception to strong duality
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Primal Dual

TPUPTPaL x

Z\IQLJ[ [V 0 · x ≤ −1

<latexit sha1_base64="K4ZyPt6cdY5S30G3yQl1M68wvHw="></latexit>

TH_PTPaL y

Z\IQLJ[ [V 0 · y + 1 = 0

y ≥ 0

<latexit sha1_base64="peUWeOTIwm/PY6SzEEdBI2okwxc="></latexit>

6W[PTHS ]HS\L PZ p? = +1

<latexit sha1_base64="wa+phOrI4Rh5qL/JgRrQguFNbrI="></latexit>

6W[PTHS ]HS\L PZ d? = �1

<latexit sha1_base64="eJYeIU3DOHCaEODuT8NttogEptI="></latexit>

Both primal and dual infeasible



Relationship between primal and dual
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primal inf.

dual unb.

optimal values 
equal

exception primal unb.

dual inf

d? ÄUP[L

<latexit sha1_base64="1/wKDP4NEo6iVB2m5j9s4HMHfgw="></latexit>

d? = +1

<latexit sha1_base64="y/kOTV4vXgvsMy4DJ2J0Akvz9zE="></latexit>

d? = �1

<latexit sha1_base64="uHXKSKJUbz2X9DyYumDRvq5JM+k="></latexit>

p? = �1

<latexit sha1_base64="MvfLH0TzFqwK+AGySH+LwfWEzLY="></latexit>

p? = +1

<latexit sha1_base64="vbn6E8862eG8bLhgDSY69Xk8weE="></latexit>

p? ÄUP[L

<latexit sha1_base64="YxoPNuFL7J1jZsSJ6fSHhJ4tENk="></latexit>

࠮ <WWLY�YPNO[ L_JS\KLK I` ^LHR K\HSP[`
࠮ (1, 1) HUK (3, 3) WYV]LU I` ^LHR K\HSP[`
࠮ (3, 1) HUK (2, 2) WYV]LU I` Z[YVUN K\HSP[`

<latexit sha1_base64="fxbu7bae9Gze9yWcCYp+MKGCr98="></latexit>



Example



Production problem
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TH_PTPaL x1 + 2x2

Z\IQLJ[ [V x1 ≤ 100

2x2 ≤ 200

x1 + x2 ≤ 150

x1, x2 ≥ 0

<latexit sha1_base64="95TU8gz4302m/yIMj8PNLi24JT0="></latexit>

Profits

Resources

Dualize
TPUPTPaL cTx

Z\IQLJ[ [V Ax ≤ b

<latexit sha1_base64="uklLXqE0yLOcy+rGdip0h+nEQy4="></latexit>

1. Transform in inequality form

c = (�1,�2)

A =

2

6666664

1 0

0 2

1 1

�1 0

0 �1

3

7777775

b = (100, 200, 150, 0, 0)

<latexit sha1_base64="dyaOqMkhq4TTcUBSAv6gVd8jcW4="></latexit>

2. Derive dual
TH_PTPaL −bT y

Z\IQLJ[ [V AT y + c = 0

y ≥ 0

<latexit sha1_base64="oaj5YVrar4QqelpzNtZl3ufiwOM="></latexit>



Production problem
The dual
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TPUPTPaL 100y1 + 200y2 + 150y3
Z\IQLJ[ [V y1 + y3 ≥ 1

2y2 + y3 ≥ 2

y1, y2, y3 ≥ 0

<latexit sha1_base64="pLIuC4t5/faRMmrOD0+TuRXTVBw="></latexit>

Interpretation
<latexit sha1_base64="Nu3/lexXwXo8NAFWE/Y0gYreUck="></latexit>

࠮ :LSS HSS `V\Y YLZV\YJLZ H[ H MHPY �TPUPT\T� WYPJL
࠮ :LSSPUN T\Z[ IL TVYL JVU]LUPLU[ [OHU WYVK\JPUN!

