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ORF307 – Optimization
5. Multi-objective least squares



Today’s lecture
Multi-objective least squares

• Multi-objective least squares problem


• Control


• Estimation


• Regularized data fitting
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Multi-objective least squares problem



Multi-objective least squares

4

<latexit sha1_base64="+iB8Fr0F506G68x+y0gN8KhvXGQ="></latexit>

.VHS JOVVZL n�]LJ[VY x Z\JO [OH[
k UVYT ZX\HYLK VIQLJ[P]LZ HYL ZTHSS

<latexit sha1_base64="VQ18wyX3Gs01twr39zkhDK2j/Q8="></latexit>

J1 = kA1x� b1k2

���
Jk = kAkx� bkk2

<latexit sha1_base64="gUf+LBHZfJjYdJSUg2ugtn7nQHA="></latexit>

Ai HYL mi ⇥ n TH[YPJLZ HUK bi HYL mi�]LJ[VYZ MVY i = 1, . . . , k

<latexit sha1_base64="n67EzhI/97CuMTHMgcIKehXx414="></latexit>

Ji HYL [OL VIQLJ[P]LZ PU H T\S[P�VIQLJ[P]L ��JYP[LYPVU� VW[PTPaH[PVU WYVISLT
<latexit sha1_base64="6q/Rhr9daRoGuTvFszus+0ZilhY="></latexit>

*V\SK JOVVZL x [V TPUPTPaL
HU` VUL Ji� I\[ ^L ^HU[
[V THRL [OLT HSS ZTHSS



Weighted sum objective
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<latexit sha1_base64="34K/FkPa1KdX4UdfarveVjCU2b4="></latexit>

*OVVZL WVZP[P]L ^LPNO[Z �1, . . . ,�k HUK MVYT ^LPNO[LK Z\T VIQLJ[P]L
<latexit sha1_base64="UiuUXLozNoHWnmB5yPX5nyGYpBc="></latexit>

J = �1J1 + · · ·+ �kJk

= �1kA1x� b1k2 + · · ·+ �kkAkx� bkk2
<latexit sha1_base64="5ltmY+5eN+RvGZF/dSFCFaIeKY4="></latexit>

*OVVZL x [V TPUPTPaL J

<latexit sha1_base64="QMmKbGW2DSfF8J3MYO/UySzOh7A="></latexit>

࠮ 6M[LU �1 = 1 HUK J1 PZ [OL WYPTHY` VIQLJ[P]L
࠮ 0U[LYWYL[H[PVU �i PZ OV^ T\JO ^L JHYL HIV\[ Ji
ILPUN ZTHSS� YLSH[P]L [V J1

Primary objective

Bi-criterion optimization
<latexit sha1_base64="On6QLJViwRZ4PiAea5EEpt8YbGg="></latexit>

J1 + λJ2 = ‖A1x− b1‖2 + λ‖A2x− b2‖2



Weighted sum minimization as regular least squares
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Regular (single-criterion) least squares
<latexit sha1_base64="kVlmbI8dcoMPU/y/DVtsQ3tk38o="></latexit>

J = kÃx� b̃k2
<latexit sha1_base64="zsh4CCjVga0StDiLY730U8rBisI="></latexit>

Ã =

2

664

p
�1A1

���p
�kAk

3

775 , b̃ =

2

664

p
�1b1
���p
�kbk

3

775

<latexit sha1_base64="bmEFu4XZBz3DHHvdT9daMg8veNo="></latexit>

J = �1kA1x� b1k2 + · · ·+ �kkAkx� bkk2

=

��������

2

664

p
�1(A1x� b1)

���p
�k(Akx� bk)

3

775

��������
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stack objectives



Weighted sum solution
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<latexit sha1_base64="c/bGnEWcQJQuwgATJzOC4UWzZuQ="></latexit>

(ZZ\TPUN [OL JVS\TUZ VM Ã HYL SPULHYS` PUKLWLUKLU[

<latexit sha1_base64="u3eq5FLjVGOljSo3aunj97FxMl4="></latexit>

(λ1A
T
1 A1 + · · ·+ λkA

T
kAk)x

! = (λ1A
T
1 b1 + · · ·+ λkA

T
k bk)

