
Bartolomeo Stellato — Spring 2025

ORF307 – Optimization
19. Linear optimization review



Today’s lecture
Linear optimization review

• Formulations


• Piecewise linear optimization


• Duality


• Sensitivity analysis


• Simplex method


• Interior point methods
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Formulations



Linear optimization

4

TPUPTPaL cTx

Z\IQLJ[ [V Ax ≤ b

Dx = f

<latexit sha1_base64="2gSYTXWacViERmXGRGT2siwmMFw="></latexit>

x PZ MLHZPISL PM P[ ZH[PZÄLZ [OL JVUZ[YHPU[Z Ax  b HUK Dx = f

<latexit sha1_base64="BYbkioAVFH907ja2m17hjW3K28Y="></latexit>

;OL MLHZPISL ZL[ PZ [OL ZL[ VM HSS MLHZPISL WVPU[Z

<latexit sha1_base64="5GCwUHbUQ3tGwmSV6OlIp4niSKU="></latexit>

x? PZ VW[PTHS PM P[ PZ MLHZPISL HUK cTx?  cTx MVY HSS MLHZPISL x

<latexit sha1_base64="K5Z6pGEKuxiUObFHtmCvSa73Ey0="></latexit>

;OL VW[PTHS ]HS\L PZ p? = cTx?

<latexit sha1_base64="36xokVc6YjbRU+E1vBRwYVlSlVs="></latexit>

Infeasible problem: MLHZPISL ZL[ PZ LTW[` �p? = +1�

<latexit sha1_base64="gRvyxa9pl//xQ5qfDD6aj/88xFU="></latexit>

Unbounded problem: cTx PZ \UIV\UKLK ILSV^ VU [OL MLHZPISL ZL[ �p? = �1�

<latexit sha1_base64="rT7TDam3hrJqdL7QkWGoruhqRfM="></latexit>

• Minimization

• Less-than ineq. constraints

• Equality constraints



Feasibility problems

5

<latexit sha1_base64="cXcG2IRmSbKcoySMBy8KAooJzzM="></latexit>

ÄUK x

Z\IQLJ[ [V Ax  b

Dx = f

<latexit sha1_base64="HKULuKPeWHpsghV8mdfShuqB7pM="></latexit>

TPUPTPaL 0

Z\IQLJ[ [V Ax  b

Dx = f

Possible results
<latexit sha1_base64="TH0kUn/MWoz8R0afkjDBWqAmz9g="></latexit>

࠮ p? = 0 PM JVUZ[YHPU[Z HYL MLHZPISL �JVUZPZ[LU[��
�,]LY` MLHZPISL x PZ VW[PTHS�

࠮ p? = 1 V[OLY^PZL



Standard form
Definition

6

TPUPTPaL cTx

Z\IQLJ[ [V Ax = b

x ≥ 0

<latexit sha1_base64="Zs8r51jllvVlqCLDc4l3JrKWQHU="></latexit>

• Minimization

• Equality constraints

• Nonnegative variables

• develop algorithms 

• algebraic manipulations

Useful to



Piecewise linear optimization



Piecewise-linear minimization

8

TPUPTPaL f(x) = max
i=1,...,m

(aTi x+ bi)

<latexit sha1_base64="UaU8ooNCmaccX9QgDE9tSGJPpDE="></latexit>

TPUPTPaL t

Z\IQLJ[ [V aTi x+ bi ≤ t, i = 1, . . . ,m

<latexit sha1_base64="Gasc8CrkQ7mGloEkXjPFhvtaq0Y="></latexit>

Matrix notation
TPUPTPaL c̃T x̃

Z\IQLJ[ [V Ãx̃ ≤ b̃

<latexit sha1_base64="gLLpM5NQN0Bt07xRowhq4snDn0Q="></latexit>

<latexit sha1_base64="Q5e38qGEzzjwZFBJJSpT87Hjqs0="></latexit>

x̃ =

[
x

t

]
, c̃ =

[
0

1

]
, Ã =





aT1 −1
���

���
aTm −1



 , b̃ =





−b1
���

−bm





aTi x+ bi

<latexit sha1_base64="SfZ4lm6gr27fx0vo/2LLLPxK0dI="></latexit>

f(x)

<latexit sha1_base64="hW9NcKlOhxJRmAWm/Da/zTHjPm8="></latexit>

x

<latexit sha1_base64="mujD+dT4O/F7J4ucgnGEWKVHNJM="></latexit>
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1 and infinity norms reformulations

1-norm minimization:

Equivalent to:
<latexit sha1_base64="30hLhVrtPDnxlW6YPtHqdHfBIRU="></latexit>

TPUPTPaL 1Tu

Z\IQLJ[ [V �u  Ax� b  u

<latexit sha1_base64="q7CR9kr1hGJAQR0kHO9MNAy7G4Y="></latexit>

(IZVS\[L ]HS\L VM L]LY` LSLTLU[ (Ax� b)i PZ
IV\UKLK I` H JVTWVULU[ VM [OL ]LJ[VY u

<latexit sha1_base64="5RGGSJgwohnAZoI8O0TMxoumAg4="></latexit>

TPUPTPaL kAx� bk1 =
X

i

|(Ax� b)i|

-norm minimization:∞

Equivalent to:

Absolute value of every element (Ax� b)i is
bounded by the same scalar t

<latexit sha1_base64="SgDEMwvWtg/IKZachb3t4M5Ub7E="></latexit>

<latexit sha1_base64="vpGmyeRlqw/0b7YLdyVAFzRO4qM="></latexit>

TPUPTPaL t

Z\IQLJ[ [V �t1  Ax� b  t1

<latexit sha1_base64="VOUbekOKtaY4SzoQslM+7hEFagQ="></latexit>

TPUPTPaL kAx� bk1 = max
i

|(Ax� bi)i|



Duality



Lagrangian and duality
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Primal Dual
TPUPTPaL cTx

Z\IQLJ[ [V Ax ≤ b

<latexit sha1_base64="4SLIyybDLsW4EisEGAZzVa/nhY8="></latexit>

TH_PTPaL −bT y

Z\IQLJ[ [V AT y + c = 0

y ≥ 0

<latexit sha1_base64="oaj5YVrar4QqelpzNtZl3ufiwOM="></latexit>

Lagrangian
<latexit sha1_base64="lAqvM1P80QEAFn3zmcJt2al8J5M="></latexit>

L(x, y) = cTx+ yT (Ax� b)

