
Bartolomeo Stellato — Fall 2024

ORF522 – Linear and Nonlinear Optimization
6. Numerical linear algebra and simplex implementation



Recap



An iteration of the simplex method
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Initialization

<latexit sha1_base64="yCKkTs5RUK90mAU0Y4YbfqvbKtA="></latexit>

�� *VTW\[L [OL YLK\JLK JVZ[Z c̄

࠮ :VS]L AT
Bp = cB

࠮ c̄ = c�AT p

�� 0M c̄ � 0� x VW[PTHS� IYLHR

�� *OVVZL j Z\JO [OH[ c̄j < 0

�� *VTW\[L ZLHYJO KPYLJ[PVU d ^P[O
dj = 1 HUK ABdB = �Aj

�� 0M dB � 0� [OL WYVISLT PZ \UIV\UKLK
HUK [OL VW[PTHS ]HS\L PZ �1� IYLHR

�� *VTW\[L Z[LW SLUN[O ✓? = min
{i2B|di<0}

✓
�xi

di

◆

�� +LÄUL y Z\JO [OH[ y = x+ ✓?d

�� .L[ UL^ IHZPZ B̄ �i L_P[Z HUK j LU[LYZ�

<latexit sha1_base64="yCKkTs5RUK90mAU0Y4YbfqvbKtA="></latexit>

�� *VTW\[L [OL YLK\JLK JVZ[Z c̄

࠮ :VS]L AT
Bp = cB

࠮ c̄ = c�AT p

�� 0M c̄ � 0� x VW[PTHS� IYLHR

�� *OVVZL j Z\JO [OH[ c̄j < 0

�� *VTW\[L ZLHYJO KPYLJ[PVU d ^P[O
dj = 1 HUK ABdB = �Aj

�� 0M dB � 0� [OL WYVISLT PZ \UIV\UKLK
HUK [OL VW[PTHS ]HS\L PZ �1� IYLHR

�� *VTW\[L Z[LW SLUN[O ✓? = min
{i2B|di<0}

✓
�xi

di

◆

�� +LÄUL y Z\JO [OH[ y = x+ ✓?d

�� .L[ UL^ IHZPZ B̄ �i L_P[Z HUK j LU[LYZ�

Iteration steps

<latexit sha1_base64="NZvWvRsjwpn+rbOIRkvNiZ1PVnQ="></latexit>

࠮ H IHZPJ MLHZPISL ZVS\[PVU x
࠮ H IHZPZ TH[YP_ AB =

h
AB(1) . . . , AB(m)

i



Today’s agenda

• Numerical linear algebra


• Realistic simplex implementation


• Example


• Empirical complexity
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[Chapter 3, LO] [Chapter 13, NO] [Chapter 8, LP]



Numerical linear algebra



Deeper look at complexity
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Flop count

ÅVH[PUN�WVPU[ VWLYH[PVUZ! VUL HKKP[PVU� Z\I[YHJ[PVU� T\S[PWSPJH[PVU� KP]PZPVU

<latexit sha1_base64="YBSqVdtrW+pctJ2dV/+/TtsYSyY="></latexit>

Estimate complexity of an algorithm
࠮ ,_WYLZZ U\TILY VM ÅVWZ HZ H M\UJ[PVU VM WYVISLT KPTLUZPVUZ
࠮ :PTWSPM` HUK RLLW VUS` SLHKPUN [LYTZ

<latexit sha1_base64="Gt/Pqfw0EpM3M7sY8taIbijQFMM="></latexit>

Remarks
࠮ 5V[ HJJ\YH[L PU TVKLYU JVTW\[LYZ �T\S[PJVYL� .7<� L[J��
࠮ :[PSS YV\NO HUK ^PKLS`�\ZLK LZ[PTH[L VM JVTWSL_P[`

<latexit sha1_base64="cwJ55DeYfJ8jR+Z+VvE1Mgft6aM="></latexit>



Complexity
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Basic examples
=LJ[VY VWLYH[PVUZ �x, y 2 Rn�

࠮ 0UULY WYVK\J[ xT y! 2n� 1 ÅVWZ
࠮ :\T x+ y VY ZJHSHY T\S[PWSPJH[PVU ↵x! n ÅVWZ

<latexit sha1_base64="vBDlKMomypYnACvyBskbNyfnkys="></latexit>

4H[YP_�]LJ[VY WYVK\J[ �y = Ax ^P[O A 2 Rm⇥n�

࠮ m(2n� 1) ÅVWZ
࠮ 2N PM A PZ ZWHYZL ^P[O N UVUaLYV LSLTLU[Z

<latexit sha1_base64="vLSXnesTK41jstXKNxNCuV/zt6s="></latexit>

4H[YP_�TH[YP_ WYVK\J[ �C = AB ^P[O A 2 Rm⇥n, B 2 Rn⇥p�

࠮ pm(2n� 1) ÅVWZ
࠮ 3LZZ PM A HUK�VY B HYL ZWHYZL

<latexit sha1_base64="W/h/eZcVswDdrfVkIj6lxXanhJE="></latexit>



How do we solve linear systems in practice?
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<latexit sha1_base64="GHD4b9GLX616xVaFrgJGmgHCpzE="></latexit>

Ax = b

<latexit sha1_base64="TFx4SfYIQxKPQJysXQV0S22Z5NE="></latexit>

࠮ JVTW\[L A�1

࠮ T\S[PWS` A�1b

Idea

Example

<latexit sha1_base64="z4lLdIiLJPqg8Fe8LdYa/XVazmk="></latexit>

࠮ :VS]L I` JVTW\[PUN A�1

࠮ :VS]L ^P[O MmKTvXHBM�H;XbQHp2

<latexit sha1_base64="Lgx3oszAl1SA04tl97UG9pw4s1k="></latexit>

5000⇥ 5000 TH[YP_ A HUK H 5000�]LJ[VY b

What’s happening inside?



