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ORF307 – Optimization
4. Least squares data fitting 



Today’s lecture
Least squares data fitting

• Least squares model fitting


• Univariate regression


• Multivariate regression


• Validation


• Example
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Least squares model fitting



Setup
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<latexit sha1_base64="4k4D+lCNcpkQT3P1/XZd+YFMK/c="></latexit>

>L ILSPL]L H ZJHSHY y HUK H n�]LJ[VY HYL YLSH[LK I` H TVKLS

<latexit sha1_base64="oOFY9dCunWYDoPmaHlYKkapLZio="></latexit>

y ≈ f(x)

<latexit sha1_base64="5HorbuY3GId54kvUSaa/KAy6GDE="></latexit>

>L KVU»[ RUV^ f HUK ^L ^HU[ [V LZ[PTH[L P[ MYVT KH[H

<latexit sha1_base64="8fr1fSON0Wer3In0jYSJ6/xl00Y="></latexit>

࠮ x PZ [OL PUKLWLUKLU[ ]HYPHISL VY MLH[\YL ]LJ[VY
࠮ y PZ [OL V\[JVTL VY YLZWVUZL ]HYPHISL
࠮ f : Rn ! R THWZ x [V y



Data
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<latexit sha1_base64="4whqpx0N3u/jZnveTwReQJ8i7u0="></latexit>

(SS ^L OH]L PZ KH[H

also called observations, examples, samples or measurements.

<latexit sha1_base64="ZaM5yjg7Kmgt7c4WzqmY6UGvf0o="></latexit>

(x(i), y(i)) PZ [OL i[O KH[H WHPY

<latexit sha1_base64="+3iZER0ChSOO8r0gg3OCV19+/i8="></latexit>

x(i)
j PZ [OL j[O JVTWVULU[ VM i[O KH[H WVPU[ x(i)

<latexit sha1_base64="hK0ttZrlGcBGJgNKHOUELcvLGI0="></latexit>

n�]LJ[VYZ x(1), . . . , x(N)� HUK ZJHSHYZ y(1), . . . , y(N)



Model 
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<latexit sha1_base64="2zzrQzUufq/Rdyzpi2lMfiBnI+I="></latexit>

.\LZZ H TVKLS f̂ : Rn ! R [V HWWYV_PTH[L f

<latexit sha1_base64="Mye9fJCW7NLjmhkpYIpoEOpOMbI="></latexit>

f̂(x) = θ1f1(x) + · · ·+ θpfp(x)

<latexit sha1_base64="yH8KWRFHj2mddFZ7aApLqvJkDuI="></latexit>

࠮ fi : Rn ! R HYL MLH[\YL THWWPUNZ VY IHZPZ M\UJ[PVUZ

࠮ ✓i HYL TVKLS WHYHTL[LYZ [V JOVVZL

࠮ ŷ(i) = f̂(x(i)) PZ [OL TVKLS»Z WYLKPJ[PVU MVY y(i)

࠮ .VHS! ŷ(i) ⇡ y(i) �JVUZPZ[LU[ ^P[O VIZLY]LK KH[H�



Least squares data fitting

7

Prediction error (residual)

This can be formulated  
as a least squares problem

<latexit sha1_base64="Tq17wR2NoEOeLlASNNclUuE2WCo="></latexit>

r(i) = y(i) − ŷ(i)

<latexit sha1_base64="wZNg0k8cltNSTvtPod+Ec1ZVMck="></latexit>

.VHS! JOVVZL TVKLS WHYHTL[LYZ ✓i [V TPUPTPaL
TLHU ZX\HYLK LYYVY �4:,�

<latexit sha1_base64="NCGcgJsl9bNqEZQ9KzCj9NirR00="></latexit>

(r(1))2 + · · ·+ (r(N))2

N

<latexit sha1_base64="Eo25HazZ5IKJelwqhZ8HX2lg7lQ="></latexit>

5V[L� ^L ZVTL[PTLZ JVTW\[L [OL
YVV[ TLHU ZX\HYLK LYYVY 94: $

p
4:,

ILJH\ZL P[ OHZ [OL ZHTL \UP[Z HZ y(i)



Least squares data fitting
Vector form
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<latexit sha1_base64="8j8/cmZ0jqGcANvHhL5rNO8q+Ac="></latexit>

,_WYLZZ WYVISLTZ ^P[O N�]LJ[VYZ
<latexit sha1_base64="kyNpwSv4waftpk9SLlaFcPKPwkI="></latexit>