Dual function
<latexit sha1_base64="c2Jy2XoG7OMiSmKTMVkYX2/Hi7M="></latexit>

g(y) = TPUPTPaL
x

�
cTx+ yT (Ax� b)

�

= �bT y +TPUPTPaL
x

�
c+AT y

�T
x

=

(
�bT y PM c+AT y = 0

�1 V[OLY^PZL

<latexit sha1_base64="QRVlOOEoRjpMVxCpKWz1I/EYzdA="></latexit>

rxL(x, y) = c+AT y = 0



Karush-Kuhn-Tucker conditions
Optimality conditions for linear optimization

12

Primal Dual
TPUPTPaL cTx

Z\IQLJ[ [V Ax ≤ b

<latexit sha1_base64="4SLIyybDLsW4EisEGAZzVa/nhY8="></latexit>

TH_PTPaL −bT y

Z\IQLJ[ [V AT y + c = 0

y ≥ 0

<latexit sha1_base64="oaj5YVrar4QqelpzNtZl3ufiwOM="></latexit>

Primal feasibility
<latexit sha1_base64="XAdZSMhlhwHgrszBG2VPDb3VQWQ="></latexit>

Ax  b

Dual feasibility
<latexit sha1_base64="uDF5NoPQxc6/SHASmAdc/oBmXfg="></latexit>

rxL(x, y) = AT y + c = 0 HUK y � 0

Complementary slackness
<latexit sha1_base64="mN5/M4ulflYbyAIiEtZLNy1t6Rc="></latexit>

yi(Ax− b)i = 0, i = 1, . . . ,m



General forms

13

TPUPTPaL cTx

Z\IQLJ[ [V Ax = b

x ≥ 0

<latexit sha1_base64="HPMbYtzn0EM0OJtYXiUwEiG72Zc="></latexit>

TH_PTPaL −bT y

Z\IQLJ[ [V AT y + c ≥ 0

<latexit sha1_base64="AuCv/vET+aXjAnRcVrvP9bEk49I="></latexit>

Standard form LP

Inequality form LP

TPUPTPaL cTx

Z\IQLJ[ [V Ax ≤ b

<latexit sha1_base64="4SLIyybDLsW4EisEGAZzVa/nhY8="></latexit>

TH_PTPaL −bT y

Z\IQLJ[ [V AT y + c = 0

y ≥ 0

<latexit sha1_base64="oaj5YVrar4QqelpzNtZl3ufiwOM="></latexit>

LP with inequalities and equalities

minimize cTx

subject to Ax  b

Dx = f

<latexit sha1_base64="fcmW9ti+MUT90zmEc1kWzjQRdSI="></latexit>

maximize �bT y � fT z

subject to AT y +DT z + c = 0

y � 0

<latexit sha1_base64="jO/2HIkGUkN5FgAgTgcSYrGRe+Y="></latexit>



Weak duality

14

Theorem

−bT y ≤ cTx

<latexit sha1_base64="dvww1Fkpv8FHLo4kOGV79G+shos="></latexit>

Proof
>L RUV^ [OH[ Ax  b� AT y + c = 0 HUK y � 0� ;OLYLMVYL�

<latexit sha1_base64="xwEey0etSqGluPNL09iwyNYmnj0="></latexit>

0 ≤ yT (b−Ax) = bT y − yTAx = cTx+ bT y

<latexit sha1_base64="ysV00ZKG1sNIlO0AOqGMzEXjNqI="></latexit>

Remark
࠮ (U` K\HS MLHZPISL y NP]LZ H SV^LY IV\UK VU [OL WYPTHS VW[PTHS ]HS\L
࠮ (U` WYPTHS MLHZPISL x NP]LZ HU \WWLY IV\UK VU [OL K\HS VW[PTHS ]HS\L
࠮ cTx+ bT y PZ [OL K\HSP[` NHW

<latexit sha1_base64="tVd+d/r4wNYPUED63xN4x8mfHLw="></latexit>

0M x, y ZH[PZM`!
࠮ x PZ H MLHZPISL ZVS\[PVU [V [OL WYPTHS WYVISLT
࠮ y PZ H MLHZPISL ZVS\[PVU [V [OL K\HS WYVISLT

<latexit sha1_base64="pIsS7swAWA9/Gmftuz/bz1RIWEo="></latexit>



Weak duality

15

Corollaries

Unboundedness vs feasibility
࠮ 7YPTHS \UIV\UKLK �p? = �1� ) K\HS PUMLHZPISL �d? = �1�
࠮ +\HS \UIV\UKLK �d? = +1� ) WYPTHS PUMLHZPISL �p? = +1�

<latexit sha1_base64="GqKMHFNvSmE2l2tvaajvDHa5OsE="></latexit>

Optimality condition

;OLU x HUK y HYL VW[PTHS ZVS\[PVUZ [V [OL WYPTHS HUK K\HS WYVISLT YLZWLJ[P]LS`

<latexit sha1_base64="82kL+63gEVzxSDlCRpiXRZDLjJ8="></latexit>

0M x, y ZH[PZM`!
࠮ x PZ H MLHZPISL ZVS\[PVU [V [OL WYPTHS WYVISLT
࠮ y PZ H MLHZPISL ZVS\[PVU [V [OL K\HS WYVISLT
࠮ ;OL K\HSP[` NHW PZ aLYV� P�L�� cTx+ bT y = 0

<latexit sha1_base64="HARHS9ocTy4iPtwZEp2aG8sZfcI="></latexit>



Strong duality
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Theorem

If a linear optimization problem has an optimal solution, then

• so does its dual

• the optimal values of the primal and dual are equal

<latexit sha1_base64="4eDUFiZeb/GCyV629nLNYPr5PWs="></latexit>

DualPrimal
TPUPTPaL cTx

Z\IQLJ[ [V Ax = b

x ≥ 0

<latexit sha1_base64="HPMbYtzn0EM0OJtYXiUwEiG72Zc="></latexit>

TH_PTPaL −bT y

Z\IQLJ[ [V AT y + c ≥ 0

<latexit sha1_base64="AuCv/vET+aXjAnRcVrvP9bEk49I="></latexit>



Relationship between primal and dual
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primal inf.

dual unb.

optimal values equal

exception primal unb.

