
Bartolomeo Stellato — Spring 2025

ORF307 – Optimization
10. Applications of linear optimization



Midterm

• Date Thursday March 6 
Time: 11:00am — 12:20pm  
Location: CS Auditorium 104. 
Topics: Up to last lecture (excluding equivalence theorem) 
Material allowed: Single sheet of paper. Double sided. Hand-written or typed.
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Today’s agenda
Applications of linear optimization
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• Optimal control


• Character recognition


• Portfolio optimization



Optimal control



Optimal control problems
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Simulation
<latexit sha1_base64="1Hc7pjd21LDiERssgwVNIjf6DCI="></latexit>

࠮ ;OL ZLX\LUJL x1, x2, . . . PZ JHSSLK Z[H[L [YHQLJ[VY`
࠮ ;OL ZLX\LUJL y1, y2, . . . PZ JHSSLK V\[W\[ [YHQLJ[VY`

࠮ .VHS! .P]LU x1, u1, u2, . . . � ÄUK x2, x3, . . . HUK y2, y3, . . . �
࠮ 6I[HPULK I` YLJ\YZPVU� -VY t = 1, 2, . . . � JVTW\[L
xt+1 = Axt +But HUK yt = Cxt

Linear dynamical system
<latexit sha1_base64="+HIo2jrt1NQ6CffmqOt3+sm9W0E="></latexit>

࠮ ;OL n�]LJ[VY xt PZ [OL Z[H[L H[ [PTL t
࠮ ;OL m�]LJ[VY ut PZ [OL PUW\[ H[ [PTL t
࠮ ;OL p�]LJ[VY yt PZ [OL V\[W\[ H[ [PTL t
࠮ ;OL n⇥ n TH[YP_ A PZ [OL K`UHTPJZ TH[YP_
࠮ ;OL n⇥m TH[YP_ B PZ [OL PUW\[ TH[YP_
࠮ ;OL p⇥ n TH[YP_ C PZ [OL V\[W\[ TH[YP_

<latexit sha1_base64="Js5CU0I4GqgdvjcwyMsErfQ/Aas="></latexit>

xt+1 = Axt +But, t = 1, 2, . . .

yt = Cxt, t = 1, 2, . . .



Optimal control problem
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The problem

Linear dynamical system
<latexit sha1_base64="Js5CU0I4GqgdvjcwyMsErfQ/Aas="></latexit>

xt+1 = Axt +But, t = 1, 2, . . .

yt = Cxt, t = 1, 2, . . .

<latexit sha1_base64="GtaDXTlDE8CFU/Hkik/CI6GUejA="></latexit>

࠮ ;OL PUP[PHS Z[H[L x1 = xinit PZ NP]LU
࠮ .VHS� *OVVZL u1, u2, . . . , uT�1 [V HJOPL]L ZVTL NVHSZ� L�N��

¶ .L[ [V KLZPYLK ÄUHS Z[H[L xT = xdes

¶ 4PUPTPaL [OL PUW\[ LɈVY[ �THRL kutk ZTHSS MVY HSS t�
¶ ;YHJR KLZPYLK V\[W\[ ydest �THRL kyt � ydest k ZTHSS MVY HSS t�



Least squares optimal control problem
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<latexit sha1_base64="TAzbF7vpuE+EFqTXFa3dnaidbWg="></latexit>