<latexit sha1_base64="OXQ/6vWTJSGDN2R9/q8mfTE4CDI="></latexit>

(ÃT Ã)x? = ÃT b̃

<latexit sha1_base64="P3Db6BlF7pXaX3rqET3wSAlTwRI="></latexit>

࠮ *HU JVTW\[L x? ]PH [OL *OVSLZR` MHJ[VYPaH[PVU VM ÃT Ã
࠮ Ai JHU IL ^PKL VY OH]L KLWLUKLU[ JVS\TUZ �Ã JHU»[�

Remarks



Optimal trade-off curve
Bi-criterion problem

8

<latexit sha1_base64="tQ8rRturieqxHRIS1AgoVvSzGbg="></latexit>

x!(λ)
<latexit sha1_base64="rO+/3DhIQ8jtL6YADFaw662UZCI="></latexit>

TPUPTPaL J1(x) + λJ2(x)

<latexit sha1_base64="/wF6ZLFyYarUAF7WH8cxQ8+QDe8="></latexit>

7HYL[V VW[PTHS x?(�)
<latexit sha1_base64="z2GYhMM8ysVhmKeC4xvUDiKGfEI="></latexit>

;OLYL PZ UV WVPU[ z [OH[ ZH[PZÄLZ

with one of the inequalities holding strictly
<latexit sha1_base64="qqzeIA5EmpI1eIhWBuLSznWSoL4="></latexit>

�UV V[OLY WVPU[ ILH[Z x? VU IV[O VIQLJ[P]LZ�

<latexit sha1_base64="ljvvIJGW7KkD6wive4M7sp9SZs8="></latexit>

J1(z) ≤ J1(x
!(λ)) HUK J2(z) ≤ J2(x

!(λ))

Optimal trade-off curve
<latexit sha1_base64="wKCjchV4lPP0rPiuZnEJ+kMNnpY="></latexit>

(J1(x
!(λ)), J2(x

!(λ)), λ > 0



Optimal trade-off curve
Example
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<latexit sha1_base64="rO+/3DhIQ8jtL6YADFaw662UZCI="></latexit>

TPUPTPaL J1(x) + λJ2(x)
<latexit sha1_base64="rkS5g146adn6D3D6wM9PbA9rfQQ="></latexit>

�A1, A2 HYL IV[O 10⇥ 5�

Trade-off curve



Using multi-objective least squares
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<latexit sha1_base64="8foEFdLtjq+7JZwtpi066w5LFh8="></latexit>

�� 0KLU[PM` WYPTHY` VIQLJ[P]L
IHZPJ X\HU[P[` [V TPUPTPaL

�� *OVVZL VUL VY TVYL ZLJVUKHY` VIQLJ[P]LZ
X\HU[P[PLZ [OH[ ^L ^V\SK SPRL [V IL ZTHSS� PM WVZZPISL
�L�N�� ZPaL VM x� YV\NOULZZ VM x� KPZ[HUJL MYVT NP]L WVPU[�

�� ;̂ LHR�[\UL ^LPNO[Z \U[PS ^L SPRL x?(�)

Bi-criterion problem
<latexit sha1_base64="rO+/3DhIQ8jtL6YADFaw662UZCI="></latexit>

TPUPTPaL J1(x) + λJ2(x)
<latexit sha1_base64="A2CI1cwzgi0V1eF/jv9yWFerx7c="></latexit>