dual inf

d? ÄUP[L

<latexit sha1_base64="1/wKDP4NEo6iVB2m5j9s4HMHfgw="></latexit>

d? = +1

<latexit sha1_base64="y/kOTV4vXgvsMy4DJ2J0Akvz9zE="></latexit>

d? = �1

<latexit sha1_base64="uHXKSKJUbz2X9DyYumDRvq5JM+k="></latexit>

p? = �1

<latexit sha1_base64="MvfLH0TzFqwK+AGySH+LwfWEzLY="></latexit>

p? = +1

<latexit sha1_base64="vbn6E8862eG8bLhgDSY69Xk8weE="></latexit>

p? ÄUP[L

<latexit sha1_base64="YxoPNuFL7J1jZsSJ6fSHhJ4tENk="></latexit>



Complementary slackness
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Theorem

Primal Dual
TPUPTPaL cTx

Z\IQLJ[ [V Ax ≤ b

<latexit sha1_base64="4SLIyybDLsW4EisEGAZzVa/nhY8="></latexit>

TH_PTPaL −bT y

Z\IQLJ[ [V AT y + c = 0

y ≥ 0

<latexit sha1_base64="oaj5YVrar4QqelpzNtZl3ufiwOM="></latexit>

7YPTHS�K\HS MLHZPISL x� y HYL VW[PTHS PM HUK VUS` PM

<latexit sha1_base64="72haPqPGgcnAxmY+mVQAisPg3mI="></latexit>

yi(bi − aTi x) = 0, i = 1, . . . ,m

<latexit sha1_base64="rQuW9qi89f5Q0v8b3wsOIihZbqM="></latexit>

P�L�� H[ VW[PT\T� b�Ax HUK y OH]L H JVTWSLTLU[HY` ZWHYZP[` WH[[LYU!

<latexit sha1_base64="9wrLbmXVQhduTWQORUMLsleMvto="></latexit>

yi > 0 ) aTi x = bi

<latexit sha1_base64="zte0nvrorW6e8zWFKdLM3pqUn3Q="></latexit>

aTi x < bi ⇒ yi = 0

<latexit sha1_base64="zA3QkH6VcH1T/BE4VJYj040CCdo="></latexit>



Complementary slackness
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Proof
;OL K\HSP[` NHW H[ WYPTHS MLHZPISL x HUK K\HS MLHZPISL y JHU IL ^YP[[LU HZ

<latexit sha1_base64="V10qm8n1+SPIwZ4t7bYNA28VYPM="></latexit>

cTx+ bT y = (�AT y)Tx+ bT y = (b�Ax)T y =
mX

i=1

yi(bi � aTi x) = 0

<latexit sha1_base64="WTBHnoxtKTeYyj5G15cnMM1WYEI="></latexit>

Primal Dual
TPUPTPaL cTx

Z\IQLJ[ [V Ax ≤ b

<latexit sha1_base64="4SLIyybDLsW4EisEGAZzVa/nhY8="></latexit>

TH_PTPaL −bT y

Z\IQLJ[ [V AT y + c = 0

y ≥ 0

<latexit sha1_base64="oaj5YVrar4QqelpzNtZl3ufiwOM="></latexit>

:PUJL HSS [OL LSLTLU[Z VM [OL Z\T HYL UVUULNH[P]L� [OL` T\Z[ HSS IL 0

<latexit sha1_base64="s3SP17mJgKpYNsyvGsZof/hgIMo="></latexit>

-VY MLHZPISL x HUK y JVTWSLTLU[HY` ZSHJRULZZ $ aLYV K\HSP[` NHW

<latexit sha1_base64="/KsdLYpThzGHBVrRC6/fHQlrLUM="></latexit>



Example
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TPUPTPaL −4x1 − 5x2

Z\IQLJ[ [V





−1 0

2 1

0 −1

1 2





[
x1

x2

]
≤





0

3

0

3





<latexit sha1_base64="qWvNkg9ZU/4DpEaDhOt4yEdiJWo="></latexit>

:LJVUK HUK MV\Y[O JVUZ[YHPU[Z HYL HJ[P]L H[ x

<latexit sha1_base64="fG09h8lEAnb2H1mIqQ/wTP/A94A="></latexit>

y = (0, y2, 0, y4)

<latexit sha1_base64="CeqRMyXXUpw6B4JvhQJ0khBe6Jg="></latexit>

AT y = −c ⇒
[
2 1

1 2

][
y2
y4

]
=

[
4

5

]

<latexit sha1_base64="CZqQiNF+vedpzdyPmZyjUKi5+iA="></latexit>

y2 ≥ 0, y4 ≥ 0

<latexit sha1_base64="JUP1Nj4zCb3shC3PcFB8Xl/rNRk="></latexit>

and

y = (0, 1, 0, 2) ZH[PZÄLZ [OLZL JVUKP[PVUZ HUK WYV]LZ [OH[ x PZ VW[PTHS

<latexit sha1_base64="QTTt+AwTsBKn6tbdFexfWvFDr/w="></latexit>

3L[»Z ZOV^ [OH[ MLHZPISL x = (1, 1) PZ VW[PTHS

<latexit sha1_base64="B81kFNdaBQXt2EvIfYJc7+1m1Ho="></latexit>

*VTWSLTLU[HY` ZSHJRULZZ PZ \ZLM\S [V YLJV]LY y? MYVT x?

<latexit sha1_base64="jO4Eqdmyb1CtHyin6EDOcN0h+rc="></latexit>



Geometric interpretation
,_HTWSL PU R2

<latexit sha1_base64="13bKbVbisGcSsCEFLrZdzsqmyPA="></latexit>

21

x!

<latexit sha1_base64="+jDiYZ6ROT1P7S+wPmpE8k10UWU="></latexit>

a1

<latexit sha1_base64="/ejWg8DVgF65TRktZtAmGvqDF9I="></latexit>

a2

<latexit sha1_base64="UNixJ33oiXOhGMCghDYg192JaUo="></latexit>

−c

<latexit sha1_base64="dKCmff4E1I2iSUZKYZFxkIOe7v4="></latexit>

;̂ V HJ[P]L JVUZ[YHPU[Z H[ VW[PT\T! aT1 x? = b1, aT2 x
? = b2

<latexit sha1_base64="4HnmTUw334kxfNlo2Jg+Ekqyd4I="></latexit>

6W[PTHS K\HS ZVS\[PVU y ZH[PZÄLZ!

