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Most applications require fast and effective
decisions In real-time



First-order methods are now widely popular...
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minimize  f(z,x) varying parameters
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t (unknown distribution)
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...and they can solve many constrained convex problems!
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but they can sometime converge slowly!

major issue in
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computing power

-

-
Conic Programs

v

SE_ITT H5 Z0KIC SCLYEE

O'Donoghue, Chu, Parikh,

Boyd (2016)




How to analyze first-order methods?



How to analyze first-order methods?

Computers can help us
formalize and verify proofs!




How to analyze first-order methods?

Computers can help us
formalize and verify proofs!

Me:

How can | get performance bounds for first-order methods with the help of a computer?

openai/gpt-4.1 Today at 5:10 PM
You can get performance bounds for first-order methods (like gradient descent) using performance

estimation problems (PEPs). These are optimization problems that compute the worst-case performance

of your algorithm over a class of functions (e.g., L-smooth convex).
Here's how you can do it with a computer:

1. Formulate the PEP:
Define the class of functions (e.g., convex, L-smooth).
Encode the algorithm (the iteration steps).
Specify the performance metric (e.g., function value gap after N steps).
2. Translate to a Semidefinite Program (SDP):
Typically, you can express the worst-case bound as an SDP.
For many standard settings, tools and scripts already exist.
3. Use Existing Software:
PEPit (Python): A user-friendly, actively maintained toolbox for many first-order methods. See:
PEPit on GitHub .
CVXPY or YALMIP: For custom formulations, you can build and solve SDPs using SDP solvers
(MOSEK, SCS, etc).
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Features

e Tight SDP formulation
* Proofs via dual problem
» Useful for algorithm design

G=P'P with P=| 20 ...




PEP SDP formulation

still a nonconvex fj > Jm ( ) (Z] Z)
QCQP HZ _ZOH <1 (Zl_ZO)T(Zl_ZO)<1

G=P'P with P=| 20 ... 26 ¢ ... ¢¥

convex SDP
Gram matrix reformulation F— ( fO o f K) | | ‘ ‘

Several papers on the topic

Features early methodological
Drori and Teboulle (2014), Taylor, Hendrickx, Gilneur (2017),
° T|ght SDP fOrmulatiOn Lesssard, Recht, Packard (2016)
e P f 2 d | bl more recent works
roois via aua prO em Taylor and Bach (2019) Ryu, Taylor, Bergeling, Giselsson (2020)
. . Park and Ryu (2022), Das Gupta, Freund, Sun, Taylor (2024) Luner,
UserI for a|90r|thm deSlgn Grimmer (2024), Upadhyaya, Banert, Taylor, Giselsson (2025)...

algorithm design

Kim and Fessler (2016) Jang, Das Gupta, Ryu (2023)
Das Gupta, Van Parys, Ryu (2024)...
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sources of pessimism In classical convergence analysis

general function classes
(f is strongly convex and smooth...)

, Quadratic
/upper bound

f

quadratic
lower bound

we may never encounter

that function

a priori analysis
never runs the algorithm

running the algorithm may highlight

key structural properties

10
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. main idea

IN most applications we repeatedly
solve the same problem with

varying parameters 0-[8
minimize
f(z )
~__
-

subjectto z € C'(x)

structured problems
(e.g., parameters -> solutions)

large amount of data
(e.g., instances, iterate trajectories)
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12



We will model first-order methods with operators

iterations

L =T(F x) fork=0,1,...

N\ operator
(e.qg., contractive, averaged)

goal: find fixed-points

zF =T(z", x)

-

~
example
gradient descent
problem optimality conditions
minimize f(z,x) —— Vf(z5,z)=0
iterations
=28 9V (25, 2) 0
v
£
fixed-points y
2F =2 =0V, x) )

12



We will model first-order methods with operators

4 )
example
: : gradient descent
Iiterations
A T(zk, :1:) fork=0,1,... problem optimality conditions
AN operator minimize f(z,x) —— Vf(z%,z) =0
(e.qg., contractive, averaged) orations
=28 9V (25, 2) 0
0
@
Z*:T(Z*,QZ’) g 2F=2" = 0Vf(z", x) )
performance metric
k _ k—1 k—1| __ k k—1
ri(e) = [[T(z"7) =27 || = [|2" — 27|
fixed-point residual /
(under suitable assumptions 12

it converges to 0)
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Analyzing the algorithm performance after K iterations
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Eﬁ Verification of First-Order Methods for Parametric Quadratic Optimization
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i arXiv e-prints:2403.03331 (2025) 16
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subjectto 2z >0