Complexity
Solving linear system
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,_LJ\[PVU [PTL �JVZ[� VM ZVS]PUN Ax = b ^P[O A 2 Rn⇥n

<latexit sha1_base64="h9s2fiQfPRpCxyNuwg28hlaNIAY="></latexit>

.LULYHS JHZL O(n3)

<latexit sha1_base64="jWfNYtqcz19B+1Geks2RrAx1P5g="></latexit>

4\JO SLZZ PM A Z[Y\J[\YLK �ZWHYZL� IHUKLK� ;VLWSPa� L[J��

<latexit sha1_base64="CZALVuabRMXeirQI2EwCin9ZE1k="></latexit>

@V\ �HSTVZ[� UL]LY JVTW\[L A�1 L_WSPJP[S`�

<latexit sha1_base64="2ijpzy+s4OR1m1YYOfhI8uASnFo="></latexit>

• Numerically unstable (divisions)

• You lose structure



Easy linear systems
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Diagonal matrix
<latexit sha1_base64="D445Ji/O4LzPBWAFJBWiy8js5pQ="></latexit>

A11x1 = b1

A22x2 = b2
���

Annxn = bn

<latexit sha1_base64="A3mk0hDGwdDz7/CuEDIEuTBRWHc="></latexit>⎡

⎢⎢⎣

A11

� � �
Ann

⎤

⎥⎥⎦

⎡

⎢⎢⎣

x1

���
xn

⎤

⎥⎥⎦ =

⎡

⎢⎢⎣

b1
���
bn

⎤

⎥⎥⎦

<latexit sha1_base64="IwNKFpwd/QR38qteSRKQmi2TppM="></latexit>

x = A−1b = (b1/A11, . . . , bn/Ann)

Solution

Complexity
<latexit sha1_base64="9x2XzxE6hbWXeA51vwU7gTDbmow="></latexit>

n ÅVWZ



Easy linear systems
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Lower triangular matrix
<latexit sha1_base64="4lH6EQFgiMACYcBGGeF5eWrzZoc="></latexit>⎡

⎢⎢⎢⎢⎣

A11

A21 A22

��� � � �
An1 An2 . . . Ann

⎤

⎥⎥⎥⎥⎦

⎡

⎢⎢⎢⎢⎣

x1

x2

���
xn

⎤

⎥⎥⎥⎥⎦
=

⎡

⎢⎢⎢⎢⎣

b1
b2
���
bn

⎤

⎥⎥⎥⎥⎦

<latexit sha1_base64="3FMlhD8njWSexpRK2MZUaWozPVc="></latexit>

A11x1 = b1

A21x1 +A22x2 = b2
���

An1x1 +An2x2 + . . . Annxn = bn

Solution: “forward substitution”
<latexit sha1_base64="Tp1d8dzB1kz7hC0KznFtIwEimys="></latexit>

࠮ -PYZ[ LX\H[PVU! x1 = b1/A11

࠮ :LJVUK LX\H[PVU! x2 = (b2 �A21x1)/A22

࠮ 9LWLH[ [V NL[ x3, . . . , xn

Complexity

<latexit sha1_base64="SGGEenZafME9NiUIEfcDZNml8+s="></latexit>

1 + 3 + · · ·+ (2n� 1) = n2 ÅVWZ

<latexit sha1_base64="SwEy5+4oCAErOzojgJTLGskaR8g="></latexit>

࠮ -PYZ[ LX\H[PVU! 1 ÅVW �KP]PZPVU�
࠮ :LJVUK LX\H[PVU! 3 ÅVWZ
࠮ i[O Z[LW ULLKZ 2i� 1 ÅVWZ
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<latexit sha1_base64="Hia5fMG60IIaU+K5bsZF1+3v4mA="></latexit>

⇡ = (⇡1, . . . ,⇡n) PZ H WLYT\[H[PVU VM (1, 2, . . . , n)

<latexit sha1_base64="OHA6icsHDeyTLe6hByqbkvvTPJU="></latexit>

Px = (xπ1 , . . . , xπn)

<latexit sha1_base64="/vuu5sOIOaFudqtY3u81dufb4T8="></latexit>

( n⇥ n WLYT\[H[PVU TH[YP_ P �
WLYT\[LZ [OL ]LJ[VY x

Properties
<latexit sha1_base64="hHKihxaQAKoh9ZKsRM5bDbDS+yY="></latexit>

࠮ Pij =

(
1 j = ⇡i

0 V[OLY^PZL
࠮ P�1 = PT �PU]LYZL WLYT\[H[PVU�

example
<latexit sha1_base64="7BjtqasduFL8N91xdB+Llfe3uHU="></latexit>

π = (2, 3, 1)

<latexit sha1_base64="OFG4v5mQHwX8tGrZQj51wDiOzNI="></latexit>⎡

⎢⎣
0 1 0

0 0 1

1 0 0

⎤

⎥⎦

⎡

⎢⎣
x1

x2

x3

⎤

⎥⎦ =

⎡

⎢⎣
x2

x3

x1

⎤

⎥⎦

<latexit sha1_base64="3OAgO8ynwwXzo2p+L8/AF9b09gk="></latexit>

P

<latexit sha1_base64="+bNXjo7FSK0R9urxthssDd/yoMc="></latexit>⎡

⎢⎣
0 0 1

1 0 0

0 1 0

⎤

⎥⎦

⎡

⎢⎣
x2

x3

x1

⎤

⎥⎦ =

⎡

⎢⎣
x1

x2

x3

⎤

⎥⎦

<latexit sha1_base64="sQ/1cwpn+poSIY7sOI5B6yoM26A="></latexit>

P−1

Complexity
<latexit sha1_base64="X5cslehw7a9q6RocShpC1Ck5SmI="></latexit>

:VS]L Px = b! 0 ÅVWZ �UV VWLYH[PVUZ�

Easy linear systems
Permutation matrices



Summary of easy linear systems
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method flops

permutation
<latexit sha1_base64="EBXLyrAzwcLi3GcdY9T+Q734sQY="></latexit>

Pij = 1 PM j = ⇡i LSZL 0
<latexit sha1_base64="qox5TYRcRFxScnEO2yZZWXrovnw="></latexit>