<latexit sha1_base64="abzYU/XrwnrVYLqUjfAW1HTOQjQ="></latexit>

AT y + c = 0, y ≥ 0, yi = 0 MVY i "= {1, 2}

<latexit sha1_base64="uCJ0h9ICiKq+sPyyniKppXX/pGY="></latexit>

0U V[OLY ^VYKZ� �c = a1y1 + a2y2 ^P[O y1, y2 � 0

<latexit sha1_base64="FIGKKB4mVaXR39lv6LCbZBOKpDQ="></latexit>



Sensitivity analysis



Changes in problem data
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.VHS! L_[YHJ[ PUMVYTH[PVU MYVT x?, y? HIV\[ [OLPY ZLUZP[P]P[` ^P[O YLZWLJ[ [V
JOHUNLZ PU WYVISLT KH[H

<latexit sha1_base64="RdlIDuM0CyX90mOGyXQbdA+NRy8="></latexit>

Modified LP
TPUPTPaL cTx

Z\IQLJ[ [V Ax = b+ u

x ≥ 0

<latexit sha1_base64="EZdJ9+wVkD/5UceOzpPEXzMuziU="></latexit>

p!(u) = min{cTx | Ax = b+ u, x ≥ 0}

<latexit sha1_base64="tqGpNp3rFyZmyiN9F/kh25B9oAs="></latexit>

(ZZ\TW[PVU! p?(0) PZ ÄUP[L

<latexit sha1_base64="ZtFLlBbkM40hO8nRdFuxQIKwuik="></latexit>

Properties
<latexit sha1_base64="7QT7XFPVyVTZaC3r4oRA9NNqEiY="></latexit>

࠮ p?(u) > �1 L]LY`^OLYL �MYVT NSVIHS SV^LY IV\UK�
࠮ p?(u) PZ WPLJL^PZL�SPULHY VU P[Z KVTHPU

Optimal value function



Global sensitivity

24

Dual of modified LP

Global lower bound
.P]LU y? H K\HS VW[PTHS ZVS\[PVU MVY u = 0� [OLU

<latexit sha1_base64="oUX/mCQ1iXbYWTmGblUNqVo+jaQ="></latexit>

p?(u) � �(b+ u)T y?

= p?(0)� uT y?

<latexit sha1_base64="HeXnr+PleJv4aMG0bOIXgb4oZ9U="></latexit>

(from weak duality and  
dual feasibility)

0[ OVSKZ MVY HU` u

<latexit sha1_base64="pO45dFV4oTd5nsH+8kz95DO/TDs="></latexit>

TH_PTPaL −(b+ u)T y

Z\IQLJ[ [V AT y + c ≥ 0

<latexit sha1_base64="93Op7bnvmnHIy4uUa2lpaYU3juY="></latexit>



Local sensitivity
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Original LP
TPUPTPaL cTx

Z\IQLJ[ [V Ax = b

x ≥ 0

<latexit sha1_base64="37kDWxYzfWmwzJ8PCmqbpnkpSjM=">AAAD93icbVPLbhMxFHUbHiU82sKSjUXVCiE1momogAVSUTdhUVRQ01aqQ+VxbhJTP0a2J0ywRkj8Bgt2iC1fwIItP8AnsIUfwE4jlUnx6uqc+zz3OssFty5Jfi4sNi5dvnJ16Vrz+o2bt5ZXVm8fWF0YBl2mhTZHGbUguIKu407AUW6AykzAYXa6E/nDMRjLtdp3kxx6kg4VH3BGXYBOVnokgyFXnhpDJ5UXomoSmenSS6645O </latexit>

Optimal solution
u PU ULPNOIVYOVVK VM [OL VYPNPU

<latexit sha1_base64="7CM1i84FNeXha/qIDykPURoWX80="></latexit>

Modified LP
TPUPTPaL cTx

Z\IQLJ[ [V Ax = b+ u

x ≥ 0

<latexit sha1_base64="EZdJ9+wVkD/5UceOzpPEXzMuziU=">AAAD+3icbVNNbxMxEHUbPkr4auHIxaJqhUCNNhEVcEAq6iUcigpq2kp1qLzOZGPqj5XtDRusFRJ/gyM3xJUzRy78AX4EV7hip5HKpvg0eu/NeOZ5nOaCW5ckPxcWGxcuXrq8dKV59dr1GzeXV27tW10YBj2mhTaHKbUguIKe407AYW6AylTAQXqyHfmDMRjLtdpzkxz6kmaKDzmjLkDHy5SkkHHlqTF0UnkhqiaRqS695IpL/g </latexit>

TH_PTPaL −(b+ u)T y

Z\IQLJ[ [V AT y + c ≥ 0

<latexit sha1_base64="93Op7bnvmnHIy4uUa2lpaYU3juY="></latexit>

Modified dual
Optimal basis 

does not change

y?(u) = y?

<latexit sha1_base64="MzJ2LRtIy3XlGgkaGqDFGv9lDHA="></latexit>

Modified optimal solution
<latexit sha1_base64="fCFqIhqfkrInovhrsyqYFSlmyLM="></latexit>

x?
B(u) = A�1

B (b+ u) = x?
B +A�1

B u

Primal
<latexit sha1_base64="klyZcvjdlQzGzzKfI+pHvOS6ZDI="></latexit>

xi = 0, i /2 B

x?
B = A�1

B b
<latexit sha1_base64="QXGFoMfMZqwG5CEHPHXz3apnl3k="></latexit>

y? = �A�T
B cBDual



Derivative of the optimal value function

26

Optimal value function

�HɉUL MVY ZTHSS u�

<latexit sha1_base64="ASuF2ygC/2FQ74bOt9AHCYnrNg8="></latexit>

<latexit sha1_base64="NVXTqDkIHXsmpfjoqyv1ONHEe2A="></latexit>

p?(u) = cTx?(u)

= cTx? + cTBA
�1
B u

= p?(0)� y?Tu

Local derivative
<latexit sha1_base64="1pxJxc5Ev1Nook/y+/JmgnOgXAM="></latexit>

rp?(u) = �y? �y? HYL [OL ZOHKV^ WYPJLZ�

<latexit sha1_base64="yjSmpJ0fAKrSR5Tff1d7j16qWqs="></latexit>

y?(u) = y?