࠮ ;OL ]HYPHISLZ HYL x2, . . . , xT � y2, . . . , yT � HUK ut . . . , uT�1

࠮ 7HYHTL[LY ⇢ > 0 JVU[YVSZ [YHKL VɈ IL[^LLU
JVU[YVS ¹LULYN`¹ HUK [YHJRPUN LYYVY

࠮ 0[ PZ H T\S[P�VIQLJ[P]L HUK JVUZ[YHPULK SLHZ[ ZX\HYLZ WYVISLT

Remarks

<latexit sha1_base64="hZ/kAjeI2oVaV/G0DUCEw1j4TJk="></latexit>

TPUPTPaL
∑T

t=1 ‖yt − ydest ‖2 + ρ
∑T−1

t=1 ‖ut‖2

Z\IQLJ[ [V xt+1 = Axt +But, t = 1, . . . , T − 1

yt = Cxt, t = 1, . . . , T

x1 = xinit



1-norm optimal control problem
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Remarks
<latexit sha1_base64="d1o2jKIADuZrXhfl1BmcZ6ljK0g="></latexit>

࠮ k · k1 PUZ[LHK VM k · k22
࠮ 3PULHY PULX\HSP[` JVUZ[YHPU[Z!

Dxt  d MVY Z[H[LZ HUK Eut  e MVY PUW\[Z
࠮ 0Z H SPULHY VW[PTPaH[PVU WYVISLT �^P[O HKKP[PVUHS ]HYPHISLZ�

<latexit sha1_base64="D7PcnjEp0hLy85nc9ewpe72WQtk="></latexit>

TPUPTPaL
∑T

t=1 ‖yt − ydest ‖1 + ρ
∑T−1

t=1 ‖ut‖1
Z\IQLJ[ [V xt+1 = Axt +But, t = 1, . . . , T − 1

yt = Cxt, t = 1, . . . , T

Dxt ≤ d, t = 1, . . . , T

Eut ≤ e, t = 1, . . . , T − 1

x1 = xinit



Vehicle example in a plane
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<latexit sha1_base64="FmSKxTDxZuT8DDl1wScN2tDkDj8="></latexit>

:HTWSL WVZP[PVU HUK ]LSVJP[` H[ [PTLZ ⌧ = 0, h, 2h, . . .

<latexit sha1_base64="lE4a4nrMrALWrNISAboGUiydPUk="></latexit>

:THSS [PTL PU[LY]HS h
<latexit sha1_base64="NuaJBzC0a8uTPi1vCGevAWFxcRY="></latexit>

pt+1 = pt + hvt

vt+1 = (1� h⌘/m)vt + (h/m)ut

<latexit sha1_base64="eyYTXgyLDkgfyFKWST3SOimxaM0="></latexit>pt+1 � pt
h

⇡ vt

m
vt+1 � vt

h
⇡ �hvt + ut

<latexit sha1_base64="8nOpHscynbO5esBkv25sPMPNNDA="></latexit>

࠮ ��]LJ[VY pt PZ [OL WVZP[PVU H[ [PTL ht
࠮ ��]LJ[VY vt PZ [OL ]LSVJP[` H[ [PTL ht
࠮ ��]LJ[VY ut PZ [OL MVYJL HWWSPLK H[ [PTL ht
࠮ �⌘vt PZ [OL MYPJ[PVU MVYJL HWWSPLK H[ ht

<latexit sha1_base64="oWWRM9bEA7gwlCCESP5oX2EQd00="></latexit>

=LOPJSL ^P[O THZZ m



Vehicle example in a plane
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State
<latexit sha1_base64="914QH+68izQTTAQCQuV0L13b01c="></latexit>

��]LJ[VY xt = (pt, vt)

Dynamics
<latexit sha1_base64="XEIlFzw23jMwr/P92TR9OqCjaJg="></latexit>

xt+1 = Axt +But

yt = Cxt

<latexit sha1_base64="tPDbu+9H6jDShKjAmO0OAV29kdE="></latexit>

A =

2

6664

1 0 h 0

0 1 0 h

0 0 1� h⌘/m 0

0 0 0 1� h⌘/m

3

7775
, B =

2

6664

0 0

0 0

h/m 0

0 h/m

3

7775
, C =

"
1 0 0 0

0 1 0 0

#

Laws of physics
<latexit sha1_base64="NuaJBzC0a8uTPi1vCGevAWFxcRY="></latexit>

pt+1 = pt + hvt

vt+1 = (1� h⌘/m)vt + (h/m)ut

<latexit sha1_base64="prm9wXakqySaVMko8F1d6LbMQXY="></latexit>yt = pt

output = position



Vehicle example with output tracking
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<latexit sha1_base64="3vesrrqnLLiPjAyU0vRDa8gEqB0="></latexit>

