
Bartolomeo Stellato — Spring 2025

ORF307 – Optimization
8. Piecewise linear optimization



Today’s lecture
Piecewise linear optimization
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• Vector norms


• Piecewise linear optimization


• Turning vector norm problems into LPs


• Sparse signal recovery


• Support vector machines



Vector norms



Vector norms
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Euclidean norm

1-norm (Manhattan norm)
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Data-fitting example
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(WWYV_PTH[PVU WYVISLT Ax ⇡ b ^OLYL
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Fit a linear function f(z) = x1 + x2z to m data points (zi, fi):



Simple example revisited
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The (nonlinear) norm function 
appears in the constraints

Why is it a linear progam?

<latexit sha1_base64="1tEwQPaJSF7gxD2d5TSX5tBjRXo="></latexit>

TPUPTPaL x1

Z\IQLJ[ [V ‖x‖∞ ≤ 1

x1 + x2 = −1



Piecewise linear optimization



Linear, affine and convex functions
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3PULHY M\UJ[PVU! f(x) = aTx

<latexit sha1_base64="tFULQDQ8EGQDnDDpI3SWWKrIIMU="></latexit>

(ɉUL M\UJ[PVU! f(x) = aTx+ b

<latexit sha1_base64="xSicx5iyUT7coilcQJ/mERw7kv8="></latexit>
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Linear, affine and convex functions
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Convex piecewise-linear functions
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f(x) = max
i=1,...,m

(aTi x+ bi)

<latexit sha1_base64="3fmMk1FfxZhZvHn7u+pb4x9WW/E="></latexit>

aTi x+ bi

x

f(x)



Convex piecewise-linear minimization
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aTi x+ bi

x

f(x)

<latexit sha1_base64="LjdbZm/r0qPx/nRXd4Pcdt9upbE="></latexit>

TPUPTPaL max
i=1,...,m

(aTi x+ bi)

Equivalent linear optimization
TPUPTPaL t

Z\IQLJ[ [V aTi x+ bi ≤ t, i = 1, . . . ,m

<latexit sha1_base64="Gasc8CrkQ7mGloEkXjPFhvtaq0Y="></latexit>



Convex piecewise-linear minimization
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aTi x+ bi

x

f(x)

Equivalent linear optimization
TPUPTPaL t

Z\IQLJ[ [V aTi x+ bi ≤ t, i = 1, . . . ,m

<latexit sha1_base64="Gasc8CrkQ7mGloEkXjPFhvtaq0Y="></latexit>

Matrix notation

TPUPTPaL c̃T x̃

Z\IQLJ[ [V Ãx̃ ≤ b̃
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Vector norm problems as  
linear optimization



<latexit sha1_base64="xcGvLROWdL5buwmpa5EhTgh8Bmc="></latexit>
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kyk1 = max
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|yi| = max
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max{yi,�yi}

<latexit sha1_base64="UGPKGV7IxmWftSQb9C3gNCV57NI="></latexit>
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TPUPTPaL ‖Ax− b‖∞

<latexit sha1_base64="ppGsOaTdiuDVszJgmlGMzmFY+Vc="></latexit>

Equivalent problem
<latexit sha1_base64="CsJEgKWfjUmcbH0cukOsiWeAPIY="></latexit>

TPUPTPaL t

Z\IQLJ[ [V (Ax− b)i ≤ t, i = 1, . . . ,m

−(Ax− b)i ≤ t, i = 1, . . . ,m

<latexit sha1_base64="R0bqf+rypaarMfzG0E8AjSVVmd4="></latexit>

TPUPTPaL t

Z\IQLJ[ [V Ax− b ≤ t1

−(Ax− b) ≤ t1
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TPUPTPaL ‖Ax− b‖∞

<latexit sha1_base64="ppGsOaTdiuDVszJgmlGMzmFY+Vc="></latexit>

Equivalent problem
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Matrix notation