<latexit sha1_base64="MzJ2LRtIy3XlGgkaGqDFGv9lDHA="></latexit>

Modified optimal solution
<latexit sha1_base64="fCFqIhqfkrInovhrsyqYFSlmyLM="></latexit>

x?
B(u) = A�1

B (b+ u) = x?
B +A�1

B u



Network flow optimization



Arc-node incidence matrix

28

<latexit sha1_base64="MuvRncaiQjCsktgEWxTzAdyPLXo="></latexit>

m⇥ n TH[YP_ A ^P[O LU[YPLZ
<latexit sha1_base64="T/ZIqLC7nzcYzdzgOlVJdz29Ii4="></latexit>

Aij =






1 PM HYJ j Z[HY[Z H[ UVKL i

−1 PM HYJ j LUKZ H[ UVKL i

0 V[OLY^PZL

<latexit sha1_base64="8r37ioChmbs0gNp1H02Du9pZDVQ="></latexit>

1
<latexit sha1_base64="CObi2qOJ/dnlMiY4C28y5eJSRPM="></latexit>

2

<latexit sha1_base64="4gs5Z2tDSrJ5zjR3VZZFzsybwuU="></latexit>

3

<latexit sha1_base64="jWRwL1IObSoPNur/hBm6pNgnHZM="></latexit>

4

<latexit sha1_base64="nnvo/BV6HgA3pimI1P7yK1+Gg8s="></latexit>

5

<latexit sha1_base64="TIoal2yNm3ruIVvax9UC8HecooY="></latexit>

6

<latexit sha1_base64="8r37ioChmbs0gNp1H02Du9pZDVQ="></latexit>

1

<latexit sha1_base64="sY5NcQ1wm6kCEF5I60/LxX8H9a8="></latexit>

8

<latexit sha1_base64="4gs5Z2tDSrJ5zjR3VZZFzsybwuU="></latexit>

3<latexit sha1_base64="CObi2qOJ/dnlMiY4C28y5eJSRPM="></latexit>

2
<latexit sha1_base64="TIoal2yNm3ruIVvax9UC8HecooY="></latexit>

6

<latexit sha1_base64="nnvo/BV6HgA3pimI1P7yK1+Gg8s="></latexit>

5
<latexit sha1_base64="jWRwL1IObSoPNur/hBm6pNgnHZM="></latexit>

4
<latexit sha1_base64="ixrPHOUg3WdIzY4a5IGguWcZkHQ="></latexit>

7

<latexit sha1_base64="ZL+yEGjPj6ihChlUwhgVPSpaWDk="></latexit>

A =





1 1 0 0 0 0 0 −1

−1 0 1 0 0 0 0 1

0 −1 −1 −1 1 1 0 0

0 0 0 1 0 0 −1 0

0 0 0 0 0 −1 1 0

0 0 0 0 −1 0 0 0





<latexit sha1_base64="RSxn3Vn5SYmuzf8C4+kHBnA5hCk="></latexit>

5V[L ,HJO JVS\TU OHZ
VUL �1 HUK VUL 1



External supply

29

<latexit sha1_base64="rELPuMy1XHI+1/FKj5YDdQedVyU="></latexit>

Z\WWS` ]LJ[VY b 2 Rm

<latexit sha1_base64="xwWCeK6NQrqaxEV7EaNAWLse6sc="></latexit>

i

<latexit sha1_base64="uvREST7wqu4y9o7QF69dAaCJMn8="></latexit>

Aij = −1

<latexit sha1_base64="Urz86NOrW4jXlz6wENlFXPLi8Gk="></latexit>xj

<latexit sha1_base64="8Rgo9k5kn+ylKe761ddy0T+0rWg="></latexit>

Aik = 1

<latexit sha1_base64="/mThHT35pr+XtWkbYWpW9zlKPC8="></latexit>xk

<latexit sha1_base64="TIioYBAqEYwz0tya/nc8IT6MfLQ="></latexit>

bi

<latexit sha1_base64="XOzXN/z6aCKrRFcFRrf633e/JV0="></latexit>

࠮ bi PZ [OL L_[LYUHS Z\WWS` H[ UVKL i
�PM bi < 0� P[ YLWYLZLU[Z KLTHUK�

࠮ >L T\Z[ OH]L 1T b = 0
�[V[HS Z\WWS` $ [V[HS KLTHUK�

Balance equations
<latexit sha1_base64="mzEIwX8l45J0jZjlgSmx+9TJ55c="></latexit> n∑

j=1

Aijxj = (Ax)i = bi, MVY HSS i
<latexit sha1_base64="i98aM2XUMj1eu8pqwxi6yO03/lQ="></latexit>

Ax = b

Total leaving  
flow

Supply



Minimum cost network flow problem

30

<latexit sha1_base64="V4mhQbhQEMtcAm1D0mqu1MpoQj4="></latexit>

࠮ ci PZ \UP[ JVZ[ VM ÅV^ [OYV\NO HYJ i

࠮ -SV^ xi T\Z[ IL UVUULNH[P]L

࠮ ui PZ [OL TH_PT\T ÅV^ JHWHJP[` VM HYJ i

࠮ 4HU` UL[^VYR VW[PTPaH[PVU WYVISLTZ HYL Q\Z[ ZWLJPHS JHZLZ

<latexit sha1_base64="H1jzMDqYdaaRdnzQt65zAxAS2Vw="></latexit>

TPUPTPaL cTx

Z\IQLJ[ [V Ax = b

0 ≤ x ≤ u



Integrality theorem

31

Given a polyhedron

where
<latexit sha1_base64="iNkGDVy8PgmkiLCssmwRLBV6t3U="></latexit>

HSS [OL L_[YLTL WVPU[Z VM P
HYL PU[LNLY ]LJ[VYZ�

<latexit sha1_base64="vaDpBmhnDhEUgs30dWJWEjdCfcg="></latexit>

P = {x ∈ Rn | Ax = b, x ≥ 0}

<latexit sha1_base64="6j0wx2PqncHLxO/dxeGUhDjdySA="></latexit>

࠮ A PZ [V[HSS` \UPTVK\SHY
࠮ b PZ HU PU[LNLY ]LJ[VY

Proof
<latexit sha1_base64="1MAy09PsUhZW61YDz+i87fiYYyw="></latexit>

࠮ (SS L_[YLTL WVPU[Z HYL IHZPJ MLHZPISL ZVS\[PVUZ
^P[O xB = A�1

B b HUK xi = 0, i 6= B
࠮ A�1

B OHZ PU[LNLY JVTWVULU[Z ILJH\ZL VM [V[HS \UPTVK\SHYP[` VM A
࠮ b OHZ HSZV PU[LNLY JVTWVULU[Z
࠮ ;OLYLMVYL� HSZV x PZ PU[LNYHS