T = 100, h = 0.1, ⌘ = 0.1, m = 1



Vehicle example with output tracking
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1-norm results Parameters
<latexit sha1_base64="3vesrrqnLLiPjAyU0vRDa8gEqB0="></latexit>

T = 100, h = 0.1, ⌘ = 0.1, m = 1
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Vehicle example with output tracking
1-norm with constraints
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Linear optimization can have more interesting constraints

max-input

max-input variation

<latexit sha1_base64="clbLiVPEB8aTc5OtNHRwQdyn4yk="></latexit>

TPUPTPaL
∑T

t=1 ‖yt − ydest ‖1 + ρ
∑T−1

t=1 ‖ut‖1
Z\IQLJ[ [V xt+1 = Axt +But, t = 1, . . . , T − 1

yt = Cxt, t = 1, . . . , T

‖ut‖∞ ≤ umax, t = 1, . . . , T − 1

‖ut − ut−1‖1 ≤ smax, t = 1, . . . , T − 1

x1 = xinit



Vehicle example with output tracking
1-norm with constraints results
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<latexit sha1_base64="AFwCz3qofw2/PvgxdVJeVi/jE3A="></latexit>

umax = 10, smax = 0.1



Character recognition



Character recognition
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MNIST data set of handwritten numerals 

• Each character is 28 x 28 pixels


• 60k example images 


• 10k further testing images


• Each sample comes with a label 0 — 9

Use linear classification to identify handwritten numbers
Goal



Images representation
Monochrome images
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<latexit sha1_base64="oR7DTpLjBhM38wi23l6ToqpOmkg="></latexit>

0THNLZ YLWYLZLU[LK HZ HU m⇥ n TH[YP_ X

<latexit sha1_base64="hXhsph3wEoK9enpzou+BCvlDu8Q="></latexit>

�PU 450:;� m = n = 28�
<latexit sha1_base64="+vOGRpaGWhw77DBPnZoVjFXMz1g="></latexit>

,HJO ]HS\L Xij YLWYLZLU[Z H WP_LS»Z
PU[LUZP[` �0 = ISHJR� HUK 255 = ^OP[L�

<latexit sha1_base64="bY491qVrmlwD82lqng8jN0MVgIA="></latexit>

X =

<latexit sha1_base64="VzYhBFaioZq8NqZMBGwdf+xpJuQ="></latexit>

Xij = xk, k = m(j � 1) + i

<latexit sha1_base64="CuuDPd1/DslfHO4QdpPHzX/nkJo="></latexit>

>L JHU YLWYLZLU[ HU m⇥ n TH[YP_ X
I` H ZPUNSL ]LJ[VY x 2 Rmn

<latexit sha1_base64="KGi/5y+HF5eN2gPBrXsuAhuvs/4="></latexit>x =



Linear classification
Support vector machine (linear separation)
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Linear classification

• given a set of points {v1, . . . , vN} with binary labels si ∈ {−1, 1}

• find hyperplane that strictly separates the two classes

aTvi + b > 0 if si = 1

aTvi + b < 0 if si = −1

homogeneous in a, b, hence equivalent to the linear inequalities (in a, b)

si(a
Tvi + b) ≥ 1, i = 1, . . . , N

Piecewise-linear optimization 2–20

.P]LU H ZL[ VM WVPU[Z {v1, . . . , vN} ^P[O IPUHY` SHILSZ si 2 {�1, 1}

<latexit sha1_base64="RUB8TCB648qmdsPN8gPZVvm5yk4="></latexit>

-PUK O`WLYWSHUL [OH[ Z[YPJ[S` ZLWHYH[LZ [OL [OV JSHZZLZ

<latexit sha1_base64="imXnjk6U3r5/Ggjx7pVJTfdmtnc="></latexit>

Minimize sum of the violations + regularization
<latexit sha1_base64="AGgoUsCWFawyRtm6KUBL/NX9QVg="></latexit>