࠮ yd = (y(1), . . . , y(N))� ]LJ[VY VM V\[JVTLZ
࠮ ŷd = (ŷ(1), . . . , ŷ(N))� ]LJ[VY VM WYLKPJ[PVUZ
࠮ rd = (r(1), . . . , r(N))� ]LJ[VY VM YLZPK\HSZ

Goal
<latexit sha1_base64="P+WV+vuntFSQwirSgihhefRraZs="></latexit>

TPUPTPaL ‖rd‖2

<latexit sha1_base64="pKeicAKySQkz7eU6UW5T/135+Wg="></latexit>

>L JHU ^YP[L ŷ(i) = f̂(x(i)) PU [LYTZ VM WHYHTL[LYZ ✓i
<latexit sha1_base64="FTFcsUiQUddAGLOCnHZ6TlriOTM="></latexit>

ŷ(i) = Ai1θ1 + · · ·+Aipθp, Aij = fj(x
(i))

<latexit sha1_base64="dYQXk2GwXXGoxlARTss6p9OJFSw="></latexit>

ŷd = A✓

<latexit sha1_base64="bxFT/Ab+EIuL/dqOpE/JeBjdxQ8="></latexit>

TPUPTPaL ‖rd‖2 = ‖yd − ŷd‖2 = ‖yd −Aθ‖2 = ‖Aθ − yd‖2
Least squares problem

Solution
<latexit sha1_base64="Kuc0sgOZNMHmAJuCpebnPLyBq84="></latexit>

(ATA)✓? = AT yd



Univariate fitting



Fitting univariate functions
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<latexit sha1_base64="Fhc3P+LpUu1Nn3CI9gZPEzkD5xk="></latexit>

>L ZLLR [V HWWYV_PTH[L H M\UJ[PVU f : R ! R (n = 1)
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y

<latexit sha1_base64="AXJvn6atqwgZDRJNQk1b23359TE="></latexit>

+H[H WVPU[Z (x(i), y(i))



Straight line fit
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<latexit sha1_base64="ovfwUHwsTPvV0VEypbTEHqQUt4Y="></latexit>

࠮ 7HYHTL[LYZ! ✓ = (✓1, ✓2) (p = 2)
࠮ -LH[\YLZ! f1(x) = 1, f2(x) = x

<latexit sha1_base64="QK8B5KrNv4DNHb5jAtZhQh170Fw="></latexit>

f̂(x) = θ1 + θ2x

Model

Least squares data
<latexit sha1_base64="GLJrDcIWvMdHDhwYqbPQhqXGEAk="></latexit>

A =





1 x(1)

1 x(2)

���
���

1 xN




=

[
1 xd

]
<latexit sha1_base64="nAG0rJaiDX688z3sFSSU57aEuz0="></latexit>

TPUPTPaL ‖rd‖2 = ‖Aθ − yd‖2
Goal



Straight line fit
Example
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<latexit sha1_base64="y9sBZbLO7KC7eV0wMzWj5ZHbX18="></latexit>

θ! = (1.75, 3.53)
<latexit sha1_base64="QK8B5KrNv4DNHb5jAtZhQh170Fw="></latexit>

f̂(x) = θ1 + θ2x



<latexit sha1_base64="y9W40n9dxcSly1rFuCzM0q5sj6U="></latexit>

(ZZL[ ↵ HUK � PU ÄUHUJL
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<latexit sha1_base64="ieG+W8F43CNQ3Jc+8SH6J/B2rUk="></latexit>

xd = (rmkt
1 , . . . , rmkt

T )
whole market returns

<latexit sha1_base64="/niJYyQ9nspDghXMZlpm7nMRQ+c="></latexit>

rmkt
t PZ [OL YL[\YU
VM [OL ^OVSL THYRL[
H[ [PTL t

individual asset returns
<latexit sha1_base64="L5LAbA0uzHXilK/vBDq1lfvGfDo="></latexit>

yd = (rind1 , . . . , rindT )

<latexit sha1_base64="KL9zTtLjWhn/DCiFAiXoqQD61xQ="></latexit>

rindt PZ [OL YL[\YU
VM HU PUKP]PK\HS HZZL[
H[ [PTL t

Goal 
predict individual 

asset return  
from whole market 

return

<latexit sha1_base64="wlbfKYkpEA3gqAkV5bu1MLuQVbk="></latexit>

ŷ = (rrf + α) + β(x− µmkt)