0
inverse 

permutation

diagonal
<latexit sha1_base64="YPpMRzSTbMJ8wxBaeBv35joWwU0="></latexit>

A = diag(a1, . . . , an)
<latexit sha1_base64="DtdiIJ92rSF/aVaE7oRuBsErNsI="></latexit>

xi = bi/ai
<latexit sha1_base64="c9WJ8xh1JBSXSWBXC+sNa2NlAtI="></latexit>n

upper triangular
<latexit sha1_base64="RicEo34E77XQV6tFtHDXYtJeyC0="></latexit>

Aij = 0 MVY i > j
backward 

substitution
<latexit sha1_base64="PWnAJFBxK3ansBB6R6mVYbmNljM="></latexit>

n2

lower triangular
<latexit sha1_base64="SEX4eWC919QXQp3IapGNkNZAUcg="></latexit>

Aij = 0 MVY i < j
forward 

substitution
<latexit sha1_base64="PWnAJFBxK3ansBB6R6mVYbmNljM="></latexit>

n2



Sparse matrices

14

( TH[YP_ A PZ ZWHYZL PM [OL THQVYP[` VM P[Z LSLTLU[Z PZ 0

<latexit sha1_base64="ENxdKQjo9mN2/KM5ykbZK1k/7RE="></latexit>

[`WPJHSS` < 15% UVUaLYVZ

<latexit sha1_base64="e5pdcLCFliYjsIZ0hwEJHI91YNg="></latexit>

Efficient representations
࠮ ;YPWSL[ MVYTH[! (i, j, xij)
࠮ *VTWYLZZLK :WHYZL *VS\TU MVYTH[! (i, xij) HUK pj
࠮ *VTWYLZZLK :WHYZL 9V^ MVYTH[! (j, xij) HUK pi

<latexit sha1_base64="mWLFi/LQULUg2IhAJ4r7AvImUX8="></latexit>

Most real-world problems are sparse



How do we solve linear systems in practice?
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<latexit sha1_base64="GHD4b9GLX616xVaFrgJGmgHCpzE="></latexit>

Ax = b

Any idea? 

We know how to solve special ones

Let’s use that!
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;OL MHJ[VY�ZVS]L TL[OVK MVY ZVS]PUN Ax = b

<latexit sha1_base64="BLW2ObtyuV/QchObhhjhzfVTzGY="></latexit>

<latexit sha1_base64="RGDo382O35yJdtwm9rK9CXex1tw="></latexit>

�� -HJ[VY A HZ H WYVK\J[ VM ZPTWSL TH[YPJLZ!

A = A1A2 · · ·Ak,

�Ai KPHNVUHS� \WWLY�SV^LY [YPHUN\SHY� WLYT\[H[PVU� L[J�

�� *VTW\[L x = A�1b = A�1
k · · ·A�1

1 b I` ZVS]PUN k ¸LHZ`¹ LX\H[PVUZ

A1x1 = b1, A2x2 = x1, . . . , Akx = xk�1,

�JVZ[ VM MHJ[VYPaH[PVU \Z\HSS` KVTPUH[LZ JVZ[ VM ZVS]L�

<latexit sha1_base64="QPRfKEnqxYraXCmdU5KvDlGG5aI="></latexit>

A1A2, . . . Akx = b

<latexit sha1_base64="0/Vb5HwzgYJVPdZFZU8xEDvKom0="></latexit>

A1x1 = b

A2x2 = x1

���
Akx = xk�1

<latexit sha1_base64="WuIovzcVZUU9mPwYoktWROpuKDc="></latexit>

�� -HJ[VY A HZ H WYVK\J[ VM ZPTWSL TH[YPJLZ!

A = A1A2 · · ·Ak,

�Ai KPHNVUHS� \WWLY�SV^LY [YPHUN\SHY� WLYT\[H[PVU� L[J�

�� *VTW\[L x = A�1b = A�1
k · · ·A�1

1 b
I` ZVS]PUN k ¸LHZ`¹ Z`Z[LTZ

Note: step 2 is much cheaper than step 1



Multiple right-hand sides
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<latexit sha1_base64="S2uFZrKtCWD2Z6NyWAbXaPMGzGE="></latexit>

^P[O KPɈLYLU[ YPNO�OHUK ZPKL m�]LJ[VYZ bi

Factorization-caching procedure
<latexit sha1_base64="dU0lSQx2NjEUPzR2doF3/4teoMY="></latexit>

�� -HJ[VY A = A1, . . . , Ak VUS` VUJL �L_WLUZP]L�
�� :VS]L HSS SPULHY Z`Z[LTZ \ZPUN [OL ZHTL MHJ[VYPaH[PVU �JOLHW�

Solve many “at the price of one”

<latexit sha1_base64="oS8RZDbeWeXo1HlZpF7lJRp2dH0="></latexit>

@V\ UV^ OH]L MHJ[VYLK A HUK `V\ ^HU[ [V ZVS]L d SPULHY Z`Z[LTZ

<latexit sha1_base64="8mb9v0RUL8YZfWj5PSQXtkC4yZM="></latexit>

Ax = b1 Ax = b2 . . . Ax = bd



(Sparse) LU factorization
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,]LY` UVUZPUN\SHY TH[YP_ A JHU IL MHJ[VYLK HZ

<latexit sha1_base64="/nz2XdqLT9zVfuKzmHmgoOgpugY="></latexit>

Pr, Pc WLYT\[H[PVU� L SV^LY [YPHUN\SHY� U \WWLY [YPHUN\SHY

<latexit sha1_base64="j4kMYn7SqD+1nfi/+I94zM9O4TA="></latexit>

A = PrLUPc

<latexit sha1_base64="WM84Fo5UArJX59XK4nGesaP5TWI="></latexit>

PT
r APT

c = LU

<latexit sha1_base64="3kK5XB2vT0Ajvdy1T+2XXx0kbTg="></latexit>

Permutations
࠮ 9LVYKLY YV^Z Pr HUK JVS\TUZ Pc VM A [V �OL\YPZ[PJHSS`� NL[ ZWHYZLY L,U
࠮ Pr, Pc KLWLUK VU ZWHYZP[` WH[[LYU HUK ]HS\LZ VM A

