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Most applications require fast and safe
decisions In presence of uncertainty
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Data can help us but we have to use It wisely!
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Data can help us but we have to use i1t wisely!

Moore’s Law is slowing down Data availability is exploding

Global Data Creation is About to Explode

Actual and forecast amount of data created worldwide 2010-2035 (in zettabytes)

Che New ork Times

Moore’s Law Running Out of Room,
Tech Looks for a Successor

1 zettabyte is equal to
1 billion terabytes.

The Economist explains

The end of Moore’s law e 612
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Problem setup with uncertain constraints
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How do we guarantee constraint satisfaction?
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Recipe

1. Pick uncertainty set i/
2. Ensure constraint satisfaction Vu € U

minimize  f(x)
subjectto g(z,u) <0, VYuel

How do we pick the uncertainty set?
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The empirical distribution can help us build uncertainty sets
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Mean Robust Optimization
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We use clustering to reduce dimensionality and computation time
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We use clustering to reduce dimensionality and computation time
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use cluster centers
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Jain et al. (1999)
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Uncertainty set
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Back to the Mean Robust Optimization problem
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Solving the MRO problem
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Solving the MRO problem

dualize constraint
g(x,u) <0, Vu e U(K,e€)

It can be very expensive when K is large (e.g., K = N)
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MRO bridges RO and DRO
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Kuhn, Mohajerin Esfahani, Nguyen, Shafieezadeh-Abadeh (2019)

Distributionally Robust

Optimization
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7 light-tailed
e (Eg(@n,u)) < 0) 2 1=P Fougerand Guillin (2013) U(N,en(8))
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\
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Quite conservative bounds... can we do better?
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Bounding the conservatism
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Theorem
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Bounding the conservatism Worst-case values
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Bounding the conservatism Worst-case values

_N . _
— Maximize
MRO constraint g~ () weld (N g(z,u)
ucel (K ,e)

------------------------------------------------------------------

Theorem Clustering % o
~ If —gis L-smooth in u, we have v value o O®
. N < it < Vv | LD K < ZZ . Hd —d H2 C.Q: ¢
g () < g™ (z) < g (2) - 5 (K) ; Uik || e °* 4
' = i=1 k=1

-----------------------------------------------------------------

When ¢ is affine in u (L = 0), clustering makes

no difference to the optimal value or optimal solution
22



We can also model maximum-of-concave constraints

9(x,u) = max g;(z, u)
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We can also model maximum-of-concave constraints

g(zr,u) = maxg;(x,u)
I<J
e Joint uncertain constraints

e (Conditional Value at Risk

MRO uncertainty set

K J
UK €) = {u(vll,...,UJK)ERJXK Ja €T, Zxajwjkdkwep}

k=1 j3=1
J
perturbations split I'=< o | Z&jk = Wk, i =0 VE, J

across function pieces

>

7=1

cluster weights
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Worst-case values with maximum-of-concave constraints

g(z,u) = I}lgcgj(a?, u)
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Worst-case values with maximum-of-concave constraints
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Worst-case values with maximum-of-concave constraints
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Computational speedups on sparse portfolio optimization

K (number of clusters)

I T conditional
minimize CVaR(—u'z,1m) “— . c.atrick
subjectto 1'z =1, x>0
- cardinality
Card(m) S C constraint
Time (s) Objective value
< 0.04
—e— K —
K=5
0.03 1 K — 10 ” I
e =00 near-optima
o 0.00061 0.02 - “« K — 1000 performance
—m— ¢=0.00118 with 5 clusters
—Aa— ¢ = (.00228 =
—— ¢ =0.00316 0.01 1 &
—&¢— ¢ =0.00439
\ 4
o . . . . . 0.00 +— , , , ,
0 200 400 600 300 1000 0.0 0.2 0.4 0.6 0.8 1.0