¶ 7YVK\J[ 1 �WYPJL 1� ULLKZ 1⇥ YLZV\YJL 1 HUK 3�! y1 + y3 � 1

¶ 7YVK\J[ 2 �WYPJL 2� ULLKZ 2⇥ YLZV\YJL 2 HUK 1⇥ YLZV\YJL 3�! 2y2 + y3 � 2



Complementary slackness



Optimality conditions
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Primal Dual
TPUPTPaL cTx

Z\IQLJ[ [V Ax ≤ b

<latexit sha1_base64="4SLIyybDLsW4EisEGAZzVa/nhY8="></latexit>

TH_PTPaL −bT y

Z\IQLJ[ [V AT y + c = 0

y ≥ 0

<latexit sha1_base64="oaj5YVrar4QqelpzNtZl3ufiwOM="></latexit>

x HUK y HYL WYPTHS HUK K\HS VW[PTHS PM HUK VUS` PM

<latexit sha1_base64="46P1slWE8taueH8oWO77BQBe+AI="></latexit>

࠮ x PZ WYPTHS MLHZPISL! Ax  b

࠮ y PZ K\HS MLHZPISL! AT y + c = 0 HUK y � 0

࠮ ;OL K\HSP[` NHW PZ aLYV! cTx+ bT y = 0

<latexit sha1_base64="r+QflLu5bGd/FCTa1gYnTUFHYeY="></latexit>

*HU ^L YLSH[L x HUK y �UV[ VUS` [OL VIQLJ[P]L�&

<latexit sha1_base64="BbjuDHO0Armg38bc7EHG3QIeXtQ="></latexit>



Complementary slackness
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Theorem

Primal Dual
TPUPTPaL cTx

Z\IQLJ[ [V Ax ≤ b

<latexit sha1_base64="4SLIyybDLsW4EisEGAZzVa/nhY8="></latexit>

TH_PTPaL −bT y

Z\IQLJ[ [V AT y + c = 0

y ≥ 0

<latexit sha1_base64="oaj5YVrar4QqelpzNtZl3ufiwOM="></latexit>

7YPTHS�K\HS MLHZPISL x� y HYL VW[PTHS PM HUK VUS` PM

<latexit sha1_base64="72haPqPGgcnAxmY+mVQAisPg3mI="></latexit>

yi(bi − aTi x) = 0, i = 1, . . . ,m

<latexit sha1_base64="rQuW9qi89f5Q0v8b3wsOIihZbqM="></latexit>

P�L�� H[ VW[PT\T� b�Ax HUK y OH]L H JVTWSLTLU[HY` ZWHYZP[` WH[[LYU!

<latexit sha1_base64="9wrLbmXVQhduTWQORUMLsleMvto="></latexit>

yi > 0 ) aTi x = bi

<latexit sha1_base64="zte0nvrorW6e8zWFKdLM3pqUn3Q="></latexit>

aTi x < bi ⇒ yi = 0

<latexit sha1_base64="zA3QkH6VcH1T/BE4VJYj040CCdo="></latexit>



Complementary slackness
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Proof
;OL K\HSP[` NHW H[ WYPTHS MLHZPISL x HUK K\HS MLHZPISL y JHU IL ^YP[[LU HZ

<latexit sha1_base64="V10qm8n1+SPIwZ4t7bYNA28VYPM="></latexit>

cTx+ bT y = (�AT y)Tx+ bT y = (b�Ax)T y =
mX

i=1

yi(bi � aTi x) = 0

<latexit sha1_base64="WTBHnoxtKTeYyj5G15cnMM1WYEI="></latexit>

Primal Dual
TPUPTPaL cTx

Z\IQLJ[ [V Ax ≤ b

<latexit sha1_base64="4SLIyybDLsW4EisEGAZzVa/nhY8="></latexit>

TH_PTPaL −bT y

Z\IQLJ[ [V AT y + c = 0

y ≥ 0

<latexit sha1_base64="oaj5YVrar4QqelpzNtZl3ufiwOM="></latexit>

:PUJL HSS [OL LSLTLU[Z VM [OL Z\T HYL UVUULNH[P]L� [OL` T\Z[ HSS IL 0

<latexit sha1_base64="s3SP17mJgKpYNsyvGsZof/hgIMo="></latexit>

-VY MLHZPISL x HUK y JVTWSLTLU[HY` ZSHJRULZZ $ aLYV K\HSP[` NHW

<latexit sha1_base64="/KsdLYpThzGHBVrRC6/fHQlrLUM="></latexit>



Geometric interpretation
,_HTWSL PU R2

<latexit sha1_base64="13bKbVbisGcSsCEFLrZdzsqmyPA="></latexit>

31

x!