࠮ 0M J2 [VV IPN� PUJYLHZL �
࠮ 0M J1 [VV IPN� KLJYLHZL �



Control



Control
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<latexit sha1_base64="xUXmzZfC44tc2hRbga8Z6WJpHNA="></latexit>

y = Ax+ b
<latexit sha1_base64="TMqbjHNcPDaHRh180n2KQdGDwJM="></latexit>

n�]LJ[VY x
Input/Actions

System
Output/Results

<latexit sha1_base64="HYvJ31o3+HH/eD9r+0l1PZThpyM="></latexit>

m�]LJ[VY y

Goal
<latexit sha1_base64="mbMfumTylhdv1h6Ycnf+espB79M="></latexit>

*OVVZL x �^OPJO KL[LYTPULZ y� [V VW[PTPaL
T\S[PWSL VIQLJ[P]LZ VM x HUK y

<latexit sha1_base64="Vy3IdNrziEVUZktjy65P1aysHCs="></latexit>

A HUK b HYL [OL RUV^U PUW\[�V\[W\[ THWWPUN VM [OL Z`Z[LT�
�HUHS`[PJHS TVKLSZ� KH[H Ä[[PUN� L[J��



Multi-objective control
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Primary objective
<latexit sha1_base64="OfXn7Y+TzlI70BEamVANpYpoYV0="></latexit>

J1 = ‖y − ydes‖2

desired 
output

Secondary objective
<latexit sha1_base64="69T0opum9hUcOps0mYBPQ3PFm28="></latexit>

࠮ J2 = kxk2
�THRL x ZTHSS�

࠮ J2 = kx� xnomk2
�x JSVZL [V UVTPUHS PUW\[�

<latexit sha1_base64="rO+/3DhIQ8jtL6YADFaw662UZCI="></latexit>

TPUPTPaL J1(x) + λJ2(x)
Optimization problem



Product demand shaping
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<latexit sha1_base64="jkLRVG/bjGoCYkPpYHk9AoYdQB0="></latexit>

δdem = Edδprice

price elasticity of 
demand matrix

<latexit sha1_base64="EN47GyqgB+3erMwKiNPUir57dOQ="></latexit>

.P]LU n�WYVK\J[Z�
PUK\JL JOHUNL PU KLTHUKZ� n�]LJ[VY �dem�

I` HKQ\Z[PUN WYPJLZ� n�]LJ[VY �price�

<latexit sha1_base64="YzZFXNrR/wwVPSbE+lMx+5sOYY0="></latexit>

L_HTWSL Ed

<latexit sha1_base64="ZmzHyccUojQ+SFoSNqK/12GfTI0="></latexit>

Ed =




−0.4 ∗ ∗
0.2 ∗ ∗
∗ ∗ ∗





<latexit sha1_base64="IECnZXnMkGotXDoCxacfk2Q7a5g="></latexit>

࠮ �dem1 = �0.004
�ÄYZ[ KLTHUK! �0.4%�

࠮ �dem2 = 0.002
�ZLJVUK KLTHUK! +0.2%�

<latexit sha1_base64="UNaNwd3+GEbNMrxbEbN6UeqpEzo="></latexit>

�price1 = 0.01
�ÄYZ[ WYPJL +1%�



Product demand shaping
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Primary objective
<latexit sha1_base64="DAx7ZozkyDVBCjOcVvudzczmTCU="></latexit>

J1 = k�dem � �tark2

= kEd�price � �tark2

target 
demand

Secondary objective
<latexit sha1_base64="5RZ7AFBkLlY/iG+5T69LytSsxxg="></latexit>

J2 = k�pricek2

don’t change 
prices  

too much

<latexit sha1_base64="rO+/3DhIQ8jtL6YADFaw662UZCI="></latexit>

TPUPTPaL J1(x) + λJ2(x)
Optimization problem

<latexit sha1_base64="jkLRVG/bjGoCYkPpYHk9AoYdQB0="></latexit>

δdem = Edδprice
System



Estimation and inversion



Estimation
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<latexit sha1_base64="TMqbjHNcPDaHRh180n2KQdGDwJM="></latexit>