MFt1 = A2F o+ By

NI 4

gradient

L \Step Projected Gradient Descent

&

. : : - :
Piecewise affine steps — Bilinear constraints - . . .
+1 _
Elementwise maximum (ReLU) w" = I —-0D"D)z"+0D" x

e.g., one-sided projections k14 . Zk+1 - max{wkH O}
= = - )
SR+l (Zk)+ _ ma,x{zk, O} i projection

k step
Soft-thresholding similar structure as in

neural network verification

e.g., prox of 1-norm function

k+1 kN __ k A\ k A\ . .
2 = ¢ (2") = max{z", A\} — max{—z", \} Liu et al. (2021), Albarghouthi (2021),
Ceccon et al. (2022), Fischetti and Jo (2018),

Tjeng et al. (2019)

Saturated linear unit (SatLin)
e.g., box projections

2P = Sy (27) = min{max{z", £}, u}

17




Two types of algorithm steps

Linear steps — Linear constraints

MFt1 = A2F o+ By

e.g., gradient, momentum, restarts, anchors, prox of quadratic functior)s...

Zk—l—l

&

NI 4

. : : . :
Piecewise affine steps — Bilinear constraints

Elementwise maximum (ReLU)

Soft-thresholding

e.g., prox of 1-norm function
2P = 3 (2%) = max{2", A\} — max{—2",\}

Saturated linear unit (SatLin)
e.g., box projections

2P = Sy (27) = min{max{z", £}, u}

e.g., one-sided projections k14
P = (27), = max{z",0} /

Example:
Nonnegative least squares

minimize  (1/2)||Dz — z||3
subjectto 2z >0

gradient

step

Projected Gradient Descent

w"t = (I — D" D)2* + D"z

projection

step

> 2P = max{w" !, 0}

similar structure as In

neural network verification

Liu et al. (2021), Albarghouthi (2021),
Ceccon et al. (2022), Fischetti and Jo (2018),
Tjeng et al. (2019)

How can we solve

the verification problem?
17



SDP relaxation of the Verification Problem

max 7’ (r) = maximize |[|z% — K12 - Perforz?::remmetric

reX
subjectto 2"t =T(z% z), k=0,..., K -1
N=Z(x), veX

18



SDP relaxation of the Verification Problem

max 7’ (r) = maximize |[|z% — K12 - Perforz?::remmetric

reX
subjectto 2T =T(2% z), k=0,...,K -1
N=Z(x), veX

piecewise affine steps — relaxations

Elementwise maximum (ReLU)
e.g., one-sided projections

= (2F), = max{z",0}
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SDP relaxation of the Verification Problem

max 7’ (r) = maximize |[|z% — K12 - Perforg_a::remmetric

reX
subjectto 2T =T(2% z), k=0,...,K -1
N=Z(x), veX

piecewise affine steps — relaxations

Elementwise maximum (ReLU)

e.g., one-sided projections bilinear constraints

Zklz ijlzzk:

k+1 07
(Zk+1)T(2k+1 o Zk) — 0

= (2F), = max{z", 0} —

18



ma,)}(ch(a:) — maximize ||z®* — 25715 -
T
subjectto ¢t = T(2F, z),
N=Z(x), veX

Elementwise maximum (ReLU)
e.g., one-sided projections

<

k+1

()4 = max{z",0} —

piecewise affine steps

bilinear constraints

A depends on

iterate dimensions!

performance metric
/>-norm

—  relaxations

SDP relaxation
Zk‘—I—l Z O7

tr('

—1/2

Il

<

<

ath

k

k=0,.... K —1

SDP relaxation of the Verification Problem

k+1 > Zk
—I1/2
/ M) 0
0
- AT
Zk—l—l
Zk
18




SDP Example: unconstrained QP verification

problem
Instances

l

minimize (1/2)z' Pz +z' 2
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SDP Example: unconstrained QP verification

problem
Instances

l

minimize (1/2)z' Pz +z' 2

verification problem
C . gradient
maximize ||z®* — 25713 __— descent
subjectto 2Tt =2 —9(PzF+x), k=0,...,K—1

NelZ zxzeX
T

warm-start set

19



SDP Example: unconstrained QP verification

problem
Instances

l

minimize (1/2)z' Pz +z' 2

verification problem
C . gradient
maximize ||z®* — 25713 __— descent
subjectto 2Tt =2 —9(PzF+x), k=0,...,K—1

NelZ zxzeX
T

warm-start set

. . R
(If Z Is an ellipsoid and A" a singleton (or viceversa)

= the SDP formulation is exact!

= _J




SDP Example (exact): unconstrained QP verification

warm-starts
(7 =7y, 75, OF Z3
rEeX = {0}

J

100?

10_1?