<latexit sha1_base64="zOaX6aXv1MZ5ZQ0U1Tcz3/jeT7E="></latexit>

Cost
࠮ 0M A KLUZL� [`WPJHSS` O(n3) I\[ \Z\HSS` T\JO SLZZ
࠮ 0[ KLWLUKZ VU [OL U\TILY VM UVUaLYVZ PU A� ZWHYZP[` WH[[LYU� L[J�

<latexit sha1_base64="83Iz+UjBf3mqOW2aHqR3FrMsWHI="></latexit>



(Sparse) LU solution
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Ax = b, ⇒ PrLUPcx = b

<latexit sha1_base64="ZrmYQRVAqLVzEuloChRcacjS8cI="></latexit>

Iterations

Cost
-HJ[VY � :VS]L ⇠ O(n3)

<latexit sha1_base64="atf8HzPmgP/dp/jLq1xV6lWFY+I="></latexit>

1\Z[ ZVS]L �WYLMHJ[VYLK� ⇠ O(n2)

<latexit sha1_base64="PLrs9d+pMMhnbDdKGBAObIJBp8I="></latexit>

<latexit sha1_base64="AcS7JL0Zq6f3w1UjA+QZcUSkJxc="></latexit>

�� 7LYT\[H[PVU! :VS]L Prz1 = b �0 ÅVWZ�
�� -VY^HYK Z\IZ[P[\[PVU! :VS]L Lz2 = z1 �n2 ÅVWZ�
�� )HJR^HYK Z\IZ[P[\[PVU! :VS]L Uz3 = z2 �n2 ÅVWZ�
�� 7LYT\[H[PVU! :VS]L Pcx = z3 �0 ÅVWZ�



(Sparse) Cholesky factorization
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,]LY` WVZP[P]L KLÄUP[L TH[YP_ A JHU IL MHJ[VYLK HZ

<latexit sha1_base64="Sq7iFclCLsqoonmFWxyrCnyi9Nk="></latexit>

A = PLLTPT

<latexit sha1_base64="M4z9DLGqaGSv7Et5CkTWiNuHwVM="></latexit>

PTAP = LLT

<latexit sha1_base64="id2Law77AVFqKkcFVUjYDl3tPnQ="></latexit>

P WLYT\[H[PVU� L SV^LY [YPHUN\SHY

<latexit sha1_base64="42EO/uih4KNEjLqDmNNWN9F0HNA="></latexit>

Permutations
࠮ 9LVYKLY YV^Z�JVSZ VM A ^P[O P [V �OL\YPZ[PJHSS`� NL[ ZWHYZLY L
࠮ P KLWLUKZ VUS` VU ZWHYZP[` WH[[LYU VM A �\USPRL LU MHJ[VYPaH[PVU�
࠮ 0M A PZ KLUZL� ^L JHU ZL[ P = I

<latexit sha1_base64="RZhpYFMnYJQhRhcPBAwfNNswdoE="></latexit>

Cost
࠮ 0M A KLUZL� [`WPJHSS` O(n3) I\[ \Z\HSS` T\JO SLZZ
࠮ 0[ KLWLUKZ VU [OL U\TILY VM UVUaLYVZ PU A� ZWHYZP[` WH[[LYU� L[J�
࠮ ;̀ WPJHSS` 50% MHZ[LY [OHU LU �ULLK [V ÄUK VUS` VUL TH[YP_�

<latexit sha1_base64="bSU1BYadfhUeKTB544QwlfzAsxY="></latexit>



(Sparse) Cholesky solution

21

Iterations

Cost
-HJ[VY � :VS]L ⇠ O(n3)

<latexit sha1_base64="atf8HzPmgP/dp/jLq1xV6lWFY+I="></latexit>

1\Z[ ZVS]L �WYLMHJ[VYLK� ⇠ O(n2)

<latexit sha1_base64="PLrs9d+pMMhnbDdKGBAObIJBp8I="></latexit>

Ax = b, ⇒ PLLTPTx = b

<latexit sha1_base64="oN8j5shMsCEgS9pUUCLaWk5F+vg="></latexit>

<latexit sha1_base64="uCq9m+6dfMVGO4Z1WOjQlzrUZ2Q="></latexit>

�� 7LYT\[H[PVU! :VS]L Pz1 = b �0 ÅVWZ�
�� -VY^HYK Z\IZ[P[\[PVU! :VS]L Lz2 = z1 �n2 ÅVWZ�
�� )HJR^HYK Z\IZ[P[\[PVU! :VS]L LT z3 = z2 �n2 ÅVWZ�
�� 7LYT\[H[PVU! :VS]L PTx = z3 �0 ÅVWZ�



“Realistic” simplex implementation



Complexity of a single simplex iteration
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<latexit sha1_base64="yCKkTs5RUK90mAU0Y4YbfqvbKtA="></latexit>

�� *VTW\[L [OL YLK\JLK JVZ[Z c̄

࠮ :VS]L AT
Bp = cB

࠮ c̄ = c�AT p

�� 0M c̄ � 0� x VW[PTHS� IYLHR

�� *OVVZL j Z\JO [OH[ c̄j < 0

�� *VTW\[L ZLHYJO KPYLJ[PVU d ^P[O
dj = 1 HUK ABdB = �Aj

�� 0M dB � 0� [OL WYVISLT PZ \UIV\UKLK
HUK [OL VW[PTHS ]HS\L PZ �1� IYLHR

�� *VTW\[L Z[LW SLUN[O ✓? = min
{i2B|di<0}

✓
�xi

di

◆

�� +LÄUL y Z\JO [OH[ y = x+ ✓?d

�� .L[ UL^ IHZPZ B̄ �i L_P[Z HUK j LU[LYZ�

<latexit sha1_base64="yCKkTs5RUK90mAU0Y4YbfqvbKtA="></latexit>

�� *VTW\[L [OL YLK\JLK JVZ[Z c̄

࠮ :VS]L AT
Bp = cB

࠮ c̄ = c�AT p

�� 0M c̄ � 0� x VW[PTHS� IYLHR

�� *OVVZL j Z\JO [OH[ c̄j < 0

�� *VTW\[L ZLHYJO KPYLJ[PVU d ^P[O
dj = 1 HUK ABdB = �Aj

�� 0M dB � 0� [OL WYVISLT PZ \UIV\UKLK
HUK [OL VW[PTHS ]HS\L PZ �1� IYLHR

�� *VTW\[L Z[LW SLUN[O ✓? = min
{i2B|di<0}

✓
�xi

di

◆

�� +LÄUL y Z\JO [OH[ y = x+ ✓?d

�� .L[ UL^ IHZPZ B̄ �i L_P[Z HUK j LU[LYZ�

Bottleneck 
“same” two linear systems
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Very similar linear 
systems