n�]LJ[VY x
Parameters

Measurement 
model

Mesurements
<latexit sha1_base64="HYvJ31o3+HH/eD9r+0l1PZThpyM="></latexit>

m�]LJ[VY y<latexit sha1_base64="XQL0e2COoXKLF8/mvnzlbV4XA5Q="></latexit>

y = Ax+ v

<latexit sha1_base64="SzYGNRojxsPdt14GC9zUvXNfNxk="></latexit>

m�]LJ[VY v HYL �\URUV^U� UVPZLZ VY TLHZ\YLTLU[ LYYVYZ

Basic least squares estimation

<latexit sha1_base64="gtqAx0D4g79g3wT0VZi2a84X83M="></latexit>

TPUPTPaL J1 = ‖Ax− y‖2

<latexit sha1_base64="8UyvukdksGh98HS/n2pUd0hM1Kw="></latexit>

�HZZ\TPUN v PZ ZTHSS HUK A HZ PUKLWLUKLU[ JVS\TUZ�



Regularized inversion
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Basic least squares estimation

<latexit sha1_base64="gtqAx0D4g79g3wT0VZi2a84X83M="></latexit>

TPUPTPaL J1 = ‖Ax− y‖2

<latexit sha1_base64="8UyvukdksGh98HS/n2pUd0hM1Kw="></latexit>

�HZZ\TPUN v PZ ZTHSS HUK A HZ PUKLWLUKLU[ JVS\TUZ�

<latexit sha1_base64="xoFNm58kHs1GwMOK9F8pd7mYwDc="></latexit>

>L JHU NL[ T\JO IL[[LY YLZ\S[Z I` PUJVYWVYH[PUN WYPVY PUMVYTH[PVU HIV\[ x
Regularization

<latexit sha1_base64="912iskomOptoHYVuCPnyJWQY1HI="></latexit>

D =





−1 1 0 . . . 0 0 0

0 −1 1 . . . 0 0 0
���

���
���

���
���

���
���

0 0 0 . . . −1 1 0

0 0 0 . . . 0 −1 1





<latexit sha1_base64="Y6KkN8TrmV3RcnYocHit9pRU8sM="></latexit>

࠮ x ZTHSS! J2 = kxk2 �¸;PROVUV] YLN\SHYPaH[PVU¹�
࠮ x PZ ZTVV[O! J2 = kDxk2 =

Pn�1
i=1 (xi+1 � xi)2

࠮ x JSVZL [V WYPVY! J2 = kx� xpriork2



Regularized inversion
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<latexit sha1_base64="rO+/3DhIQ8jtL6YADFaw662UZCI="></latexit>

TPUPTPaL J1(x) + λJ2(x)

Optimization problem

<latexit sha1_base64="SanUQjjki+84BPFqurX353M8M/E="></latexit>

࠮ (KQ\Z[ � \U[PS `V\ HYL OHWW` ^P[O [OL YLZ\S[Z
࠮ J\Y]L x?(�) PZ [OL YLN\SHYPaH[PVU WH[O

Example Tikhonov regularization
<latexit sha1_base64="CV6sqK30tu0rX1eQBAXtcGSNpF8="></latexit>

TPUPTPaL ‖Ax− y‖2 + λ‖x‖2 = ‖Ãx− b̃‖2
<latexit sha1_base64="AAb0YwYu/iIEUuTpS+h3FbBjdi4="></latexit>

Ã =

"
Ap
�I

#
, b̃ =

"
y

0

#

<latexit sha1_base64="0QRUcBS3KYQKxXsOWl51d5eJwOc="></latexit>

Ã OHZ HS^H`Z SPULHYS` PUKLWLUKLU[ JVS\TUZ
<latexit sha1_base64="yi1Pab9hrZDw+3CkR1236dvdyIc="></latexit>

Ãx = (Ax,
p
�x) = 0 PM HUK VUS` PM

p
�x = 0 ) x = 0



Images representation
Monochrome images
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<latexit sha1_base64="oR7DTpLjBhM38wi23l6ToqpOmkg="></latexit>