B (probability of constraint violation) 25



Computational speedups on capital budgeting example

maximize n(u)!x
subjectto alx <b
re{0,1}"
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Computational speedups on capital budgeting example

total
net present value (NPV)

maximize n(u)’x —
subjectto alx <b
r € {0,1}"
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Computational speedups on capital budgeting example

total
net present value (NPV)

maximize n(u)’x —
subjectto a'xz <b -
r € {0,1}"

budget
constraint
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Computational speedups on capital budgeting example

total
net present value (NPV) NPV of projectj
maximize n(u)" @ — T cf:lash
subjectto a'xz < b - budget Z q ow
- constraint — + w; )t
v €10, 11" ™ discount

rate
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Computational speedups on capital budgeting example
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Computational speedups on capital budgeting example

total
net present value (NPV) NPV of project j
maximize n(u)'x — a F,- cf:lash
: _ J ow
Subject to alzx < b - budge_t " (u) N Z (1 Ny .)t
~ constraint t—1 J
z € {0,1} ™ discount
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Time (s) Objective value
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Mean Robust Optimization with streaming data



Streaming data brings opportunities and challenges

streaming data time

/ Step
Dy = {dz’}§:1

28



Streaming data brings opportunities and challenges

| empirical distribution ambiguity set
streaming de}ta/ tn:ne [t
o Py =2 P ={P|W,(P,,P) <e|
Dy = {di}i— Py t 2 15dz‘ t Wy (P, P) < ¢
1=

28



Streaming data brings opportunities and challenges

| empirical distribution ambiguity set
streaming de}ta/ t|{ne ! t
step ~ o 2
P,=-5 4, P_{PWPPge}
Dt — {dz}§:1 t t Zl d; t ‘ p( 1 ) t
7 P
[ m
: PR g
d/ l\ l ,.,
d; /\
/\ A
tradeoff
( statistics 4 tat )
shrinking radius _ gompu a !on
1/ @ Increasing computational cost
— m™m
€ ~ 1 1 datapoint <+ 1 constraint
_ Fournier and Guilin 2013) \_ J 08




Many problems with streaming data are sequential

goal

= xlgg E(f(z,u))

29



Many problems with streaming data are sequential

decision uncertainty decision
goal

H, = inf E(f(.CE,U)) ........... _|—|—|. ........... —_—

re X
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Many problems with streaming data are sequential

decision uncertainty decision
goal

H, = inf E(f(ZU,U)) ........... _|_|—|—|. ........... —_—

re X /

compute decision

r; = argmin sup E(f(x,u))
xeX PePy
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Many problems with streaming data are sequential

decision uncertainty decision
goal

7 ¢ (f( )) Lt dy Lt+1
.= Inf E r,u)) e _|_|—|_|—|. ........... —_—
reX / \
com_pute decision update ambiguity set
© = argmin sup E(f(x,u)) P, — {Q W, (P, Q) < Et}
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Many problems with streaming data are sequential

decision uncertainty decision
goal

. Lt d; Lt41
H, = xlggc E(f(ZE‘,U)) /_I_I—I_ITF ........... —
compute decision update ambiguity set
v = atvger?(in sup E(f(z,u)) P, — {Q W, (P,, Q) < Et}

Can Mean Robust

Optimization help?
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ldea: compress data via online clustering
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ldea: compress data via online clustering

4 R

B clustered empirical distribution dynamic clustering-based
d3 dq K ambiguity set (via MRO)
N ® ‘li/. f)f( — Z wfécf’f cluster 12 AN
o 0‘ o — t centers Pt — {Q ‘ Wp(Pt 9 Q) < €t}
°o e |
‘ —_
2 cluster
u weights )
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Fixed partitioning

Zubaroglu and Atalay (2021)

ldea: compress data via online clustering

-

\_

clustered empirical distribution

K
"K_E : k¢_
k=1

|

cluster
weights

cluster
centers

~

J

It works with many clustering algorithms

dynamic clustering-based
ambiguity set (via MRO)

Pt = {Q W,(PF, Q) < Gt}
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Fixed partitioning