TPUPTPaL
∑N

i=1 max{0, 1− si(aT vi + b)}+ λ‖a‖1 regularization

aT vi + b > 0 if si = 1

aT vi + b < 0 if si = �1

<latexit sha1_base64="v9wdbkbnKZv+pMWRx1XZNKQFcqc="></latexit>

si(a
T vi + b) � 1

<latexit sha1_base64="HthVdiNIgcdx792tCT3UhrTHXaI="></latexit>



Learn to classify 5
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Multiclass classification
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predicted label: 1 predicted label: 9 predicted label: 4

predicted label: 2 predicted label: 1 predicted label: 2

predicted label: 2 predicted label: 5 predicted label: 3

<latexit sha1_base64="DH966EBwTHAIuLQsi28EYm1v76Y="></latexit>

�� ;YHPU VUL JSHZZPÄLY WLY SHILS k
�L�N�� k ]Z HU`[OPUN LSZL�� VI[HPUPUN (ak, bk)

�� 7YLKPJ[ HSS YLZ\S[Z HUK [HRL [OL TH_PT\T

ŷ(i) = HYNTH_k aTk v
(i) + bk



Portfolio optimization



Portfolio allocation weights

22

<latexit sha1_base64="u0FuvuzcUK3q+rpT1Vd9hfFt3JA="></latexit>

>L ^HU[ [V PU]LZ[ V KVSSHYZ PU n KPɈLYLU[ HZZL[Z �Z[VJRZ� IVUKZ� ����
<latexit sha1_base64="jjJD1JjWMTs623Z3v99Gj+kA+XU="></latexit>

V]LY WLYPVKZ t = 1, . . . , T

Portfolio allocation weights
<latexit sha1_base64="tBhy7rW97XDzyv0zy5RNDjOXM6o="></latexit>

n�]LJ[VY w NP]LZ [OL MYHJ[PVU VM V\Y [V[HS WVY[MVSPV OLSK PU LHJO HZZL[
Properties

<latexit sha1_base64="OjYSGpgibcN/lIqzg0M7flzmGAc="></latexit>

࠮ V wj KVSSHY ]HS\L OVSK PU HZZL[ j
࠮ 1Tw = 1 �UVYTHSPaLK�
࠮ wj < 0 TLHUZ ZOVY[ WVZP[PVUZ �`V\ IVYYV^�
�T\Z[ IL YL[\YULK H[ [PTL T �

࠮ ,_HTWSL! w = (�0.2, 0.0, 1.2)

<latexit sha1_base64="HnVIfgBv4spEa6f18coNFMQ6JQ8="></latexit>

:OVY[ WVZP[PVU
VM 0.2V VU HZZL[ �

<latexit sha1_base64="ZFOwnLtL4uBFNRCQqwlwNwmo9s4="></latexit>

/VSK 1.2V
PU HZZL[ �

<latexit sha1_base64="9qhmzIUh2Rl84zEYv3Xx1A+e73w="></latexit>

+VU»[ OVSK HU`
VM HZZL[ �



Return over a period
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Asset returns
<latexit sha1_base64="TePxH7kdP5hiscH6C/lOw0Axrm8="></latexit>

L_HTWSL! r̃t = (0.01,�0.023, 0.02)<latexit sha1_base64="jVHKjz6LvRg5Mth4Fbqd3AOFeXI="></latexit>

r̃t PZ [OL �MYHJ[PVUHS� YL[\YU
VM LHJO HZZL[ V]LY WLYPVK t (often expressed as percentage)