Maximum flow problem
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<latexit sha1_base64="qM8PBwNO9CVOjo8zGx+f6rDdXTk="></latexit>

.VHS TH_PTPaL ÅV^ MYVT UVKL 1 �ZV\YJL�
[V UVKL m �ZPUR� [OYV\NO [OL UL[^VYR

<latexit sha1_base64="8r37ioChmbs0gNp1H02Du9pZDVQ="></latexit>

1
<latexit sha1_base64="uDiaG5xmu6qPf2ACjHhMofgFBFU="></latexit>m

<latexit sha1_base64="039KEEd0FO6I+lgIag4WUYZWr9M="></latexit>

t
<latexit sha1_base64="039KEEd0FO6I+lgIag4WUYZWr9M="></latexit>

t

<latexit sha1_base64="eb++4+9YQrhO9hDddTeGJ3yAQXg="></latexit>

e = (1, 0, . . . , 0,−1)

<latexit sha1_base64="IuE2bBNvlBVEzN+Tf4JUYx4OuAA="></latexit>

TH_PTPaL t

Z\IQLJ[ [V Ax = te

0 ≤ x ≤ u



Maximum flow as minimum cost flow
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<latexit sha1_base64="8r37ioChmbs0gNp1H02Du9pZDVQ="></latexit>

1
<latexit sha1_base64="uDiaG5xmu6qPf2ACjHhMofgFBFU="></latexit>m

<latexit sha1_base64="QBkwQY17SVQXCZlUHekFbCaoYL0="></latexit>

(Y[PÄJPHS HYJ n+ 1

<latexit sha1_base64="CiqCEvoIv4cv9iRFd86tQpJRGNM="></latexit>

TPUPTPaL −t

Z\IQLJ[ [V
[
A −e

] [x
t

]
= 0

0 ≤
[
x

t

]
≤

[
u

∞

]



Shortest path problem

34

<latexit sha1_base64="8r37ioChmbs0gNp1H02Du9pZDVQ="></latexit>

1
<latexit sha1_base64="uDiaG5xmu6qPf2ACjHhMofgFBFU="></latexit>m

<latexit sha1_base64="kpd4Hh85e7w315WXKclFhYBwV94="></latexit>

.VHS -PUK [OL ZOVY[LZ[ WH[O IL[^LLU UVKLZ 1 HUK m

<latexit sha1_base64="J7sHIIwIAg2xOftaVbJQa6ueTLk="></latexit>

WH[OZ JHU IL YLWYLZLU[LK
HZ ]LJ[VYZ x 2 {0, 1}n

Formulation
<latexit sha1_base64="ElFhxFxI6uGQWnUmYdY37Ncp5oQ="></latexit>

TPUPTPaL cTx

Z\IQLJ[ [V Ax = e

x ∈ {0, 1}n

<latexit sha1_base64="dO8vldVSSXKHhH2uGtHgeAydfhw="></latexit>

࠮ cj PZ [OL ¸SLUN[O¹ VM HYJ j
࠮ e = (1, 0, . . . , 0,�1)
࠮ =HYPHISLZ HYL IPUHY`
�PUJS\KL VY UV[ HYJ PU WH[O�



Shortest path as minimum cost flow

35

<latexit sha1_base64="ElFhxFxI6uGQWnUmYdY37Ncp5oQ="></latexit>

TPUPTPaL cTx

Z\IQLJ[ [V Ax = e

x ∈ {0, 1}n

<latexit sha1_base64="HYekVuzgsycRlrrtpfxKLpr4jRI="></latexit>

TPUPTPaL cTx

Z\IQLJ[ [V Ax = e

0 ≤ x ≤ 1

Relaxation

<latexit sha1_base64="+p6x0joJuDQjLAdBKQDzZ6OILwc="></latexit>

,_[YLTL WVPU[Z
ZH[PZM` xi 2 {0, 1}Example (arc costs shown)

<latexit sha1_base64="8r37ioChmbs0gNp1H02Du9pZDVQ="></latexit>

1

<latexit sha1_base64="F7TjLNzEznAigsi60aAgB5Cu88g="></latexit>

11

<latexit sha1_base64="sY5NcQ1wm6kCEF5I60/LxX8H9a8="></latexit>

8

<latexit sha1_base64="wMwXZTGejgEics/YDhfvC9WoHCU="></latexit>

10

<latexit sha1_base64="Ww4qvNSojuToWB9U65yMCs10HgA="></latexit>

12

<latexit sha1_base64="jWRwL1IObSoPNur/hBm6pNgnHZM="></latexit>

4

<latexit sha1_base64="F7TjLNzEznAigsi60aAgB5Cu88g="></latexit>

11

<latexit sha1_base64="ixrPHOUg3WdIzY4a5IGguWcZkHQ="></latexit>

7

<latexit sha1_base64="RqE8BXgwcQtPWdrgJooK860GaRU="></latexit>

15

<latexit sha1_base64="jWRwL1IObSoPNur/hBm6pNgnHZM="></latexit>

4

<latexit sha1_base64="evoRpipd16fdMK5+W/3ComJFwzY="></latexit>m
<latexit sha1_base64="+2pVQ3ZK6DidnylxpXtvJ4wY248="></latexit>

cTx! = 24

<latexit sha1_base64="btGqVIspROcvnx1Gt7/1yaf1JYM="></latexit>

x? = (0, 1, 0, 0, 0, 1, 0, 0, 1)

<latexit sha1_base64="VnSGa/gB1ZKQxJxGoAzUtMeFyi4="></latexit>

c = (11, 8, 10, 12, 4, 11, 7, 15, 4)



Simplex method



Optimality of extreme points

37

We only need to search between extreme points

࠮ P OHZ H[ SLHZ[ VUL L_[YLTL WVPU[
࠮ ;OLYL L_PZ[Z HU VW[PTHS ZVS\[PVU x?