<latexit sha1_base64="YCJoJtm/wwrBGCRDXUN156ar0vk="></latexit>

AT
Bp = cB

ABdB = �Aj

Factorization is expensive

Do we need to recompute it at every iteration?

<latexit sha1_base64="zp5H6lncqJbfZLvxSvKeK1qXYYw="></latexit>

LU MHJ[VYPaH[PVU
<latexit sha1_base64="/8NCy/wzDvJW6nfeEdxdzV87Ryk="></latexit>

O(n3) ÅVWZ

<latexit sha1_base64="5qUIktIH1+pYaZTBu931x9g8L04="></latexit>

AB = PrLUPc

Easy linear systems
<latexit sha1_base64="+qggofTb4NTrhKSlTtaGzGEF54k="></latexit>

O(n2) ÅVWZ
<latexit sha1_base64="AE9xjTMRb9J7ZgWe2tlnk836DNQ="></latexit>

PT
c UTLTPT

r p = cB

PrLUPcdB = �AjcB
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Index update
Basis matrix change

<latexit sha1_base64="Mk4TQwyGcEQN7m6iUi4O8+L12qo="></latexit>

AB̄ = AB + (Aj −Ai)e
T
ℓ

<latexit sha1_base64="Jn/g8fcDzPaVMJd5m4FGfvMGfNA="></latexit>

࠮ j LU[LYZ �xj ILJVTLZ ✓?�
࠮ i = B(`) L_PZ[Z �xi ILJVTLZ 0�

Example
<latexit sha1_base64="3eg0yeVKkMQoBRduHCDlsc1wX6w="></latexit>

A =

⎡

⎢⎣
1 2 2 1 0 0

2 1 2 0 1 0

2 2 1 0 0 1

⎤

⎥⎦

<latexit sha1_base64="f20kkS5yXZ6vV90YBgpT3Qnsj7Q="></latexit>

B = {4, 1, 6} ! B̄ = {4, 1, 2}
<latexit sha1_base64="dPHkwuYerQ6qOFpdPsPfgUkcBvI="></latexit>࠮ 2 LU[LYZ
࠮ 6 = B(3) L_PZ[Z

<latexit sha1_base64="X1mAzwLvkAeN0BnT+ek3JGdnHgo="></latexit>

AB̄ =

⎡

⎢⎣
1 1 0

0 2 0

0 2 1

⎤

⎥⎦+

⎡

⎢⎣
0 0 2

0 0 1

0 0 2

⎤

⎥⎦−

⎡

⎢⎣
0 0 0

0 0 0

0 0 1

⎤

⎥⎦ =

⎡

⎢⎣
1 1 2

0 2 1

0 2 2

⎤

⎥⎦

<latexit sha1_base64="fiQtMObnY7YXhPJN3Hfs1bShgWQ="></latexit>

AB

<latexit sha1_base64="dDvlq8ejqs1sQavay5pMjpX3DeA="></latexit>

A2e
T
3

<latexit sha1_base64="vRACGU/Lpoep0qHPAw738QcwZTM="></latexit>

A6e
T
3
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26

9HUR�1 \WKH[L

<latexit sha1_base64="BEZWTW2YxHt4BTPxEe1S9Kv0Sr4="></latexit>

Remarks
࠮ 0TWSLTLU[LK PU TVKLYU ZWHYZL ZVS]LYZ
࠮ (JJ\T\SH[LZ LYYVYZ �^L ULLK [V YLMHJ[VY B MYVT ZJYH[JO VUJL PU H ^OPSL�
࠮ 4HU` TVYL HSNVYP[OTZ! )SVJR�3<� )HY[LSZ�.VS\I�9LPK� L[J�

<latexit sha1_base64="Sh9U8rf8BHX+HxepBbrBic6fsLw="></latexit>

<latexit sha1_base64="TJAaHRnTbYvcOYTfu3M/i6ImLrA="></latexit>

-VYYLZ[�;VTSPU \WKH[L O(m2)
<latexit sha1_base64="c1DK+OnieT3aUca1uCzZIeI00qU="></latexit>

࠮ .P]LU! AB = LU

࠮ .VHS! JVTW\[L AB̄ = LRŪ �ZHTL L� SV^LY [YP� R� \WWLY [YP� Ū �
�� L

�1
AB̄ = U + (L�1

Aj � Ue`)eT` = Û

�� 3< MHJ[VYPaH[PVU Û = RŪ ]PH LSPTPUH[PVU �O(m2)�

Û

<latexit sha1_base64="VkqPoHW+RF6cY0hK969hEx0tDLI="></latexit>

<latexit sha1_base64="Mk4TQwyGcEQN7m6iUi4O8+L12qo="></latexit>

AB̄ = AB + (Aj −Ai)e
T
ℓ



Realistic (revised) simplex method
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Initialization

