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Most applications require fast and effective 
decisions in real-time



First-order methods are now widely popular…
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parameters
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First-order methods are now widely popular…

✓cheap iterations


✓easy to warm-start

large-scale  
optimization

embedded  
optimization

benefits of first-order methods
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…and they can solve many constrained convex problems!
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Applegate, Díaz, Hinder, 
Lu, Lubin, O'Donoghue, 
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PDLP

Linear Programs

but they can sometime converge slowly!

major issue in 
safety-critical 

applications with

real-time 
requirements

limited 
computing power
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Best known bounds via computer assisted analysis
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PEP SDP formulation
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• Tight SDP formulation


• Proofs via dual problem


• Useful for algorithm design

Features
Drori and Teboulle (2014), Taylor, Hendrickx, Gilneur (2017), 
Lesssard, Recht, Packard (2016)

Several papers on the topic

early methodological

more recent works

algorithm design

Taylor and Bach (2019) Ryu, Taylor, Bergeling, Giselsson (2020) 
Park and Ryu (2022), Das Gupta, Freund, Sun, Taylor (2024) Luner, 
Grimmer (2024), Upadhyaya, Banert, Taylor, Giselsson (2025)…

Kim and Fessler (2016) Jang, Das Gupta, Ryu (2023)

Das Gupta, Van Parys, Ryu (2024)…



We still do not fully understand their convergence!
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image deblurring problem 
emnist dataset

Theoretical bounds from Performance Estimation Problem (PEP)
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sources of pessimism in classical convergence analysis
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quadratic  
upper bound

quadratic  
lower bound
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general function classes

running the algorithm may highlight  

key structural properties
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never runs the algorithm
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large amount of data 
(e.g., instances, iterate trajectories)

structured problems 
(e.g., parameters -> solutions)

in most applications we repeatedly 

solve the same problem with  
varying parameters
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We will model first-order methods with operators
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strongly convex problems have 

the largest benefits 

(because of linear convergence)
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lower and upper bounds 
(needed for convex hull)
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exponential number of inequalities
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separation problem can be 

solved in linear time 

(by sorting)
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<latexit sha1_base64="h+ZfZgldrVOZdNNfzwCuuZqxI+w="></latexit>

R2 = maximize ‖z0 − z!‖2
2

subject to z! = T (z!, x)

x ∈ X

PEP

fixed-points

Verification
<latexit sha1_base64="6zkjPi20K7C24JyL5r8nwntpuVY="></latexit>

R = maximize ‖z0 − z!‖1

subject to z! = T (z!, x)

x ∈ X

fixed-points

upper-bounds  

-norm∞

<latexit sha1_base64="SJoVNbQupLya5sktmNt6I7z8Mzk="></latexit>

αK = 2βk−1
R

example 
linear convergence