<latexit sha1_base64="jZVdiAJsIbHjxXo3DFpfpKo+L6o="></latexit>

If

;OLU� [OLYL L_PZ[Z HU VW[PTHS ZVS\[PVU ^OPJO PZ HU L_[YLTL WVPU[ VM P

<latexit sha1_base64="8E4YOFsTmSfbOBTfirH2kB2dSh4="></latexit>

−c

<latexit sha1_base64="v2CH+OmaKXnJzyJgAQ3Umbc79yo="></latexit>

x!

<latexit sha1_base64="Xf4s8Xxn1VLrcVs2ZzPFTzHijSE="></latexit>

<latexit sha1_base64="DT+ninX8JCY6WX+QKSwCIaB7pFg="></latexit>

TPUPTPaL cTx

Z\IQLJ[ [V Ax = b

x ≥ 0

<latexit sha1_base64="mpVyIzmubW7ADtojBqpWWUBtVLk="></latexit>

Ax = b

x ≥ 0



Equivalence

38

Theorem

3L[ x 2 P

<latexit sha1_base64="XS5zs+hqLCv00t5nOH9Se/OMLtA="></latexit>

x PZ H ]LY[L_ () x PZ HU L_[YLTL WVPU[ () x PZ H IHZPJ MLHZPISL ZVS\[PVU

<latexit sha1_base64="CZipqTCt+czbO/EWv7Or38SO+Oc="></latexit>

x

<latexit sha1_base64="m3P6ekWQxPLQ1yTpoX784/8KsZc="></latexit>

<latexit sha1_base64="twtnC8T4KFaDkjQBrRxKhjk/pjI="></latexit>

.P]LU H UVULTW[` WVS`OLKYVU P = {x | Ax = b, x � 0}



Constructing basic solution

39

�� *OVVZL HU` m PUKLWLUKLU[ JVS\TUZ VM A! AB(1), . . . , AB(m)

�� 3L[ xi = 0 MVY HSS i 6= B(1), . . . , B(m)
�� :VS]L Ax = b MVY [OL YLTHPUPUN xB(1), . . . , xB(m)

<latexit sha1_base64="fUNKnmFFvJt39//9EjlNOIIAqpU="></latexit>

Basis 
matrix

Basis columns Basic variables

<latexit sha1_base64="E6iCGR9eDUbp+BZ2XQSbIxNkCSI="></latexit>

:VS]L ABxB = b

<latexit sha1_base64="XMJ7uXD2WzuPRgihnNzZT7wd+50="></latexit>

AB =



AB(1) AB(2) . . . AB(m)



 , xB =





xB(1)

���
xB(m)





0M xB � 0� [OLU x PZ H IHZPJ MLHZPISL ZVS\[PVU

<latexit sha1_base64="V3mx688Q0Bofe66WYuWEhT+dzkA="></latexit>



Conceptual algorithm

• Start at corner


• Visit neighboring corner that 
improves the objective

40

x1

<latexit sha1_base64="qpqh7hiByCI+mm28AIIcKUzVuew="></latexit>

x2

<latexit sha1_base64="2b7zNai+/76/6tDM10UithgaioQ="></latexit>

x3

<latexit sha1_base64="Bu8vHqVPZKf1Xp59c7LxwwO6WNs="></latexit>



How does the cost change?

41

<latexit sha1_base64="CazlamDStpvd6kSeb18yeabiQx8="></latexit>

cT (x+ ✓d)� cTx = ✓cT d

Cost improvement

New cost Old cost

<latexit sha1_base64="dMNqqLB/lwXiaAuwvLibvUuSPf8="></latexit>

>L JHSS c̄j [OL YLK\JLK JVZ[ VM
�PU[YVK\JPUN� ]HYPHISL xj PU [OL IHZPZ

<latexit sha1_base64="j85+4cjO7TikxUeaADfwLQys1WQ="></latexit>

c̄j = cT d =
n∑

i=1

cjdj = cj + cTBdB = cj − cTBA
−1
B Aj



Optimality conditions
Theorem

42

0M c̄ � 0� [OLU x PZ VW[PTHS

<latexit sha1_base64="GOymXuiptvHwIVi3usaJkA5R1eY="></latexit>

3L[ c̄ IL [OL ]LJ[VY VM YLK\JLK JVZ[Z�

<latexit sha1_base64="s5wGd0bFCq/yu0vBEU71jO2dr74="></latexit>

Remark
This is a stopping criterion for the simplex algorithm.
If the neighboring solutions do not improve the cost, we are done

<latexit sha1_base64="10JpWh3L6/CSL+d58vQZPuuTBJY="></latexit>

3L[ x IL H IHZPJ MLHZPISL ZVS\[PVU HZZVJPH[LK ^P[O IHZPZ B



Single simplex iteration

43

<latexit sha1_base64="yCKkTs5RUK90mAU0Y4YbfqvbKtA="></latexit>

�� *VTW\[L [OL YLK\JLK JVZ[Z c̄

࠮ :VS]L AT
Bp = cB

࠮ c̄ = c�AT p

�� 0M c̄ � 0� x VW[PTHS� IYLHR

�� *OVVZL j Z\JO [OH[ c̄j < 0

�� *VTW\[L ZLHYJO KPYLJ[PVU d ^P[O
dj = 1 HUK ABdB = �Aj

�� 0M dB � 0� [OL WYVISLT PZ \UIV\UKLK
HUK [OL VW[PTHS ]HS\L PZ �1� IYLHR

�� *VTW\[L Z[LW SLUN[O ✓? = min
{i2B|di<0}

✓
�xi

di

◆

�� +LÄUL y Z\JO [OH[ y = x+ ✓?d

�� .L[ UL^ IHZPZ B̄ �i L_P[Z HUK j LU[LYZ�

<latexit sha1_base64="yCKkTs5RUK90mAU0Y4YbfqvbKtA="></latexit>

�� *VTW\[L [OL YLK\JLK JVZ[Z c̄

࠮ :VS]L AT
Bp = cB

࠮ c̄ = c�AT p

�� 0M c̄ � 0� x VW[PTHS� IYLHR

�� *OVVZL j Z\JO [OH[ c̄j < 0

�� *VTW\[L ZLHYJO KPYLJ[PVU d ^P[O
dj = 1 HUK ABdB = �Aj

�� 0M dB � 0� [OL WYVISLT PZ \UIV\UKLK
HUK [OL VW[PTHS ]HS\L PZ �1� IYLHR

�� *VTW\[L Z[LW SLUN[O ✓? = min
{i2B|di<0}

✓
�xi

di

◆

�� +LÄUL y Z\JO [OH[ y = x+ ✓?d

�� .L[ UL^ IHZPZ B̄ �i L_P[Z HUK j LU[LYZ�

Bottleneck 
Two linear systems

<latexit sha1_base64="D8RxGOkovoMhk40y0PbjstVkjhE="></latexit>

≈ n2
Matrix inversion lemma trick

     per iteration 
(very cheap)

How many iterations do we need?