Linear model
<latexit sha1_base64="mCTSLf6LpQUoq1usLvRHMuZMKPQ="></latexit>

࠮ µmkt PZ [OL H]LYHNL
THYRL[ YL[\YU V]LY WLYPVK

࠮ rrf PZ [OL YPZR�MYLL
PU[LYLZ[ YH[L V]LY [OL WLYPVK

<latexit sha1_base64="i5QTdfkFkw2M3f3pakb48nwLZmQ="></latexit>HZZL[ ↵
<latexit sha1_base64="BL9k3C5IH29wHjmsqk1taAdgv8M="></latexit>H]LYHNL HZZL[ YL[\YU

HIV]L rrf

<latexit sha1_base64="6dlY+6clI4M0/pUfUHtK60V81lI="></latexit>

HZZL[ �
<latexit sha1_base64="y4fY+X801QGd5AZJrKhK7o35xZo="></latexit>

YLSH[LZ THYRL[ YL[\YU
Å\J[\H[PVUZ

[V HZZL[ YL[\YU



Time series trend
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<latexit sha1_base64="JNxvdifzoESs+EtZHwc8RwifM+Q="></latexit>

y(i) PZ [OL ]HS\L VM X\HU[P[` H[ [PTL x(i) = i

Model (trend line)
<latexit sha1_base64="2Yr3IrYtydmxZFN79IMm5F3DZb8="></latexit>

ŷ(i) = θ1 + θ2i, i = 1, . . . , N

<latexit sha1_base64="Z0IalpOJ/CRdTfvrMQh7jtrKd4A="></latexit>

yd � ŷd PZ [OL KL�[YLUKLK [PTL ZLYPLZ

<latexit sha1_base64="fUmK4bzvs8d5ajvejkodXLssCks="></latexit>

yd = (y(1), . . . , y(N)) PZ [OL [PTL ZLYPLZ

trend 
coefficient



Time series trend
Petroleum consumption
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Polynomial fit
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<latexit sha1_base64="UpjCWruBxlgqvgjiP6VNApeoJho="></latexit>

fi(x) = xi−1, i = 1, . . . , p

Features

Model
<latexit sha1_base64="39WyYOtoYzY4T9XW0eUXskr3XZE="></latexit>

f̂(x) = θ1 + θ2x+ . . . θpx
p−1 degree at most

<latexit sha1_base64="gsK4lqyas9guUOTMgvWAyILBGlk="></latexit>

p− 1

<latexit sha1_base64="nAG0rJaiDX688z3sFSSU57aEuz0="></latexit>

TPUPTPaL ‖rd‖2 = ‖Aθ − yd‖2
Goal

Least squares data
Vandermonde matrix

<latexit sha1_base64="JF7TNyO4Ay397Z6/BtehlZdN9Og="></latexit>

A =





1 x(1) . . . (x(1))p−1

1 x(2) . . . (x(2))p−1

���
���

���
1 x(N) . . . (x(N))p−1





<latexit sha1_base64="hctbwlgVa65N84lVa42+uqrC8kM="></latexit>

xi TLHUZ ZJHSHY
[V i[O WV^LY

<latexit sha1_base64="Xxu0dYcLHEhOx4Ear8K3Xinoz4U="></latexit>

x(i) TLHUZ
i[O KH[H WVPU[

Notation remark
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Polynomial fit
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<latexit sha1_base64="qn2MdLzRe0B2LWqh8TvD2PM5HnE="></latexit>

N = 100 KH[H WVPU[Z

Which model is better?



Auto-regressive time series model
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<latexit sha1_base64="dd7Y4RUozs8EaMZJV7gdjsnlhHw="></latexit>

z1, z2, . . . PZ H [PTL ZLYPLZ

auto-regressive (AR) prediction model
<latexit sha1_base64="ujPSqynGJJhu8Hswrs4aGO1rtmA="></latexit>

ẑt+1 = θ1zt + · · ·+ θMzt−M+1, t = M,M + 1, . . .
<latexit sha1_base64="sBBm0sfwvpKlPKJwL8fzH8klcJ4="></latexit>

�WYLKPJ[ ẑt+1 IHZLK VU WYL]PV\Z M ]HS\LZ� ^OLYL M PZ [OL TLTVY`�

<latexit sha1_base64="Brfb+OQzeNA9zQaoM2wuB2u6dpg="></latexit>

.VHS! *OVZL ✓ [V TPUPTPaL Z\T VM ZX\HYLZ VM WYLKPJ[PVU LYYVYZ
<latexit sha1_base64="8UHk0BLTt2KTTVOjYrU1g8CUcWg="></latexit>

(ẑM+1 − zM+1)
2 + · · ·+ (ẑT − zT )