0THNLZ YLWYLZLU[LK HZ HU m⇥ n TH[YP_ X

<latexit sha1_base64="VzYhBFaioZq8NqZMBGwdf+xpJuQ="></latexit>

Xij = xk, k = m(j � 1) + i

<latexit sha1_base64="CuuDPd1/DslfHO4QdpPHzX/nkJo="></latexit>

>L JHU YLWYLZLU[ HU m⇥ n TH[YP_ X
I` H ZPUNSL ]LJ[VY x 2 Rmn

<latexit sha1_base64="B6JjhkMsqX3iDvVvYOPpY7Gd+Co="></latexit>

,HJO ]HS\L Xij YLWYLZLU[Z H WP_LS»Z
PU[LUZP[` �0 = ISHJR� 1 = ^OP[L�
�ZVTL[PTLZ 0 = ISHJR� HUK 255 = ^OP[L�

Monochrome image



Image de-blurring
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<latexit sha1_base64="XQL0e2COoXKLF8/mvnzlbV4XA5Q="></latexit>

y = Ax+ v

<latexit sha1_base64="2yCQ9PB01WlhfOzhRqDXYzjeLBU="></latexit>

.P]LU H UVPZ` IS\YYLK PTHNL y �]LJ[VY MVYT VM Y �
<latexit sha1_base64="5m4w89wNDFfQqCzfXRqkdKjtzN0="></latexit>

�IS\YYPUN TH[YP_ A�
P�L�� JVU]VS\[PVU�

Model

Least-squares de-blurring
<latexit sha1_base64="GRvKK9n2wPeBMv5wSIuwwffvjfg="></latexit>

-PUK x �]LJ[VY MVYT VM X � I` ZVS]PUN
<latexit sha1_base64="ikkpCRSpf8L8h5DhfwGS3QhLqAk="></latexit>

TPUPTPaL ‖Ax− y‖2 + λ
(
‖Dvx‖2 + ‖Dhx‖2

) <latexit sha1_base64="6mH49Geal7Z2vPoQ8BR3yssLhp8="></latexit>

:TVV[OPUN YLN\SHYPaH[PVU
^P[O ^LPNO[ �

<latexit sha1_base64="WMZHwDtJNI7o8G9HDjB85yvqoBk="></latexit>∑

i

∑

j

(Xi,j+1 −Xij)
2

Vertical differences
<latexit sha1_base64="tF/EmZWtETY729P/jePPGJ0iOhI="></latexit>∑

i

∑

j

(Xi+1,j −Xij)
2

Horizontal differences



Example
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322 15 Multi-objective least squares

Figure 15.5 Left: Blurred, noisy image. Right: Result of regularized least
squares deblurring with � = 0.007. Image credit: NASA.

With these definitions the penalty term in (15.5) is the sum of squared di↵erences
of intensities at adjacent pixels in a row or column:

kDhxk2 + kDvxk2 =
MX

i=1

N�1X

j=1

(Xi,j+1 �Xij)
2 +

M�1X

i=1

NX

j=1

(Xi+1,j �Xij)
2
.

This quantity is the Dirichlet energy (see page 135), for the graph that connects
each pixel to its left and right, and up and down, neighbors.

Example. In figures 15.5 and 15.6 we illustrate this method for an image of size
512 ⇥ 512. The blurred, noisy image is shown in the left part of figure 15.5.
Figure 15.6 shows the estimates x̂, obtained by minimizing (15.5), for four di↵erent
values of the parameter �. The best result (in this case, judged by eye) is obtained
for � around 0.007 and is shown on the right in figure 15.5.

15.3.4 Tomography

In tomography, the vector x represents the values of some quantity (such as density)
in a region of interest in n voxels (or pixels) over a 3-D (or 2-D) region. The entries
of the vector y are measurements obtained by passing a beam of radiation through
the region of interest, and measuring the intensity of the beam after it exits the
region.

A familiar application is the computer-aided tomography (CAT) scan used in
medicine. In this application, beams of X-rays are sent through a patient, and
an array of detectors measure the intensity of the beams after passing through
the patient. These intensity measurements are related to the integral of the X-
ray absorption along the beam. Tomography is also used in applications such as
manufacturing, to assess internal damage or certify quality of a welded joint.