Worst case fixed point residual

PEP SDP can’t distinguish

warm-starts

!3! V. Ranjan and B. Stellato
o arXiv e-prints:2403.03331 (2025) 20

[x] Lz () github.com/stellatogrp/sdp algo verify

E% Verification of First-Order Methods for Parametric Quadratic Optimization



http://github.com/stellatogrp/sdp_algo_verify

SDP Example (exact): unconstrained QP verification

rotated functions

warm-starts 7 =7, ™
(Z =171,%y, Or Z3 v e X = {0}
Z1 L E X =10} Y \Pl, P> rotations of P

J

\ \
—— Pl
~ B & :

. _ —— D
T@ ~ S T@

N _B—
% \\\ \\ . S 100 i P2
o= O S S N '9 ]
2 1074 N N . 7 : —e— PEP
+~ - N ) S \\‘ +
E N . \\\ \\\ E
@) So S AN @)
@F \\\ M \\ @

3 A N _1

\ \
= \\ \\ =
L -1 AN '\ O
% 10 ] \\ \\ %
&) ] \\ \\ Q
2 [ I (- N
r I = 10~
= b g =
2 4 6 8 10 S / / 2 4 §) 8 10
K AN K

PEP SDP can’t distinguish

PEP SDP can’t distinguish
warm-starts

rotated quadratic functions

[w] Verification of First-Order Methods for Parametric Quadratic Optimization
V. Ranjan and B. Stellato
arXiv e-prints:2403.03331 (2025) 20

Lz () github.com/stellatogrp/sdp algo verify



http://github.com/stellatogrp/sdp_algo_verify

Exact MIP formulation of the Verification Problem

ma)}fch(x) = maximize ||z — 2% 71|
xTE
subjectto "t =T (2%, 2), k=0,...,K —1
N=Z(x), ve€X

21



Exact MIP formulation of the Verification Problem

performance metric
{.-norm

subjectto "t =T (2%, 2), k=0,...,K —1
N=Z(x), ve€X

maxr’* (z) = maximize |[zF — 2571 -
reEX
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Exact MIP formulation of the Verification Problem

performance metric
{.-norm

subjectto "t =T (2%, 2), k=0,...,K —1
N=Z(x), ve€X

maxr’* (z) = maximize |[zF — 2571 -
reEX

piecewise affine steps — exact reformulations

Elementwise maximum (RelLU)
e.g., one-sided projections

= (2F) L = max{z",0}
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Exact MIP formulation of the Verification Problem

performance metric
{.-norm

subjectto "t =T (2%, 2), k=0,...,K —1
N=Z(x), ve€X

maxr’* (z) = maximize |[zF — 2571 -
reEX

piecewise affine steps — exact reformulations

e.q., one-sided projections

= (2F), = max{2",0} —» L < 2R diag(l — §)2"

L < diag(6)z"
0; € {O, 1}
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Exact MIP formulation of the Verification Problem

performance metric
{.-norm

subjectto "t =T (2%, 2), k=0,...,K —1
N=Z(x), ve€X

maxr’* (z) = maximize |[zF — 2571 -
reEX

piecewise affine steps — exact reformulations

Elementwise maximum (RelLU) MILP constraints

e.g., one-sided projections
g KL S kL >k

2 = (2%) 4 = max{2", 0} — > <R diag(l — 6)2"

R < diag(é)ilC
573 - {07 1}

|

binary
variables

21



Exact MIP formulation of the Verification Problem

II9.x "“K(f) — maximize ||z®* — 25| Perforgr:ljl:gfmmetric

reX
subjectto "t =T (2%, 2), k=0,...,K —1
N=Z(x), zelk

piecewise affine steps — exact reformulations

Elementwise (rjnadximum (ReLU) MILP constraints \ée:)rlze:]l:;:cse
e.q., one-sided projections
9 Proj LA 0. Rl > ok /

S = () mmax{zh 0} —— ko b giag(1 4

§k

R < diag(é)ilC
0; € {O, 1}

|

binary
variables

21



Exact MIP formulation of the Verification Problem

performance metric
{.-norm

subjectto "t =T (2%, 2), k=0,...,K —1
N=Z(x), ve€X

maxr’* (z) = maximize |[zF — 2571 -
reEX

piecewise affine steps — exact reformulations

Elementwise (rjneéximum (ReLU) MILP constraints \ée:)rlze:]l:;:z
e.q., one-sided projections
9 Proj LA 0. Rl > ok /

k+1 _ ( ky k
a0 =)y =max{z 0F —— k1 ok diag(1 — §)2F A MILP solution
SRl < diag(5)2k may be very slow!
0; € {O, 1}

|

binary
variables

21



Constructing strong MIP formulations

piecewise affine steps
soft-thresholding operator

W = ¢7(zlf + 2%)

22



Constructing strong MIP formulations

piecewise affine steps
soft-thresholding operator

_ k k
W = %(21 + 25 ) convex hull

Inspired by: Anderson et al. (2020), Tjandraatmadja et

al. (2020), Tsay et al. (2021), Hojny et al. (2024),
Huchette et al. (2025)
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Constructing strong MIP formulations

piecewise affine steps
soft-thresholding operator

_ k k
w = ¢y(21 + 23) convex hull A

exponential

number of
inequalities!