Sum of piecewise-linear functions
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TPUPTPaL f(x) + g(x) = max
i=1,...,m

(aTi x+ bi) + max
i=1,...,p

(cTi x+ di)

<latexit sha1_base64="mfZu8ifKgCsKcTs0pFDP7qRw9ow="></latexit>

Equivalent linear optimization
TPUPTPaL t1 + t2
Z\IQLJ[ [V aTi x+ bi ≤ t1, i = 1, . . . ,m

cTi x+ di ≤ t2, i = 1, . . . , p

<latexit sha1_base64="bBvu5jQMSuo+0PgAxiUbWeWKJlQ="></latexit>



<latexit sha1_base64="wgnFfmJp3ekCkuUjgJu71Is6kxU="></latexit>
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TPUPTPaL ‖Ax− b‖1

<latexit sha1_base64="PB7V03rxk/vwjpfDlU82iA8hW80="></latexit>
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Equivalent problem
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ui

Z\IQLJ[ [V (Ax− b)i ≤ ui, i = 1, . . . ,m

−(Ax− b)i ≤ ui, i = 1, . . . ,m

<latexit sha1_base64="cIJKIxCQhnEiQPh5lw0qJX8giTY="></latexit>

TPUPTPaL 1Tu

Z\IQLJ[ [V Ax− b ≤ u

−(Ax− b) ≤ u



<latexit sha1_base64="wgnFfmJp3ekCkuUjgJu71Is6kxU="></latexit>
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TPUPTPaL ‖Ax− b‖1

<latexit sha1_base64="PB7V03rxk/vwjpfDlU82iA8hW80="></latexit>
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Equivalent problem
<latexit sha1_base64="cIJKIxCQhnEiQPh5lw0qJX8giTY="></latexit>
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Matrix notation



<latexit sha1_base64="7swmANUJ6EASAuVdV+08MwVxvtA="></latexit>
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TPUPTPaL ‖Ax− b‖1

<latexit sha1_base64="PB7V03rxk/vwjpfDlU82iA8hW80="></latexit>
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TPUPTPaL 1Tu

Z\IQLJ[ [V Ax− b ≤ u

−(Ax− b) ≤ u

Equivalent to

<latexit sha1_base64="ps5akUQEfrKfVrx783tQ/LrsPhI="></latexit>
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TPUPTPaL ‖Ax− b‖∞

<latexit sha1_base64="ppGsOaTdiuDVszJgmlGMzmFY+Vc="></latexit>
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TPUPTPaL t

Z\IQLJ[ [V Ax− b ≤ t1

−(Ax− b) ≤ t1

Equivalent to

Absolute ]alue of e]er` element (Ax� b)i is
bounded b` the same Zcalar t

<latexit sha1_base64="SgDEMwvWtg/IKZachb3t4M5Ub7E="></latexit>
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Example : converting to an LP
<latexit sha1_base64="omMWVgrBIX95XeKH/y/5+M65fqA="></latexit>

TPUPTPaL ‖Ax− b‖∞
Z\IQLJ[ [V ‖x‖1 ≤ k



Comparison with least-squares
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/PZ[VNYHT VM YLZPK\HSZ Ax� b ^P[O YHUKVTS` NLULYH[LK A 2 R200⇥80

<latexit sha1_base64="21IbN41JC4Tyt9ddzMPBFGBXSCw="></latexit>

1-norm distribution is wider with a high peak at zero

<latexit sha1_base64="Z5dLoFOpjr9neDJZ5Q5qjkZ1/lE="></latexit>
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x2 = argmin kAx� bk22, x1 = argmin kAx� bk1

<latexit sha1_base64="IDQ9axcoy+CtTBQtqZB6f8GKsuQ="></latexit>



Modeling software does most of this for you
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TPUPTPaL ‖Ax− b‖∞

<latexit sha1_base64="ppGsOaTdiuDVszJgmlGMzmFY+Vc="></latexit>
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TPUPTPaL ‖Ax− b‖1