Blurred image

15.3 Estimation and inversion 323

� = 10�6
� = 10�4

� = 10�2
� = 1

Figure 15.6 Deblurred images for � = 10�6, 10�4, 10�2, 1. Image credit:
NASA.
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Figure 15.6 Deblurred images for � = 10�6, 10�4, 10�2, 1. Image credit:
NASA.
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Figure 15.6 Deblurred images for � = 10�6, 10�4, 10�2, 1. Image credit:
NASA.

Regularization path

<latexit sha1_base64="i2T0Ojcf3dTiqPK4nSTMu+QZ1o8="></latexit>

λ = 10−6
<latexit sha1_base64="DPygRURi+ko07Nu2upWLRPtv7Pg="></latexit>

λ = 10−4
<latexit sha1_base64="4liAwcFdEfeqkGYnpUQROELazW0="></latexit>

λ = 10−2
<latexit sha1_base64="q63D8DGaYwrOLOqB/WjmbwpYTZk="></latexit>

λ = 10−1

[VMLS book, Page 332]



Regularized data fitting



Motivation for regularization
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<latexit sha1_base64="f/FGFIyLVW1MDFR+F/Lzh0nFgDc="></latexit>

*VUZPKLY [OL KH[H Ä[[PUN TVKLS �VM y ⇡ f(x)�
<latexit sha1_base64="GLTwHScZZxTZgk6fc+cEOAU7JrY="></latexit>

f̂(x) = θ1f1(x) + · · ·+ θpfp(x)

<latexit sha1_base64="i281ROyLZivxDj6D0mQw0j72uUc="></latexit>

^P[O f1(x) = 1

<latexit sha1_base64="ncnNkFADdjWeJzO8lan1g8H5Cw8="></latexit>

✓i PZ [OL ZLUZP[P]P[` VM f̂(x) [V fi(x) It cannot be too large!

<latexit sha1_base64="X5t3Q8U3DOWLElmneh0avbyaw+s="></latexit>

�✓1 PZ HU L_JLW[PVU� ZPUJL f1(x) = 1 UL]LY JOHUNLZ�

<latexit sha1_base64="ouDT7pN3M6OV/eHcUr8201pjQuQ="></latexit>

;OLYLMVYL� ^L ^HU[ [V THRL ✓2, . . . , ✓p ZTHSS



Regularized data fitting
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<latexit sha1_base64="hK0ttZrlGcBGJgNKHOUELcvLGI0="></latexit>

n�]LJ[VYZ x(1), . . . , x(N)� HUK ZJHSHYZ y(1), . . . , y(N)

We can express the training error as

Suppose we have training data

<latexit sha1_base64="rAaCBPm33oobmo2UJL2xfVQzKnc="></latexit>

Aθ − y

Regularized data fitting
<latexit sha1_base64="vniQRyRMFK+x5mV56CIcgMXsquA="></latexit>

TPUPTPaL ‖Aθ − y‖2 + λ‖θ2:p‖2

Ridge regression
<latexit sha1_base64="hW5natIvFmd8W/tj54tFSDO2Gkc="></latexit>

ŷ(i) = (x(i))Tβ + v
<latexit sha1_base64="Ssd3rj6+ZEHnl7TVe3b1zBJDwNk="></latexit>

ŷ = XTβ + v1
<latexit sha1_base64="3YjcLtV128eur3GpkpRRhw2ZMfs="></latexit>

TPUPTPaL ‖XTβ + v1− y‖2 + λ‖β‖2

<latexit sha1_base64="1B//JQns28ilq0/9NNnquxcTsog="></latexit>

*OVVZL � ^P[O ]HSPKH[PVU



Example
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Train and test errors across regularization
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Multi-objective least-squares

Today, we learned to:


• Recognize and write multi-objective least squares problems


• Solve multi-objective least squares problems


• Add regularization to improve solutions performance

28



References

29

• S. Boyd, L. Vandenberghe: Introduction to Applied Linear Algebra – Vectors, 
Matrices, and Least Squares


• Chapter 15: multi-objective least squares



Next lecture

• Constrained least squares
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