Inspired by: Anderson et al. (2020), Tjandraatmadja et
al. (2020), Tsay et al. (2021), Hojny et al. (2024),
Huchette et al. (2025)

22



Constructing strong MIP formulations

piecewise affine steps
soft-thresholding operator

_ k k
w = ¢y (21 + 23) convex hull N

exponential
number of
iInequalities!

v

separation
problem solvable

Inspired by: Anderson et al. (2020), Tjandraatmadja et In linear time
al. (2020), Tsay et al. (2021), Hojny et al. (2024),
Huchette et al. (2025)

22



Using operator theory to tighten MIP formulations

K/ N . I )
max 7 (x) = maximize ||z* — 2" || - performance

subjectto 2T =T(2% z), k=0,..., K —1
N=Z(x), ve€X

23



Using operator theory to tighten MIP formulations

K/ N . I )
max 7 (x) = maximize ||z* — 2" || - performance

subjectto 2T =T(2% z), k=0,..., K —1
N=Z(x), ve€X

operator theory bound
K K—1
— < |

< ag
e.g., linear convergence
— O K
QK — UT «<— rate

|2
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Using operator theory to tighten MIP formulations

K/ N . I )
max 7 (x) = maximize ||z* — 2" || - performance

subjectto 2T =T(2% z), k=0,..., K —1
N=Z(x), ve€X

operator theory bound
K K—1
— < |

< ag
e.g., linear convergence
— O K
QK — UT «<— rate

|2

previous iterate bounds
(bound tightening, interval propagation, etc)




Using operator theory to tighten MIP formulations

K/ N . I )
max 7 (x) = maximize ||z* — 2" || - performance

subjectto 2T =T(2% z), k=0,..., K —1
N=Z(x), ve€X

operator theory bound

bounds on latest iterate

combine
. K—1 _K—
e.g., linear convergence | Z — ol < zK < ZK 1 + arl

previous iterate bounds
(bound tightening, interval propagation, etc)
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Using operator theory to tighten MIP formulations

K/ N . I )
max 7 (x) = maximize ||z* — 2" || - performance

subjectto 2T =T(2% z), k=0,..., K —1
N=Z(x), ve€X

operator theory bound

bounds on latest iterate

previous iterate bounds

(bound tightening, interval propagation, etc) main idea

solve verification problem for increasing K

verify for verify for
K—-1 ’ K
compute compute

bounds bounds
on zK-1 on z%*



Examples of exact worst-case analysis



Sparse coding for signal reconstruction

minimize (1/2)||Dz — z||? + A||z]|1

25



Sparse coding for signal reconstruction

minimize (1/2)||Dz — z||5 + M| z||1
AN

noisy
signal
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Sparse coding for signal reconstruction

minimize (1/2)||Dz — z||5 + M| z||1
AN

known noisy
dictionary signal
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Sparse coding for signal reconstruction

reconstructed

/ Signal

minimize (1/2/)\[Dz —xz||5 + )\Hz’/Hl
N\

known noisy
dictionary signal



Sparse coding for signal reconstruction

reconstructed
/ signal
C e “
minimize (1/@1)2 —x||5 + M|z
N\

known noisy
dictionary signal

Iterative Soft-Thresholding Algorithm
(ISTA)

2Pl = By ((I — 0D D)z" + HDT:U)
T

soft-thresholding
operator



Sparse coding for signal reconstruction

reconstructed

/ Signal

L /
minimize (1/2/)\[1)2 —z||5 + M|z]:

knowh \noisy
dictionary signal
lterative Soft-Thresholding Algorithm Fast Iterative Soft-Thresholding Algorithm
(ISTA) (FISTA)
Zk—l—l _ ¢)\9 ((I o HDTD)zk 4 (QDTZE) wk—l—l _ ¢>\9 ((I o HDTD)Zk 4 HDTQZ')
T Zk“%lfkﬂ + (Bk — 1)/ Bgr (0 — w")
soft-thresholding
operator T

soft-thresholding

momentum
operator omentu

25



Verification results for sparse coding example

—
3
)