<latexit sha1_base64="PB7V03rxk/vwjpfDlU82iA8hW80="></latexit>
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Sparse signal recovery
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x̂ 2 Rn PZ \URUV^U ZPNUHS� RUV^U [V IL ZWHYZL

<latexit sha1_base64="LIPjic30d6vN30spTC1dxhP97Yw="></latexit>

>L THRL SPULHY TLHZ\YLTLU[Z y = Ax̂ ^P[O A 2 9m⇥n,m < n

<latexit sha1_base64="8p+zU82Z4UPE90Uu5cGQwsVMxl0="></latexit>

,Z[PTH[L ZPNUHS ^P[O ZTHSSLZ[ `1�UVYT� JVUZPZ[LU[ ^P[O TLHZ\YLTLU[Z
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TPUPTPaL ‖x‖1
Z\IQLJ[ [V Ax = y

<latexit sha1_base64="dsZEPr98ePczHg5rRMp3LmAxuro="></latexit>

Equivalent linear optimization
TPUPTPaL 1Tu

Z\IQLJ[ [V −u ≤ x ≤ u

Ax = y

<latexit sha1_base64="y65DT/00xFkq44y2tkk7Ktyj/hw="></latexit>

Sparse signal recovery via 1–norm minimization

<latexit sha1_base64="w9g1yeXxhb2UcJN3PHx4Mtm+rQw="></latexit>



Example
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,_HJ[ ZPNUHS x̂ 2 R1000

<latexit sha1_base64="WdKCeE597fOyuACeMxXhzR02F1k="></latexit>
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0 200 400 600 800 1000
i

0

2

x̂
i

0 200 400 600 800 1000
i

0.0

0.2

(x
ls
) i

0 200 400 600 800 1000
i

0

2

(x
` 1
) i

9HUKVT A 2 R100⇥1000

<latexit sha1_base64="Fc4a4xkXUq/1Uuan3t++vhXqAkQ="></latexit>

The least squares estimate 
cannot recover the sparse signal
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Sparse signal recovery via 1–norm minimization

<latexit sha1_base64="w9g1yeXxhb2UcJN3PHx4Mtm+rQw="></latexit>



Support vector machines



Linear classification
Support vector machine (linear separation)
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Linear classification

• given a set of points {v1, . . . , vN} with binary labels si ∈ {−1, 1}

• find hyperplane that strictly separates the two classes

aTvi + b > 0 if si = 1

aTvi + b < 0 if si = −1

homogeneous in a, b, hence equivalent to the linear inequalities (in a, b)