Iteration steps
<latexit sha1_base64="RnEByLxhsCjZ5M3BnoNMsHatsIM="></latexit>

�� *VTW\[L [OL YLK\JLK JVZ[Z c̄

࠮ :VS]L A
T
Bp = cB �O(m2)�

࠮ c̄ = c�A
T
p

�� 0M c̄ � 0� x VW[PTHS� IYLHR

�� *OVVZL j Z\JO [OH[ c̄j < 0

�� *VTW\[L ZLHYJO KPYLJ[PVU� d ^P[O
dj = 1 HUK ABdB = �Aj �O(m2)�

�� 0M dB � 0� [OL WYVISLT PZ \UIV\UKLK
HUK [OL VW[PTHS ]HS\L PZ �1� IYLHR

�� *VTW\[L Z[LW SLUN[O ✓
? = min

{i2B|di<0}

✓
�xi

di

◆

�� +LÄUL y Z\JO [OH[ y = x+ ✓
?
d

�� .L[ UL^ IHZPZ AB̄ = AB + (Aj �Ai)eTB(`) �i L_P[Z HUK j LU[LYZ�
YHUR�1 MHJ[VY \WKH[L �(O(m2)�

<latexit sha1_base64="PFkaO/AOsNEW+rYiFmAc6BCKjQo="></latexit>

�� *VTW\[L [OL YLK\JLK JVZ[Z c̄

࠮ :VS]L A
T
Bp = cB �O(m2)�

࠮ c̄ = c�A
T
p

�� 0M c̄ � 0� x VW[PTHS� IYLHR

�� *OVVZL j Z\JO [OH[ c̄j < 0

�� *VTW\[L ZLHYJO KPYLJ[PVU� d ^P[O
dj = 1 HUK ABdB = �Aj �O(m2)�

�� 0M dB � 0� [OL WYVISLT PZ \UIV\UKLK
HUK [OL VW[PTHS ]HS\L PZ �1� IYLHR

�� *VTW\[L Z[LW SLUN[O ✓
? = min

{i2B|di<0}

✓
�xi

di

◆

�� +LÄUL y Z\JO [OH[ y = x+ ✓
?
d

�� .L[ UL^ IHZPZ AB̄ = AB + (Aj �Ai)eT`
YHUR�1 MHJ[VY \WKH[L �i L_P[Z HUK j LU[LYZ� �(O(m2)�

<latexit sha1_base64="NZvWvRsjwpn+rbOIRkvNiZ1PVnQ="></latexit>

࠮ H IHZPJ MLHZPISL ZVS\[PVU x
࠮ H IHZPZ TH[YP_ AB =

h
AB(1) . . . , AB(m)

i

7LY�P[LYH[PVU JVZ[ O(m2)

<latexit sha1_base64="Caue9pPsk/CeHZJ6Btf8YWkGa+8="></latexit>
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TPUPTPaL −10x1 − 12x2 − 12x3

Z\IQLJ[ [V

⎡

⎢⎣
1 2 2 1 0 0

2 1 2 0 1 0

2 2 1 0 0 1

⎤

⎥⎦

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎣

x1

x2

x3

x4

x5

x6

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡

⎢⎣
20

20

20

⎤

⎥⎦

x ≥ 0

<latexit sha1_base64="pwvlE0EV3XEWZsW6hDn8EidWvEs="></latexit>

Standard form
x1

<latexit sha1_base64="qpqh7hiByCI+mm28AIIcKUzVuew="></latexit>

x2

<latexit sha1_base64="2b7zNai+/76/6tDM10UithgaioQ="></latexit>

x3

<latexit sha1_base64="Bu8vHqVPZKf1Xp59c7LxwwO6WNs="></latexit>

x⋆ = (4, 4, 4)

<latexit sha1_base64="fVT4LpE+OSdaJW3i7JqndJF+ie8="></latexit>

Inequality form
<latexit sha1_base64="Ozs7LwDfrOTWxUXROKlD2B9pkoE="></latexit>

TPUPTPaL −10x1 − 12x2 − 12x3

Z\IQLJ[ [V x1 + 2x2 + 2x3 ≤ 20

2x1 + x2 + 2x3 ≤ 20

2x1 + 2x2 + x3 ≤ 20

x1, x2, x3 ≥ 0



<latexit sha1_base64="pj0YDJUtCXIXaIb2FFq4WYRZqm4="></latexit>

AB =

2

64
1 0 0

0 1 0

0 0 1

3

75

Example
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x = (0, 0, 0, 20, 20, 20)

<latexit sha1_base64="/4ZExEYqF/HDTPCle57lIQqra4M="></latexit>

TPUPTPaL cTx

Z\IQLJ[ [V Ax = b

x ≥ 0

<latexit sha1_base64="GIZSzAxP0EwiwbSVaV/CjKtaKFM="></latexit>

Initialize

x1

<latexit sha1_base64="qpqh7hiByCI+mm28AIIcKUzVuew="></latexit>

x2

<latexit sha1_base64="2b7zNai+/76/6tDM10UithgaioQ="></latexit>

x3

<latexit sha1_base64="Bu8vHqVPZKf1Xp59c7LxwwO6WNs="></latexit>

Start
c = (�10,�12,�12, 0, 0, 0)

A =

2

64
1 2 2 1 0 0

2 1 2 0 1 0

2 2 1 0 0 1

3

75

b = (20, 20, 20)

<latexit sha1_base64="hEvuL1DzEMS5HcEokapVQWmgZaw="></latexit>



<latexit sha1_base64="pj0YDJUtCXIXaIb2FFq4WYRZqm4="></latexit>

AB =

2

64
1 0 0

0 1 0

0 0 1

3

75

Example
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x = (0, 0, 0, 20, 20, 20)

<latexit sha1_base64="/4ZExEYqF/HDTPCle57lIQqra4M="></latexit>

Current point

x1

<latexit sha1_base64="qpqh7hiByCI+mm28AIIcKUzVuew="></latexit>

x2

<latexit sha1_base64="2b7zNai+/76/6tDM10UithgaioQ="></latexit>

x3

<latexit sha1_base64="Bu8vHqVPZKf1Xp59c7LxwwO6WNs="></latexit>

Iteration 1

c = (�10,�12,�12, 0, 0, 0)

A =

2

64
1 2 2 1 0 0

2 1 2 0 1 0

2 2 1 0 0 1

3

75

b = (20, 20, 20)