Total portfolio value 
after a period

<latexit sha1_base64="iMGW9czokLJCnxwX4io1U9ZgDwo="></latexit>

Vt+1 = Vt + Vtr̃
T
t w = Vt(1 + rt)

Portfolio return

<latexit sha1_base64="OvJJ2QHDPryVqHsSKZf/xI04DX4="></latexit>

0[ PZ [OL �MYHJ[PVUHS� YL[\YU
MVY [OL LU[PYL WVY[MVSPV V]LY WLYPVK t

<latexit sha1_base64="/7Z2t5CVEjUNfXKyBZ2jXq/39DM="></latexit>

rt = r̃Tt w



Portfolio optimization

24

<latexit sha1_base64="fi54qKlX2JNKcZFzVf/s8PtT5VA="></latexit>

/V^ ZOHSS ^L JOVVZL [OL WVY[MVSPV ^LPNO[ ]LJ[VY w&

Goals

High (average) return Low risk

Data
<latexit sha1_base64="8eqCsZlJyxUMTVkyPFXX7Xt+hjA="></latexit>

࠮ >L RUV^ YLHSPaLK HZZL[ YL[\YUZ I\[ UV[ M\[\YL VULZ
࠮ 6W[PTPaH[PVU� >L JOVVZL w [OH[ ^V\SK OH]L ^VYRLK ^LSS PU [OL WHZ[
࠮ ;Y\L NVHS� /VWL P[ ^PSS ^VYR ^LSS PU [OL M\[\YL �Q\Z[ SPRL KH[H Ä[[PUN�



Linear optimization for portfolio objective
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Average return
<latexit sha1_base64="i64O+b85fZxrS4i18eEzsJS9WeA="></latexit>

µ PZ [OL n�]LJ[VY VM
H]LYHNL YL[\YUZ WLY HZZL[

<latexit sha1_base64="eYXvAzsslWTv14ejapnT+1PtX7s="></latexit>

avg(r) = (1/T )1T (Rw)

= (1/T )(RT1)Tw = µTw

1-norm risk approximation
<latexit sha1_base64="rYlqKqwwKnfvuNXDH0f4NEb3RBU="></latexit>

‖r − avg(r)1‖1/T

<latexit sha1_base64="v0JL0rAiYbe7zIrPGUNs9wS1E0s="></latexit>

࠮ 5V SVUNLY std(r) �KP]PKL I` T PUZ[LHK VM
p
T �

࠮ 3PULHY VW[PTPaH[PVU YLWYLZLU[HISL
࠮ 0UK\JLZ ZWHYZLY Å\J[\H[PVUZ |ri � avg(r)|

Risk-return objective
<latexit sha1_base64="9LpEN8nSpVXEPKnBTWJai92e+gY="></latexit>

−µTw + λ‖Rw − (µTw)1‖1/T

(tradeoff parameter)



Portfolio optimization 
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<latexit sha1_base64="EuYLIpuh01Kokzv3GpqPFIFkbJ8="></latexit>

*OVZL n�]LJ[VY w [V ZVS]L
Minimize risk-return tradeoff

Remarks
<latexit sha1_base64="Zni/dIY4LyAgah+yRlOGZyw5Lno="></latexit>

࠮ *HU OH]L PULX\HSP[` JVUZ[YHPU[Z �L�N�� SVUN�VUS`�
࠮ ;\UL � [V NL[ KLZPYLK 7HYL[V�VW[PTHS WVPU[
࠮ .P]LZ [OL ILZ[ HSSVJH[PVU w? NP]LU [OL WHZ[ YL[\YUZ

<latexit sha1_base64="7YDZhWkjchczKnpzb8XSxvRqf3w="></latexit>

TPUPTPaL −µTw + λ‖Rw − (µTw)1‖1/T
Z\IQLJ[ [V 1Tw = 1

w ≥ 0



Example
20 assets over 2000 days (past)
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<latexit sha1_base64="HFL8XtrT6MXXCYG5mqHAAhbqxow="></latexit>