Strongly convex
5

Worst-case fixed-point residual

ISTA FISTA

| w0

10—4é

5 10 15 20 25 30 35 40 5 10 15 20 25

30 35 40

10° 5

5 10 15 20 25 30 35 40 5 10 15 20 25

K

K
—— Sample Maximum

30 35 40

—— Theory Bound (PEP SDP)

—— Verification Problem

20



Strongly convex

Worst-case fixed-point residual

Verification results for sparse coding example

ISTA FISTA
10—1—; \ 10—1—; \
10-2 T — 10_2‘;
1073 10—3—;
104 — 10—4-; N S O S N R
5 10 15 20 25 30 35 40 5 10 15 20 25 30 35 40

10V 3 10° 5

g

(

5 10 15 20 25 30 35 40 5 10 15 20 25 30 35 40

K K
—— Sample Maximum  —— Theory Bound (PEP SDP) —— Verification Problem

significant reduction in

worst-case fixed-point residual
(exploiting parametric structure)




Strongly convex

Worst-case fixed-point residual

Verification results for sparse coding example

ISTA FISTA

10—1-; \ 10—1—; \

10-2 T — 10_2‘;

1073 10—3—;

1074 — 10—4—; — V"
5 10 15 20 25 30 35 40 5 10 15 20 25 30 35 40

:

10_1 : ————— 10—1 _ \
1072 & 107 \/N
5 10 15 20 25 30 35 40 5 10 15 20 25 30 35 40
K K
—— Sample Maximum  —— Theory Bound (PEP SDP) —— Verification Problem

significant reduction in exactly captures the

worst-case fixed-point residual ripples of the FISTA
(exploiting parametric structure) acceleration




Strongly convex

Worst-case fixed-point residual

Verification results for sparse coding example

5 | 104 e W
1: \\\\\\§‘~ 1: \\\\\\\\\\\§--~—---~—-—_— Gg
107" 107+ =
3 3 > 2 2 _
5 I 5 S 10 10
102 ] 1072; O
3 > 109 10V -
103 103 5 L =
§ QO S102- 1072 1
10_4 1 1 1 1 1 1 1 1 10_4_5 1 1 1 1 1 1 1 1 .g CD ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !
5 10 15 20 25 30 35 40 5 10 15 20 25 30 35 40 "q'; 5 10 15 20 25 30 35 40 5 10 15 20 25 30 35 40
10V 5 10V 5 > 10 -
: : [®)
107! 4 ————— | 1074 5§ 0
] — >
] (-
- i Q 10°-
1072 5 1072+ O
] E 10—2_
= 10 15 20 25 30 35 40 5 10 15 20 25 30 35 40 5 10 15 20 25 30 35 40 5 10 15 20 25 30 35 40
K K K K
—— Sample Maximum  —— Theory Bound (PEP SDP) —— Verification Problem

significant reduction in exactly captures the

worst-case fixed-point residual ripples of the FISTA
(exploiting parametric structure) acceleration 26




Optimal control

minimize

subject to

T

T T
E s; Qs + u; Ruy
t=0

St+1 — AdynSt + denut, YVt

Smin < St S Smax ; Vi

Umin < Ut § Umax Vi

So — &

27



Optimal control

minimize

subject to

linear
dynamics

T

T T
E s; Qs + u; Ruy
t=0

St+1 — AdynSt + denut, YVt

Smin < St S Smax ; Vi

Umin < Ut § Umax Vi

So — &

27



Optimal control  cqime seauence o
T —
C e T T
minimize Z sy Qs + up Ruy
t=0

subject to s.p1 = AVY%s; + BYPuy, Vit

linear Smin < St S Smax \V/t

dynamics B
Umin < Ut § Umax 9 \V/t

So — &



Optimal control  cqime seauence o
T —
C e T T
minimize Z sy Qs + up Ruy
t=0

subject to s.p1 = AVY%s; + BYPuy, Vit

linear Smin < St S Smax \V/t

dynamics B
Umin < Ut § Umax 9 \V/t

S p— a’/‘ T
0 “~_ initial
state



Optimal control  cqime seauence o

T —
minimize Z sy Qsy + u; Ruy condensed formulation
t=0 z=(uy,...,ur)
subject to s.p1 = AVY%s; + BYPuy, Vit
Smin < St < Simax Vit maximize (1/2)z! Pz + q(x)! 2
Umin < Ut < Uppax Vi subjectto [(z) < Mz < u(x)

S p— a’/‘ T
0 “~_ initial
state

27



Optimal control  cqime seauence o

/
minimize Z sy Qsy + u; Ruy condensed formulation
| = . . z=(Uuy,...,ur)
subjectto s;1 1 = AY"sy + B uy, Vi
Smin < 8t < Smax; Vi maximize (1/2)z! Pz + q(x)! 2
—_—