<latexit sha1_base64="hEvuL1DzEMS5HcEokapVQWmgZaw="></latexit>

Direction
<latexit sha1_base64="1HVmrYT/0bgageLrK1IFBRw4wNY="></latexit>

:VS]L ABdB = �Aj ) dB = (�1,�2,�2)
d = (1, 0, 0,−1,−2,−2), j = 1

<latexit sha1_base64="YEvZpWo8h8+2zD9bbm+xHoW/a94="></latexit>

)HZPZ! {4, 5, 6}

<latexit sha1_base64="PnbNbNU5HbzJwA175laPtDuGxeo="></latexit>

<latexit sha1_base64="M7qwkINqEhybP5sz527XOauQ1yU="></latexit>

:VS]L AT
Bp = cB ) p = cB = 0

Reduced costs

c̄ = c−AT p = c

<latexit sha1_base64="bCFZ6C4LeeBTnqhhEdIKwM4mKyA="></latexit>

c̄ = c

<latexit sha1_base64="RhRdBfLSw8mc56zyQUlXSRFe/wY="></latexit>

Step

5L^ x x+ ✓?d = (10, 0, 0, 10, 0, 0)

<latexit sha1_base64="iwhj0zbS164Lk2rr659Xa4RanHI="></latexit>

θ⋆ = min
{i|di<0}

(−xi/di) = min{20, 10, 10}

<latexit sha1_base64="k/QkpSGXHvFxfY6JV7dxzNjQNuk="></latexit>

θ⋆ = 10, i = 5

<latexit sha1_base64="uL+ePOPmba3Qinr4lAmxGzYjPyo="></latexit>

cTx = 0

<latexit sha1_base64="KMrZpbPJGCvIk9IyFMRDG+rXves="></latexit>
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Current point

x1

<latexit sha1_base64="qpqh7hiByCI+mm28AIIcKUzVuew="></latexit>

x2

<latexit sha1_base64="2b7zNai+/76/6tDM10UithgaioQ="></latexit>

x3

<latexit sha1_base64="Bu8vHqVPZKf1Xp59c7LxwwO6WNs="></latexit>

Iteration 2

c = (�10,�12,�12, 0, 0, 0)

A =

2

64
1 2 2 1 0 0

2 1 2 0 1 0

2 2 1 0 0 1

3

75

b = (20, 20, 20)

<latexit sha1_base64="hEvuL1DzEMS5HcEokapVQWmgZaw="></latexit>

Direction
<latexit sha1_base64="nx76TnJ8gYW/K3W++GHT+CDKOGI="></latexit>

:VS]L ABdB = �Aj ) dB = (�1.5,�0.5,�1)
d = (−0.5, 1, 0,−1.5, 0,−1), j = 2

<latexit sha1_base64="LLCoBIIaVgoJ04EOG4cJ7RZuQeY="></latexit>

Reduced costs

c̄ = c−AT p = (0,−7,−2, 0, 5, 0)

<latexit sha1_base64="U3z/VFdhw+x81uScbEYmZ/i/qrU="></latexit>

c̄ = (0,−7,−2, 0, 5, 0)

<latexit sha1_base64="8i10wu0rJFyNnvT3Bg9HUOXOU7Y="></latexit>

<latexit sha1_base64="UFjJGVLvOzMDtdv7P7fSTPZp4xM="></latexit>

:VS]L AT
Bp = cB ) p = (0,�5, 0)

Step

5L^ x x+ ✓?d = (10, 0, 0, 10, 0, 0)

<latexit sha1_base64="iwhj0zbS164Lk2rr659Xa4RanHI="></latexit>

θ⋆ = min
{i|di<0}

(−xi/di) = min{6.66, 20, 0}

<latexit sha1_base64="DZyXrWJRPH7zNzdaZ4TBOK9DrX4="></latexit>

θ⋆ = 0, i = 6

<latexit sha1_base64="hSPKnM4e9dBXjc15kp2QTeKLpiU="></latexit>

x = (10, 0, 0, 10, 0, 0)

<latexit sha1_base64="usFHfrOjuTuofnYWICw55XU+Z0c="></latexit>

)HZPZ! {4, 1, 6}

<latexit sha1_base64="JQ1TeNCxoeZx9+n69R1YEKeXJQw="></latexit>

cTx = �100

<latexit sha1_base64="fG0lcLoeU0zVK/i9PqAe0SuruO0="></latexit>

<latexit sha1_base64="6aifmeWMNQPrymPoKo5KzryhiBY="></latexit>

AB =

2

64
1 1 0

0 2 0

0 2 1

3

75



<latexit sha1_base64="t8ws1jlo5ADi/2Vhc0jDlyVPFQk="></latexit>

AB =

2

64
1 1 2

0 2 1

0 2 2

3

75

Example

33

Current point

x1

<latexit sha1_base64="qpqh7hiByCI+mm28AIIcKUzVuew="></latexit>

x2

<latexit sha1_base64="2b7zNai+/76/6tDM10UithgaioQ="></latexit>

x3

<latexit sha1_base64="Bu8vHqVPZKf1Xp59c7LxwwO6WNs="></latexit>

Iteration 3

c = (�10,�12,�12, 0, 0, 0)

A =

2

64
1 2 2 1 0 0

2 1 2 0 1 0

2 2 1 0 0 1

3

75

b = (20, 20, 20)

<latexit sha1_base64="hEvuL1DzEMS5HcEokapVQWmgZaw="></latexit>

Direction
<latexit sha1_base64="floRhfj9ybgqDFdHAWLR6BKrBuE="></latexit>

:VS]L ABdB = �Aj ) dB = (�2.5,�1.5, 1)
d = (−1.5, 1, 1,−2.5, 0, 0), j = 3

<latexit sha1_base64="s0vH36icHUdmPzve1AN2/xJ45JI="></latexit>

Reduced costs

c̄ = c−AT p = (0, 0,−9, 0,−2, 7)

<latexit sha1_base64="+vMPmFWH26mAqqn70Hp229iaBCY="></latexit>

c̄ = (0, 0,−9, 0,−2, 7)