si(a
Tvi + b) ≥ 1, i = 1, . . . , N

Piecewise-linear optimization 2–20

.P]LU H ZL[ VM WVPU[Z {v1, . . . , vN} ^P[O IPUHY` SHILSZ si 2 {�1, 1}

<latexit sha1_base64="RUB8TCB648qmdsPN8gPZVvm5yk4="></latexit>

-PUK O`WLYWSHUL [OH[ Z[YPJ[S` ZLWHYH[LZ [OL [OV JSHZZLZ

<latexit sha1_base64="imXnjk6U3r5/Ggjx7pVJTfdmtnc="></latexit>

aT vi + b > 0 if si = 1

aT vi + b < 0 if si = �1

<latexit sha1_base64="v9wdbkbnKZv+pMWRx1XZNKQFcqc="></latexit>

si(a
T vi + b) � 1

<latexit sha1_base64="HthVdiNIgcdx792tCT3UhrTHXaI="></latexit>

/VTVNLULV\Z PU (a, b)� OLUJL LX\P]HSLU[ [V [OL SPULHY PULX\HSP[PLZ �PU a, b�

<latexit sha1_base64="S6josfDKyfmXta6+Bbq1lgN0WWk="></latexit>



Linear classification
Separable case

28

Feasibility problem
ÄUK a, b

Z\IQLJ[ [V si(aT vi + b) ≥ 1, i = 1, . . . , N

<latexit sha1_base64="6nJLjLxil38woLCHdiG4EB5rpok="></latexit>

TPUPTPaL 0

Z\IQLJ[ [V si(aT vi + b) ≥ 1, i = 1, . . . , N

<latexit sha1_base64="USKLw9Cp0c43Uy2/XrfrsYCj1sQ="></latexit>

Which can be seen as a special case of LP with

p? = 1 PM WYVISLT PUMLHZPISL �WVPU[Z UV[ ZLWHYHISL�

<latexit sha1_base64="g2lhySa7aItS2tPTS/I4juOJMfA="></latexit>

p? = 0 PM WYVISLT MLHZPISL �WVPU[Z ZLWHYHISL�

<latexit sha1_base64="VGkncBkzPngQK/bo/tPNDSvzlA0="></latexit>

What then?



Linear classification
Approximate linear separation of non-separable points
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Linear classification

• given a set of points {v1, . . . , vN} with binary labels si ∈ {−1, 1}

• find hyperplane that strictly separates the two classes

aTvi + b > 0 if si = 1

aTvi + b < 0 if si = −1

homogeneous in a, b, hence equivalent to the linear inequalities (in a, b)

si(a
Tvi + b) ≥ 1, i = 1, . . . , N

Piecewise-linear optimization 2–20

Linear classification

• given a set of points {v1, . . . , vN} with binary labels si ∈ {−1, 1}

• find hyperplane that strictly separates the two classes

aTvi + b > 0 if si = 1

aTvi + b < 0 if si = −1

homogeneous in a, b, hence equivalent to the linear inequalities (in a, b)

si(a
Tvi + b) ≥ 1, i = 1, . . . , N

Piecewise-linear optimization 2–20

Each of our constraints is Violation

si(a
T vi + b) � 1

<latexit sha1_base64="HthVdiNIgcdx792tCT3UhrTHXaI="></latexit>

<latexit sha1_base64="12vu5HiOkn78FUE158iG+iG6FuI="></latexit>

max{0, 1− si(a
T vi + b)}

7PLJL^PZL�SPULHY TPUPTPaH[PVU WYVISLT ^P[O ]HYPHISLZ a, b

<latexit sha1_base64="Z9MOAJjA1j6fIoRXzWm8LAlngeE="></latexit>

<latexit sha1_base64="P8bMaylXueBPdpmit3/jKMCOmTc="></latexit>

TPUPTPaL
∑N

i=1 max{0, 1− si(aT vi + b)}

Goal 
Minimize sum of the violations



Linear classification
Approximate linear separation of non-separable points
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Linear classification

• given a set of points {v1, . . . , vN} with binary labels si ∈ {−1, 1}

• find hyperplane that strictly separates the two classes

aTvi + b > 0 if si = 1

aTvi + b < 0 if si = −1

homogeneous in a, b, hence equivalent to the linear inequalities (in a, b)

si(a
Tvi + b) ≥ 1, i = 1, . . . , N

Piecewise-linear optimization 2–20

Linear classification

• given a set of points {v1, . . . , vN} with binary labels si ∈ {−1, 1}

• find hyperplane that strictly separates the two classes

aTvi + b > 0 if si = 1

aTvi + b < 0 if si = −1

homogeneous in a, b, hence equivalent to the linear inequalities (in a, b)

si(a
Tvi + b) ≥ 1, i = 1, . . . , N

Piecewise-linear optimization 2–20

TPUPTPaL
∑N

i=1 max{0, 1− si(aT vi + b)}

<latexit sha1_base64="B5uJ8D7uE78rB+3fFtaADFnfDWc="></latexit>

As a linear optimization problem



Piecewise-linear optimization

Today, we learned to:


• Understand the differences between vector norms


• Reformulate convex piecewise linear minimization as linear optimization


• Apply these techniques to sparse signal recovery and classification problems

31
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Next time

• Linear optimization geometry


• Optimality conditions
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