࠮ 6W[PTHS WVY[MVSPVZ VU H
Z[YHPNO[ SPUL

࠮ 3PUL Z[HY[Z H[ YPZR�MYLL
WVY[MVSPV �� = 1�

࠮ 1/n T\JO IL[[LY [OHU
ZPUNSL WVY[MVSPVZ



The big assumption
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Future returns will look like past ones
<latexit sha1_base64="LJW2CCje9jVq+ogrdIMD3B574Is="></latexit>

࠮ @V\ HYL ^HYULK [OPZ PZ MHSZL� L]LY` [PTL `V\ PU]LZ[
࠮ 0[ PZ VM[LU YLHZVUHISL
࠮ +\YPUN JYPZPZ� THYRL[ ZOPM[Z� V[OLY IPN L]LU[Z UV[ [Y\L

<latexit sha1_base64="7XgITWCdwsvFjqFI7ccTc6FtDb0="></latexit>

0M HZZ\TW[PVU OVSKZ �L]LU HWWYV_PTH[LS`�� H NVVK w VU WHZ[ YL[\YUZ
SLHKZ [V NVVK M\[\YL �\URUV^U� YL[\YUZ

Example
<latexit sha1_base64="y1skWbJ2689LjqhiGHjeIaft6Ck="></latexit>

࠮ 7PJR w IHZLK VU SHZ[ � `LHYZ VM YL[\YUZ
࠮ <ZL w K\YPUN UL_[ � TVU[OZ



Total portfolio value
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<latexit sha1_base64="UOx3lgNLBFKCfQdZNYksp0g2ZOA="></latexit>

;YHPU YL[\YU ;LZ[ YL[\YU ;YHPU YPZR ;LZ[ YPZR

9PZR�MYLL 0.01 0.01 0.00 0.00

λ = 1.0e− 02 0.19 0.30 2.97 2.18

λ = 4.6e− 03 0.19 0.31 3.05 2.21

λ = 2.2e− 03 0.19 0.33 3.45 2.42

λ = 1.0e− 03 0.19 0.34 3.93 2.73

1/n 0.10 0.21 2.33 1.51
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Build your quantitative hedge fund
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<latexit sha1_base64="PZL+R1CKmrRBSmtQkzv+98Uma8U="></latexit>

-VY LHJO WLYPVK t� ÄUK ^LPNO[ wt \ZPUN L WHZ[ YL[\YUZ
<latexit sha1_base64="3kR0cz//fL105p48NZ9plTG22TE="></latexit>rt−1, . . . , rt−L

Variations
<latexit sha1_base64="Tr5O96Ppb+MRuO0+GJeOYPW/fHI="></latexit>

࠮ <WKH[L w L]LY` K WLYPVKZ �TVU[OS �̀ X\HY[LYS �̀ ����

࠮ (KK ZLJVUKHY` VIQLJ[P]L �kwt � wt�1k1 [V
KPZJV\YHNL [\YUV]LY� YLK\JL [YHUZHJ[PVU JVZ[

࠮ (KK SVNPJ [V KL[LJ[ ^OLU [OL M\[\YL PZ SPRLS` [V
UV[ SVVR SPRL [OL WHZ[

࠮ (KK ¸ZPNUHSZ¹ [OH[ WYLKPJ[ M\[\YL YL[\YU VM HZZL[Z
�;̂ P[[LY ZLU[PTLU[ HUHS`ZPZ�

Rolling portfolio optimization



Applications of linear optimization

Today, we learned to apply linear optimization in


• Optimal control problems with vehicle dynamics


• Machine learning problems for character recognition


• Portfolio optimization for investment strategies

31



References
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• Github companion notebooks



Next steps

• Simplex method

33