Umin < Ut < Umax Vi subjectto [(z) < Mz < u(x)

S p— a’/‘ T
0 “~_ initial
state

OSQP ADMM splitting

W = Spia) u@) (V)

MP + ol + pM*PM)2F T = g2F — g(x) + pMT (2w* Tt — k)
s_aturateq — ka € leﬁ—l L wk—k\

linear unit linear
system

27



Verification results for optimal control problem

p=0.1

Worst-case
fixed-point residual
2
|

—

-
W
I

Solve time (s)
2

10 20 30 40 50
K

— Sample Maximum

100_

10—2_

p=1

\

10 20 30 40 50

10 20 30 40 50
K

—— Theory Bound (PEP SDP)

p =10
100—\\
1072+
10 20 30 40 50
103_ ____________________
100_

10 20 30 40 50
K

—— Verification Problem
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Verification results for optimal control problem

£ p=0.1 p=1 p=10
'c —
? D
8 - 100_& ‘ . 100_§
T
B3 L
o8 1072- —~—— | 107*- 1072
=5
2 | | | | | | | | | | | | | | |
= 10 20 30 40 50 10 20 30 40 50 10 20 30 40 50
v w0y oAV
)
E
e O_
o 10
=
O
w | | | | | | | | | | | | | | |
10 20 30 40 50 10 20 30 40 50 10 20 30 40 50
K K K
— Sample Maximum  —— Theory Bound (PEP SDP) —— Verification Problem

exactly quantifies the crucial in real-time

iterations required applications!
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Verification results for optimal control problem

p=0.1

p—
=
)

Worst-case
fixed-point residual
2
|

10 20 30 40 50

Solve time (s)

10 20 30 40 50
K

—— Sample Maximum

100_

10—2_

p=1

\

10 20 30 40 50

10 20 30 40 50
K

—— Theory Bound (PEP SDP)

exactly quantifies the

iterations required

100_

10—2_

p =10

—

10 20 30 40 50

10 20 30 40 50
K

—— Verification Problem

crucial in real-time

applications!

can be used to

design algorithms!
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Fraction of improved

components

Operator theory tightens bounds on the iterates

Sparse coding
Strongly convex

Convex

=
o)
I

o
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&
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&
-
I

il

ISTA
— FISTA

F

Fraction of improved

components
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Optimal control

K

10
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40
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Fraction of improved

components

Operator theory tightens bounds on the iterates

Sparse coding
Strongly convex

Convex

&
o)
I

=
S
1

.
N

&
-
I

il

— ISTA

% —— FISTA

[/

Fraction of improved

components
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—_
-
I

=
o

=
o
l

K

5 10 15 20 25 30 35 40

Optimal control

K

10

20

30

40

50

— p=0.1
— p=1
—— =10

strongly convex problems have

the largest benefits
(because of linear convergence)
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Analyzing the algorithm performance after K iterations

goal
estimate norm of fixed-point residual
rt(z) = [l =25

A S\

worst-case probabillistic

ImMax TK (CL‘) S € P (TK (aj) > E) S n - probability

cX bound
problem _— v \ / /

instances convergence

tolerance convergence

problem tolerance

Instances




Analyzing the algorithm performance after K iterations

goal
estimate norm of fixed-point residual
rt(z) = [l =25

A S\

worst-case probabillistic

ImMax TK (CE) S € P (TK (gg) > 6) S N - probability

cX bound
problem _— v \ / /

instances convergence

tolerance convergence

problem tolerance

Instances




Probabillistic analysis




Performance analysis using statistical learning theory

Goal: estimate probability of P (TK(x> > 6) <m . probability
computing bad-quality 7 - bound
solutions /
convergence
problem tolerance

Instances

32



Performance analysis using statistical learning theory

Goal: estimate probability of K error

: P = K — 1(rf(z) > €

computing bad-quality (r™ (x) > €) = P(e(f)) (r™ (z) > ¢€)
solutions

32



Performance analysis using statistical learning theory

error

Goal: estimate probability of P(rf(z) > )= E (e(x)) — 105@) >0
computing bad-quality x~ P
solutions
classification optimization

problem instance
(with parameter x)




Performance analysis using statistical learning theory

error

Goal: estimate probability of P(rf(z) > )= E (e(x)) — 105@) >0
computing bad-quality x~ P
solutions
classification optimization

problem instance
(with parameter x)

4

hypothesis cat residual r¥* ()