Zubaroglu and Atalay (2021)

ldea: compress data via online clustering

-

\_

clustered empirical distribution

K
"K_E : k¢_
k=1

|

cluster
weights

cluster
centers

~

kK-means reclustering at each t

t K
min- > Y ail|di — di ||

1=1 k=1

It works with many clustering algorithms

dynamic clustering-based
ambiguity set (via MRO)

Pt = {Q W,(PF, Q) < Gt}
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. " clustered empirical distribution
ds3 . dq K
\ A
/. PK — wk5—k cluster
o © r t t YdY +——
® o ® centers
k=1
o Qg I
‘\ _
2 cluster
\_ weights Y

ldea: compress data via online clustering

dynamic clustering-based
ambiguity set (via MRO)

It works with many clustering algorithms

Fixed partitioning kK-means reclustering at each t

t K
min- > Y ail|di — di ||

1=1 k=1

data

stream
online

Zubaroglu and Atalay (2021)

Pt = {Q W,(PF, Q) < Gt}

two-phase clustering

microclusters )

o I:I. ® .B..
_ o

offline
—

‘macroclusters)




Bounding the performance lost via clustering

optimal DRO value optimal MRO value
at time ¢ at time ¢ with & clusters
H, = inf sup E(f(z,u)) Hf = inf sup E(f(z,u))

reX pep, TEX pepK
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Bounding the performance lost via clustering

optimal DRO value optimal MRO value
at time ¢ at time ¢ with K clusters
° K .
H; = inf sup E(f(x,u)) HE = inf sup E(f(z,u))
reX pep, TEX pepK

---------------------------------------------------------------------------------------------------------

Theorem (concave function)

If fis L-smooth and M -Lipschitz in u, we have

5 L -
 H, < H* < Ht+min{th(K),M(%t+Wp(Pt,PtK))} i

---------------------------------------------------------------------------------------------------------

31



Bounding the performance lost via clustering

optimal DRO value optimal MRO value
at time ¢ at time ¢ with K clusters
° K .
H; = inf sup E(f(x,u)) HE = inf sup E(f(z,u))
reX pep, TEX pepK

---------------------------------------------------------------------------------------------------------

Theorem (concave function)

If fis L-smooth and M -Lipschitz in u, we have

5 L -
 H, < H* < Ht+min{th(K),M(Zet+Wp(Pt,PtK))} i

--------------------------------------------------------------------------------------------------------

clustering
value at time ¢

K

o 1
..;: % Zz&ik\\di — CZkHQ

1=1 k=1
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Bounding the performance lost via clustering

optimal DRO value optimal MRO value
at time ¢ at time ¢ with K clusters
° K .
H; = inf sup E(f(x,u)) HE = inf sup E(f(z,u))
reX pep, TEX pepK

---------------------------------------------------------------------------------------------------------

Theorem (concave function)

If fis L-smooth and M -Lipschitz in u, we have

i L —
Ht <Ht[( SHt—|—m1n{th(K),M(QEt—|—Wp(Pt,PtK))}

------------------------------------------------------------------------------------------------------

clustering
value at time ¢

K

Wasserstein distance

O
.oli

P pPK
O _ t t
2t Y ald - . S
o i=1 k=1 / LL{L . 4—/ 1 .




Bounding the performance lost via clustering

optimal DRO value optimal MRO value
at time ¢ at time ¢ with K clusters
° K .
H; = inf sup E(f(x,u)) HE = inf sup E(f(z,u))
reX pep, TEX pepK

---------------------------------------------------------------------------------------------------------

Theorem (concave function)

If fis L-smooth and M -Lipschitz in u, we have

5 L —
Ht SHtI( SHt—|—m1n{th(K),M(QEt_|_Wp(Pt,PtK))}

. O // _________________ T ________________________________ 5

clustering radiusb RO
- same as
value at time ¢ Gao (2022) Wasserstein distance

K O(1/v/1

°e — ) pt ptK
o OO . . 2 | |
.oﬂ: O ZZ&zkzudz dkH i | lil | 1
o i=1 k=1 LL{L ) —> I 2