2

General data fitting form
<latexit sha1_base64="KZSMXZXR1uyF92a+v4eVbA366X8="></latexit>

y(i) = zM+i, x(i) = (zM+i−1, . . . , zi), i = 1, . . . , T −M



Auto-regressive time series model
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5 days hourly temperature at  
Los Angeles International 

Airport (LAX)

<latexit sha1_base64="uS63rvAWDdrY620Bhk8pojj3ZeQ="></latexit>

࠮ 7YL]PV\Z OV\Y! ẑt+1 = zt� 4:, 1.35
࠮ �� OV\YZ ILMVYL! ẑt+1 = zt�23� 4:, $ 3.00
࠮ (9 TVKLS ^P[O M = 8� 4:, $ 1.02
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Multivariate regression



Linear regression as general data fitting
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Standard linear regression model
<latexit sha1_base64="/QMGE6lLUwucQSrFtmAcHhDo8gc="></latexit>

ŷ = f̂(x) = xTβ + v

Equivalent general data fitting model
<latexit sha1_base64="Mye9fJCW7NLjmhkpYIpoEOpOMbI="></latexit>

f̂(x) = θ1f1(x) + · · ·+ θpfp(x)

with basis functions
<latexit sha1_base64="eokHF9jhaQcp7qrQ/kVrlXL31HE="></latexit>

f1(x) = 1, fi(x) = xi−1, i = 2, . . . , n− 1

Therefore, we can write the linear regression model as
<latexit sha1_base64="tYbJlJfwNqTB4OghZaGhZaM4fxs="></latexit>

ŷ = f̂(x) = θ1 + θ2x1 + · · ·+ θn+1xn = xT θ2:n + θ1
<latexit sha1_base64="vBd9StbTS8uEXqPjCSodLI3PE1k="></latexit>

^P[O � = ✓2:n+1, v = ✓1



General data fitting as linear regression
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Our general data fitting framework is nothing more than  
linear regression on transformed data

General data fitting model
<latexit sha1_base64="Mye9fJCW7NLjmhkpYIpoEOpOMbI="></latexit>

f̂(x) = θ1f1(x) + · · ·+ θpfp(x)

Equivalent linear regression model

<latexit sha1_base64="xZtugVeuBnmSi/uHm7Pw12u6xCc="></latexit>

࠮ f1(x) = 1 �JVTTVU HZZ\TW[PVU�
࠮ x̃ = (f2(x), . . . , fp(x)) �[YHUZMVYTLK MLH[\YLZ�
࠮ v = ✓1 HUK � = ✓2:p �SPULHY YLNYLZZPVU WHYHTL[LYZ�

<latexit sha1_base64="Ia5w8W+1BuV60KRHGTsUEH0tVyw="></latexit>

ŷ = f̂(x) = x̃Tβ + v



Validation



Generalization

24

Main goal
<latexit sha1_base64="EZm7jsi3WqKqTt+qcPFqufzGZVg="></latexit>

࠮ ;OL NVHS VM TVKLS PZ UV[ [V WYLKPJ[ V\[JVTL MVY NP]LU KH[H
࠮ 0UZ[LHK� P[ PZ [V WYLKPJ[ [OL V\[JVTL VU UL �̂ \UZLLU KH[H

(Almost) always true in decision making 
The objective function (here, the training error) is just  

a “surrogate” of the true goal

Seen/Unseen data
<latexit sha1_base64="RQKcqtlPN/7rYDRbrCjYuW6mPbw="></latexit>

࠮ ( TVKLS [OH[ THRLZ YLHZVUHISL WYLKPJ[PVUZ VU UL �̂ \UZLLU KH[H
OHZ NLULYHSPaH[PVU HIPSP[` VY P[ NLULYHSPaLZ

࠮ ( TVKLS [OH[ THRLZ WVVY WYLKPJ[PVUZ VU UL �̂ \UZLLU KH[H
PZ ZHPK [V Z\ɈLY MYVT V]LY�Ä[[PUN



Overfitting example
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Validation
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<latexit sha1_base64="nXpVHaffuW1Q8CV87C00sn/A+oA="></latexit>

:PTWSL HUK LɈLJ[P]L TL[OVK [V N\LZZ PM H TVKLS NLULYHSPaL

Data

<latexit sha1_base64="JHI663d3pc08ZBBfP/RhVatNWP8="></latexit>

*VTWHYL [OL 4:, WYLKPJ[PVU LYYVY VU [LZ[ ]Z [YHPU KH[H ZL[

<latexit sha1_base64="ZENquZMk6mzrC2j8zuZvknXqn1A="></latexit>

0M ZPTPSHY� ^L JHU N\LZZ [OH[ [OL TVKLS ^PSS NLULYHSPaL

<latexit sha1_base64="ToPdkyUxCll4D3RTTmm5xlbp+Vs="></latexit>

�� :WSP[ KH[H PU [YHPUPUN HUK [LZ[ ZL[ �[`WPJHS ������� VY  �������
�� )\PSK �[YHPU� TVKLS VU [YHPUPUN KH[H ZL[ �P�L�� JVTW\[L ✓?�
�� *OLJR TVKLS»Z WYLKPJ[PVU VU [LZ[ KH[H ZL[