Complexity of the simplex method

44

We do not know any polynomial 
version of the simplex method, 
no matter which pivoting rule we pick.

Still open research question!

Worst-case
<latexit sha1_base64="AZwztsH9iJ7fcFb4jI3b4h8QUag="></latexit>

;OLYL HYL WYVISLT PUZ[HUJLZ ^OLYL [OL ZPTWSL_TL[OVK ^PSS Y\U HU L_WVULU[PHS
U\TILY VM P[LYH[PVUZ PU [LYTZ VM [OL KPTLUZPVUZ� L�N� 2n

Good news: average-case
<latexit sha1_base64="ggVY1asEqMQ55CZwqHt2metm+u0="></latexit>

7YHJ[PJHS WLYMVYTHUJL PZ ]LY` NVVK� 6U H]LYHNL� P[ Z[VWZ PU n P[LYH[PVUZ�



Interior point method



46

Primal
TH_PTPaL −bT y

Z\IQLJ[ [V AT y + c = 0

y ≥ 0

<latexit sha1_base64="6L9obZMLJPyW6b5R0k8HuTG+Oz4="></latexit>

Dual
TPUPTPaL cTx

Z\IQLJ[ [V Ax+ s = b

s ≥ 0

<latexit sha1_base64="RfddrwaxJFxJJdm96A3KRooljZU="></latexit>

S =

2

66664

s1
s2

. . .
sm

3

77775

<latexit sha1_base64="a/C7et8nkvFu7dWf+gHAHmhWbWg="></latexit>

Y =

2

66664

y1
y2

. . .
ym

3

77775

<latexit sha1_base64="QZGkY8FYAJ/WeGpaS5WpUj5++7M="></latexit>

=) SY 1 = 0

<latexit sha1_base64="o7PJv++1AWRH7gZJ4XVNTpjNl7A="></latexit>

KKT conditions
Ax+ s� b = 0

AT y + c = 0

siyi = 0, i = 1, . . . ,m

s, y � 0

<latexit sha1_base64="QJeGj2KBHyT1tRtPJI5aRD4w6Tk="></latexit>

Optimality conditions



Main idea

47

S = diag(s)

Y = diag(y)

<latexit sha1_base64="NtRUT1gLCqwsU99QJhSlab+7ZgM="></latexit>

h(x, s, y) =

2

64
Ax+ s� b

AT y + c

SY 1

3

75 = 0

s, y � 0

<latexit sha1_base64="YVsGqBWGtataW2jUC+9m966e2Vk="></latexit>

Pure Newton’s step does not allow significant progress towards
h(x, s, y) = 0 HUK x, y � 0�

<latexit sha1_base64="3xk8gQCC/sPUbXuiW3igGFOT/r0="></latexit>

Issue

<latexit sha1_base64="zktYSuKArRF943AJnYLELDwA77U="></latexit>

࠮ (WWS` ]HYPHU[Z VM 5L^[VU»Z TL[OVK [V ZVS]L h(x, s, y) = 0
࠮ ,UMVYJL s, y > 0 �Z[YPJ[S`� H[ L]LY` P[LYH[PVU
࠮ 4V[P]H[PVU H]VPK NL[[PUN Z[\JR PU ¸JVYULYZ¹



Smoothed optimality conditions

48

Optimality conditions
Ax+ s� b = 0

AT y + c = 0

siyi = ⌧

s, y � 0

<latexit sha1_base64="3IM8iAHG1jqSvd77yc5lzQermQ8="></latexit>

:HTL ⌧ MVY L]LY` WHPY

<latexit sha1_base64="IVExJtIBu00dUFWKhbCTfbvLm5A="></latexit>

Same optimality conditions for a “smoothed” version of our problem
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Newton’s method for smoothed optimality conditions
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h⌧ (x, s, y) =

2

64
Ax+ s� b

AT y + c

SY 1� ⌧1

3

75 = 0

s, y � 0
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Smoothed optimality conditions
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Algorithm step
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Duality measure

Centering parameter
σ ∈ [0, 1]
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Path-following algorithm idea
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Newton step
σ = 0
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Centering step
σ = 1
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Combined step

Centering step
Moves towards the central path
and is usually biased towards s, y > 0.
No progress on duality measure µ
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Newton step
Moves towards the zero duality
measure µ. Quickly violates s, y > 0.
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Combined step
Best of both, with longer steps.



Convergence
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No convergence theory Examples where it diverges (rare!)

Mehrotra’s algorithm

Fantastic convergence in practice Fewer than 30 iterations
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Theoretical iteration complexity
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Average iteration complexity
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Operations

O(n3.5)
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Interior-point vs simplex



Comparison between interior-point method and simplex
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Primal simplex

• Primal feasibility

• Zero duality gap

• Dual feasibility

Dual simplex

• Dual feasibility

• Zero duality gap

• Primal feasibility

Primal-dual interior-point

• Interior condition

• Primal feasibility

• Dual feasibility

• Zero duality gap

Exponential worst-case complexity

Requires feasible point

Can be warm-started

Polynomial worst-case complexity

Allows infeasible start

Cannot be warm-started



Which algorithm should I use?
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Dual simplex

How do solvers with multiple options decide?
Concurrent Optimization

Interior-point (barrier)

• Small-to-medium problems

• Repeated solves with varying constraints

• Medium-to-large problems

• Sparse structured problems

Why not both? (crossover)
Interior-point Few simplex steps

https://www.gurobi.com/documentation/9.0/refman/concurrent_optimizer.html


Average simplex complexity
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Average interior-point complexity
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Questions



Next lecture

• Integer optimization
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