Performance analysis using statistical learning theory

error

Goal: estimate probability of P (r(z) >¢)= E (e(x)) «~— 10" () >¢)

computing bad-quality x~ P
solutions
classification optimization
N—_ m problem instance
inpu S (with parameter x)
hypothesis cat residual r¥* ()

error 0 (1 if wrong) e(z) = 1(r" (z) > €)




Performance analysis using statistical learning theory

Goal: estimate probability of
computing bad-quality
solutions

error

P (r"(z) >¢€) = E (e(x)) ~— 107 () >

optimization

classification

i
§ "::~1 ,“c -l:
* Tash ¥ 4
’ . ;_.' e o
o
)

problem instance

nput (with parameter x)
hypothesis cat residual r¥* ()
error 0 (1 if wrong) e(z) = 1(r" (z) > €)
guarantees expected loss expected loss

on hew data

on new problem instances

32



Our recipe to bound performance

Goal: estimate probability of P(rf(z) > )= E (e(x)) — 105@) >0
computing bad-quality x~ P
solutions

step 1
run K steps
for N parametric instances

instances candidate
solutions
. __ K _—
L — < (Z‘Z)




Our recipe to bound performance

Goal: estimate probability of P (K o K
computing bad-quality (T () > 6) = P(€($)) (r™ (z) > ¢

solutions
~
step 1
run K steps - N
for N parametric instances step 2
| compute empirical risk
instances candidate —_—
solutions 1
s K.\ |[F N Z e
Z |2 () i—1
- W,




Our recipe to bound performance

Goal: estimate probability of
computing bad-quality

solutions

step 1
run K steps
for N parametric instances

candidate
solutions

Instances

Lq i ZK(LUZ)

P (r*(z) > ¢

r

step 2
compute empirical risk

1
N;e

error

= E (e(z)) ~— 10r"(z) > ¢)
x~ P

step 3
bound true risk
(next slide)

E (e(z)) < bound
x~ P

33



Statistical learning gives us probabilistic guarantees

sample convergence bound A
with probability 1 — o
N
1 log(2/6)
K —1
P(r“(z) > ) = B (e(@)) < k™" [ =D (@) | ==L | numberor
el i—1 instances
! 1 N
true risk empirical risk regularizer
inverse Ki
divergence
(1D convex
problem) y

Langford (2001)
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Statistical learning gives us probabilistic guarantees

g sample convergence bound A
with probability 1 — o

PO () > ) = B (@) <7 1D ew) | B ) e
N

P Instances
true risk e empirical risk regularizer
divergence
(1D convex
roblem)
- 7 J

interpretation of bound equal to B

With probability 1 — 9, the fixed-point residual is above ¢ after K steps
B fraction of times

Langford (2001)
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Success rates for OSQP in image deblurring

minimize HAZ—$| + M|zl Z
subject to O<z<1
J blurred Solve with OSQP spllttlng
/ Image
deblurred

Image

35



Success rates for OSQP in image deblurring

minimize HAZ—$| + M|zl Z
subjectto 0 <z < 1
J blurred Solve with OSQP spllttlng
/ Image
deblurred

Image
fraction of problems solved ..,
L— E (e(z)) 1(r"(z) > ¢)

ZL’N
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Success rates for OSQP in image deblurring

minimize HAZ—$| + M|zl Z

subjectto 0< 2z < 1

/ image
deblurred

fraction of problems solved

blurred

Solve with OSQP spllttlng

1.0-

0.57

0.0

Image
fraction of problems solved arror
1— E (e(x)) 1(rE(z) > €)
x~ P
e =0.1 e = 0.01 e = 0.001

P - e — _ po——

L.] = = = = i ’JE = = ETE- ‘ T f ) \

I | i | ; : —— Sample fraction

}” | L : ¥ | —«&— Theoretical worst-case bound

'lm . i Y e% ; l Our bound with N = 10 samples
’Iﬂ : }h@ | l : Our bound with N = 100 samples
7 e—-—<—-—-<—-— = —-—<-—L ———l——‘-—l—‘-—l—‘—l—é@—-<— —_——— —4—-—<!L ——l—l——l—‘-—l—‘—l—-!—-l——!—-;- i —4—-—<—L OU.I' bOU.Ild Wlth N = 1000 samples

. . . . . . — L J
10! 10° 10° 10! 10° 10° 10! 10° 10°

1terations 1terations 1terations

35



minimize
subjectto 0< 2 <1

deblurred /

fraction of problems solved

1.0-

0.57

0.0

Image

fraction of problems solved

I — E (e(z))

r~ P

e = 0.1

. SRty TEnpy Tpye—"
- = = = = |

\ 4 \ 4 . 4 \ 4

|
|
|
|
d
|
|
|
.