Train Test



Validation

27

Data

Useful to choose among different candidate models

• Polynomials of different degrees

• Models with different transformed features 

We choose the one with lowest test error

Train Test



Example
Polynomial fit
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100 points training set,  
100 points test set
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It suggests degrees 6/7/8 are 
reasonable choices
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Cross validation

29

Check which method provides the better models 
(e.g., choice of features, basis functions, etc.)

Data

10 fold

2 fold

1 fold

… …

<latexit sha1_base64="jWzU21R14BHThIWePJ+oZ8U+sWU="></latexit>

�� +P]PKL KH[H PU 10 MVSKZ

�� -VY i = 1, . . . , 10 I\PSK �[YHPU�
TVKLS \ZPUN HSS MVSKZ L_JLW[ i

�� ;LZ[ TVKLS VU KH[H PU MVSK i

For each fold, compare the MSE 
prediction error on test vs train data

If test vs train MSE are similar and consistent, 
we can guess the model will generalize

Remark
This returns many models, 

to get a model, we have to afterwards  
train over the whole data set



Example



House price regression
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<latexit sha1_base64="V/i9c6dOEAKzQ4ZHGxr/nQft9ds="></latexit>

774 OV\ZL ZHSLZ PU :HJYHTLU[V HYLH

Base features
<latexit sha1_base64="mZAQnCENsVoF7bovhDLg5Sg30W0="></latexit>

࠮ x1 PZ [OL HYLH VM [OL OV\ZL �PU 1000ft2�
࠮ x2 PZ [OL U\TILY VM ILKYVVTZ
࠮ x3 PZ 1 MVY JVUKV HUK 0 MVY OV\ZL �IVVSLHU�
࠮ x4 PZ [OL A07 JVKL ��� ]HS\LZ�

Transformed features
<latexit sha1_base64="K8wk/0Y1/Ri/XVVqlg9lMTYW3tc="></latexit>

࠮ f1(x) = 1 �VɈZL[�
࠮ f2(x) = x1

࠮ f3(x) = max{x1 � 1.5, 0} PZ [OL OV\ZL HYLH HIV]L 1500ft2

࠮ f4(x) = x2

࠮ f5(x) = x3

࠮ f6(x), f7(x), f8(x) HYL )VVSLHU M\UJ[PVUZ VM x4 [V LUJVKL
4 NYV\WZ VM ULHYI` aPW JVKLZ �P�L�� ULPNOIVYOVVK�

<latexit sha1_base64="5acR1k7Ab55y3+m0Xolj9pC+ElM="></latexit>

f̂(x) = θ1f1(x) + · · ·+ θ8f8(x)
Model



House price prediction

32

Fitting over the whole dataset

How can we be sure it generalizes?
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House price regression
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Crossvalidation
<latexit sha1_base64="S272bOM76XcU706Mug7xF2lGGBk="></latexit>

5 MVSKZ VM 155 ZHSLZ LHJO

Good feature choice
• Models (parameters) reasonably stable across folds

• Similar train and test errors

<latexit sha1_base64="xJH3RCRPFB8JzNy3+tFrce7nvpk="></latexit>

-VSK ;YHPU LYYVY ;LZ[ LYYVY θ1 θ2 θ3 θ4 θ5 θ6 θ7 θ8

� 0.26 0.30 115.60 177.53 −47.05 −14.64 −13.90 −112.00 −122.59 −36.51

� 0.26 0.29 121.59 165.48 −30.35 −17.74 −20.21 −95.22 −103.67 −7.94

� 0.27 0.25 117.83 181.18 −49.78 −19.30 −18.68 −106.50 −112.76 −32.37

� 0.27 0.25 104.00 174.54 −41.96 −18.81 −17.13 −85.68 −92.09 −6.99

� 0.27 0.27 119.40 178.57 −44.82 −19.50 −25.98 −103.95 −111.56 −36.89



Least squares data fitting

Today, we learned to:


• Formulate many data fitting problems as least squares


• Avoid overfitting by keeping our models simple


• Compare our models using validation
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Next lecture

• Multi-objective least squares
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