Computational speedups on online sparse portfolio with high confidence

minimize CVaR(—u" z,n)
subjectto 1'z =1, x>0
card(x) < C
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Computational speedups on online sparse portfolio with high confidence

conditional

e T -
minimize CV&R(_U 33777) value-at-risk

subjectto 1'z =1, x>0
card(x) < C
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Computational speedups on online sparse portfolio with high confidence

conditional

e T -
minimize CV&R(_U 33777) value-at-risk

subjectto 1'z =1, x>0

- cardinality
Card(m) S C constraint
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Computational speedups on online sparse portfolio with high confidence

minimize

CVaR(—u'z,n) ——

subjectto 1'z=1z>

Certificate
0.03
0.02 -
0.01 - [
(I) 5(I)0 1OIO() 15IOO QOIOO

Time step (t)

—— online clustering

(ours)

card(x) < C -

0

conditional
value-at-risk

cardinality

constraint

Confidence 1 — Bt

1.0 -

0.9

0.0

confidence

v” ST T —

0

500 1000
Time step (1)
—+— reclustering

(ours)

1500 2000

—— SAA

Computation time per iteration (s)
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—— DRO

1000
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1500

2000
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Mean Robust Optimization ’

Using data wisely In decision-making under uncertainty
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Mean Robust Optimization

Using data wisely In decision-making under uncertainty

number of
 Bridges RO and DRO m Clusters m

1 N K
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Mean Robust Optimization ot
Using data wisely in decision-making under uncertainty © o°
number of
 Bridges RO and DRO m Clusters m
1 N K
g affine in w ~ zero clustering effect!

* Clustering effect =

- g (max of) concave in u » performance bound
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Using data wisely In decision-making under uncertainty

number of
 Bridges RO and DRO m clusters m

1 N K

g affine in u ~ zero clustering effect!
- g (max of) concave in u - performance bound

* Clustering effect =

* Multiple orders of magnitude speedups

Mean Robust Optimization ofot
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* Bridges RO and DRO m

Mean Robust Optimization S

Using data wisely In decision-making under uncertainty

number of m
clusters

1

* Clustering effect =

N K

g affine in u ~ zero clustering effect!
- g (max of) concave in u - performance bound

* Multiple orders of magnitude speedups

 Works well with streaming data
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Mean Robust Optimization S

Using data wisely in decision-making under uncertainty

number of
 Bridges RO and DRO m clusters m

1 N K
. g affine in u ~ zero clustering effect!
* Clustering effect = .
- g (max of) concave in u - performance bound

* Multiple orders of magnitude speedups

* Works well with streaming data =

Mean Robust Optimization [w]L1% [w] D Data Compression for Fast Online
l. Wang, C. Becker, B. Van Parys, and B. Stellato E@% % Stochastic Optimization

Mathematical Programming, 2024 l. Wang, M. Fochesato, and B. Stellato
arXiv: 2504.08097, 2025

github.com/stellatogrp/online_mro
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1 N K
. g affine in u ~ zero clustering effect!
* Clustering effect = .
- g (max of) concave in u - performance bound

* Multiple orders of magnitude speedups

* Works well with streaming data =

Mean Robust Optimization [w]L1% [w] D Data Compression for Fast Online
l. Wang, C. Becker, B. Van Parys, and B. Stellato E@% % Stochastic Optimization

Mathematical Programming, 2024 l. Wang, M. Fochesato, and B. Stellato
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Online out-of-sample performance

Out-of-sample expected value, K = 15 Out-of-sample expected value, K = 25
—— online clustering
—+— reclustering
0.04 - 0.04 - —— DRO
—— SAA
0.02 - 0.02 -
10" 10* 107 10° 10Y 10* 107 10°
Time step (1) Time step (1)

Obtain near-optimal out-of-sample values