<latexit sha1_base64="+jDiYZ6ROT1P7S+wPmpE8k10UWU="></latexit>

a1

<latexit sha1_base64="/ejWg8DVgF65TRktZtAmGvqDF9I="></latexit>

a2

<latexit sha1_base64="UNixJ33oiXOhGMCghDYg192JaUo="></latexit>

−c

<latexit sha1_base64="dKCmff4E1I2iSUZKYZFxkIOe7v4="></latexit>

;̂ V HJ[P]L JVUZ[YHPU[Z H[ VW[PT\T! aT1 x? = b1, aT2 x
? = b2

<latexit sha1_base64="4HnmTUw334kxfNlo2Jg+Ekqyd4I="></latexit>

6W[PTHS K\HS ZVS\[PVU y ZH[PZÄLZ!

<latexit sha1_base64="abzYU/XrwnrVYLqUjfAW1HTOQjQ="></latexit>

AT y + c = 0, y ≥ 0, yi = 0 MVY i "= {1, 2}

<latexit sha1_base64="uCJ0h9ICiKq+sPyyniKppXX/pGY="></latexit>

0U V[OLY ^VYKZ� �c = a1y1 + a2y2 ^P[O y1, y2 � 0

<latexit sha1_base64="FIGKKB4mVaXR39lv6LCbZBOKpDQ="></latexit>

.LVTL[YPJ PU[LYWYL[H[PVU! �c SPLZ PU [OL JVUL NLULYH[LK I` a1 HUK a2

<latexit sha1_base64="tSqXV1++joblfQpsbC47TVy85ig="></latexit>



Example
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TPUPTPaL −4x1 − 5x2

Z\IQLJ[ [V





−1 0

2 1

0 −1

1 2





[
x1

x2

]
≤





0

3

0

3





<latexit sha1_base64="qWvNkg9ZU/4DpEaDhOt4yEdiJWo="></latexit>

:LJVUK HUK MV\Y[O JVUZ[YHPU[Z HYL HJ[P]L H[ x

<latexit sha1_base64="fG09h8lEAnb2H1mIqQ/wTP/A94A="></latexit>

y = (0, y2, 0, y4)

<latexit sha1_base64="CeqRMyXXUpw6B4JvhQJ0khBe6Jg="></latexit>

AT y = −c ⇒
[
2 1

1 2

][
y2
y4

]
=

[
4

5

]

<latexit sha1_base64="CZqQiNF+vedpzdyPmZyjUKi5+iA="></latexit>

y2 ≥ 0, y4 ≥ 0

<latexit sha1_base64="JUP1Nj4zCb3shC3PcFB8Xl/rNRk="></latexit>

and

y = (0, 1, 0, 2) ZH[PZÄLZ [OLZL JVUKP[PVUZ HUK WYV]LZ [OH[ x PZ VW[PTHS

<latexit sha1_base64="QTTt+AwTsBKn6tbdFexfWvFDr/w="></latexit>

3L[»Z ZOV^ [OH[ MLHZPISL x = (1, 1) PZ VW[PTHS

<latexit sha1_base64="B81kFNdaBQXt2EvIfYJc7+1m1Ho="></latexit>

*VTWSLTLU[HY` ZSHJRULZZ PZ \ZLM\S [V YLJV]LY y? MYVT x?

<latexit sha1_base64="jO4Eqdmyb1CtHyin6EDOcN0h+rc="></latexit>



Linear optimization duality

Today, we learned to:


• Dualize linear optimization problems


• Prove weak and strong duality conditions


• Geometrically link primal and dual solutions with complementary slackness
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Next lecture

More on duality:


• Game theoretic interpretation


• Alternative systems


• Adding new variables


• Sensitivity analysis
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