<latexit sha1_base64="r9Oyr10s7k3OUAo2Y7WJiNGFQic="></latexit>

<latexit sha1_base64="Jz9uIfXCQxUinhsw9xpLnFou5sY="></latexit>

:VS]L AT
Bp = cB ) p = (0, 2,�7)

Step

5L^ x x+ ✓?d = (4, 4, 4, 0, 0, 0)

<latexit sha1_base64="5DA7uXloNK/gt8p/5eep/q4Svhw="></latexit>

θ⋆ = min
{i|di<0}

(−xi/di) = min{4, 6.67}

<latexit sha1_base64="RW3AyH1FZ87K+lxa+PlTtMeioyc="></latexit>

θ⋆ = 4, i = 4

<latexit sha1_base64="yFkS027UMeXLAq5AKTcNIwvWa8s="></latexit>

x = (10, 0, 0, 10, 0, 0)

<latexit sha1_base64="usFHfrOjuTuofnYWICw55XU+Z0c="></latexit>

)HZPZ! {4, 1, 2}

<latexit sha1_base64="e/gyfG1nlNYLANU7ka3NPx1dSNY="></latexit>

cTx = �100

<latexit sha1_base64="fG0lcLoeU0zVK/i9PqAe0SuruO0="></latexit>
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Current point

x1

<latexit sha1_base64="qpqh7hiByCI+mm28AIIcKUzVuew="></latexit>

x2

<latexit sha1_base64="2b7zNai+/76/6tDM10UithgaioQ="></latexit>

x3

<latexit sha1_base64="Bu8vHqVPZKf1Xp59c7LxwwO6WNs="></latexit>

Iteration 4

c = (�10,�12,�12, 0, 0, 0)

A =

2

64
1 2 2 1 0 0

2 1 2 0 1 0

2 2 1 0 0 1

3

75

b = (20, 20, 20)

<latexit sha1_base64="hEvuL1DzEMS5HcEokapVQWmgZaw="></latexit>

Reduced costs

c̄ = c−AT p = (0, 0, 0, 3.6, 1.6, 1.6)

<latexit sha1_base64="1bFiammoLLzm0Njx8IqChkPMQmY="></latexit>

c̄ = (0, 0, 0, 3.6, 1.6, 1.6)

<latexit sha1_base64="tdMI6+2flw88l0H9mGaDVx5Lyho="></latexit>

<latexit sha1_base64="88YUSe3WvDZbhgxF77mZ4MTETxQ="></latexit>

:VS]L AT
Bp = cB ) p = (�3.6,�1.6,�1.6)

x = (4, 4, 4, 0, 0, 0)

<latexit sha1_base64="DzAmlOf67D5/Efq86zMxi/etdD0="></latexit>

)HZPZ! {3, 1, 2}

<latexit sha1_base64="v97cl854IiMscmYCA6XENjO9IKA="></latexit>

cTx = �136

<latexit sha1_base64="/8rG6kp215gTnNhWYbRyR2KxG6o="></latexit>

c̄ ≥ 0

<latexit sha1_base64="ijclSmonD/OQO8nKQtGafc9w7k0="></latexit>

Optimal

x?

<latexit sha1_base64="n+pdIDw6y+3a5qtpE45q45umSwg="></latexit>

x? = (4, 4, 4, 0, 0, 0)

<latexit sha1_base64="TzhemCAVh3HKGRZdkGxjMODhHdQ="></latexit>

<latexit sha1_base64="HR+pJT+eglig7fI4kfKuSplA1zE="></latexit>

AB =

2

64
2 1 2

2 2 1

1 2 2

3

75



Simplex tableau implementation
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Can we solve LPs by hand?

People did it before computers were invented!
Nobody does it anymore…

Reduced costs

Basic 
variables

Minus 
cost

<latexit sha1_base64="FOWVP+P4NFIlaqjqX+QIjMiHgag="></latexit>

�cTBxB c̄1 . . . c̄n

xB(1) | |
��� A�1

B A1 . . . A�1
B An

xB(1) | |



Empirical complexity



Example with real solver
GLPK (open-source)

37

import numpy as np
import cvxpy as cp

c = np.array([-10, -12, -12])
A = np.array([[1, 2, 2],
              [2, 1, 2],
              [2, 2, 1]])
b = np.array([20, 20, 20])
n = len(c)

x = cp.Variable(n)
problem = cp.Problem(cp.Minimize(c @ x), 
                     [A @ x <= b, x >= 0])
problem.solve(solver=cp.GLPK, verbose=True)

Code

Output

GLPK Simplex Optimizer, v4.65
6 rows, 3 columns, 12 non-zeros
*     0: obj =   0.000000000e+00 inf =   0.000e+00 (3)
*     3: obj =  -1.360000000e+02 inf =   0.000e+00 (0)
OPTIMAL LP SOLUTION FOUND



Average simplex complexity
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TPUPTPaL cTx

Z\IQLJ[ [V Ax ≤ b

<latexit sha1_base64="hJj3d/2ECf+B6WfaOW7Np3i190c="></latexit>

Random LPs n ]HYPHISLZ
3n JVUZ[YHPU[Z

<latexit sha1_base64="+nS7JmuToPpj9rlcXAODMeG/wvc="></latexit>

0 250 500 750 1000
n

0

2000

4000

6000

8000

N
um

be
r
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io
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Iterations n

0 250 500 750 1000
n

0

20

40

60

80

T
im

e
[s

]

Time n3

Cubic polynomial

Square polynomial

0[LYH[PVUZ! O(n)

<latexit sha1_base64="dP1iEstl2TPrgAbKajwuZ4k8Mfc="></latexit>

;PTL! O(nn2) = O(n3)

<latexit sha1_base64="B+0spzl7Ai/ITKC5AgzC1nGXgnI="></latexit>



Numerical linear algebra and simplex implementation

Today, we learned to:


• Identify the pros and cons of different methods to solve a linear system 

• Derive the computational complexity of the factor-solve method


• Implement a “realistic” version of the simplex method 

• Empirically analyze the average complexity of the simplex method

39



Next lecture

• Linear optimization duality

40