Image

Success rates for OSQP in image deblurring

| Az — z||5 + |21
— — blurred

—>

Solve with OSQP spllttlng

L(r" (2) > ¢€)

1terations

iterations required
to solve all test instances

s B
—— Sample fraction

—«&— Theoretical worst-case bound
Our bound with N = 10 samples
Our bound with N = 100 samples
Our bound with N = 1000 samples

N\ J
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Conclusions
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parameters =10}, zeX={z]|]|lx—30-1]] <0.5}

Fixed step-size Fractal (silver) step-size

—— Our SDP relaxation
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10 —e— Theoretical worst-case bound (PEP)
_ —»— Sample maximum
1003 :
10~
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projected
nonnegative least squares verification problem gradient
o o % 1 descent
minimize  (1/2)||Az — z||3 maximize |[z% —z |
subjectto 2z >0 x subjectto  zFt1 = max{ ([ — HATA)zk +0(Alx),0}, k=0,...,.K—1
parameters =10}, zeX={x||r—-30-1] <0.5}
Fixed step-size Fractal (silver) step-size
— 10°; . g .
s \\ significant reduction
E e +\ (exploiting parametric
é —— Our SDP relaxation \ structur e)
?i) 101—5 —e— Theoretical worst-case bound (PEP)
s —»— Sample maximum
3 10, I k
§’10—1

[w] Verification of First-Order Methods for Parametric Quadratic Optimization
V. Ranjan and B. Stellato
arXiv e-prints:2403.03331 (2024) 41

Lz () github.com/stellatogrp/algorithm_verification




SDP relaxation for nonnegative least-squares verification

projected
nonnegative least squares verification problem gradient
- . i 1 descent
minimize  (1/2)||Az — z||3 maximize |[z% —z |
subjectto 2z >0 x subject to  z*T! = max{(I — QAT A)zF +0(ATz),0}, k=0,...,K —1
parameters =10}, zeX={x||r—-30-1] <0.5}
Fixed step-size Fractal (silver) step-size
103 . g :
| \-\ significant reduction
102 - (exploiting parametric
\ —— Our SDP relaxation : structur e)

—e— Theoretical worst-case bound (PEP)

—»— Sample maximum
N\ J

p—

-

@)
H

computationally more
: expensive than PEP
1 2 3 4 5 6 7 1 2 3 4 5 6 7 (up to 1000 seconds
for these instances)

Worst case fixed-point residual

[w] Verification of First-Order Methods for Parametric Quadratic Optimization
V. Ranjan and B. Stellato
arXiv e-prints:2403.03331 (2024) 41
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Objective of verification problem as MIP

K K—1
157 =57 oo = lIt]loo = 0k
- lower bounds s 1, s . lower bound ¢ = §K _ K1
# -
- upper bounds, s*~! and s* . upper bound 7 = 5K — ¢K-1

exact reformulation

t=tT—t=, t"<tow, t-<-teO(1-w)
w € {0,1}" (absolute values of the components of ¢)

v € {0,1}¢ (maximum inside the ¢,.-norm)

tT+t7 <dox <tT +t7 +max{t,—t} © (1 — )
1tyv=1, tt>0, t >0
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Soft-thresholding operator
alz— X a'z>\

w = ¢y(a’ z) = { lal z] < A
alz+ X alz< -\

region
®={(z,w) €[z,Z] x R| w=¢yr(a 2)}

example: ¢y (27 + 25)
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Soft-thresholding operator

alz—X alz> )\
w=o¢x(a'z) =<0 lal z] < A
alz4+ X alz< =\

region
®={(z,w) €[z,Z] x R| w=¢yr(a 2)}

lower and upper bounds
(needed for convex hull)

81:Zai€?+2aiug )
icl i¢l L0 JE a2 0
z; otherwise

1
Uy = g aiu?%— E aifg £q

il ig I

Z;

example: ¢y (27 + 25)

otherwise
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Convex hull of soft-thresholding operator

convex hull
w=alz— )\ Ci1,.ny > A
w=alz+ \ Ugy,..n) < —A example: ¢>\(Z]f + 25)

conv(®) =< (z,w) € [2,2] X R
w =0 —A< Ly, ny Sug

(z,w) € Q otherwise

00000

alz—dA<w<alz+ )
ﬁjf; (atz— X)) <w< Zj;i (atz + N
= w <Y rai(z— ) jé:g‘g (20 — £9), V(I,0) € I

w >y ai(z —uy) A géfju)é (20 —u2), V(I,0) € T~

44



Convex hull of soft-thresholding operator

convex hull

w=alz— )\ Ci1,.ny > A
w=alz+ \ U, ny < —A
w = 0

(z,w) € ¢

alz—dA<w<alz+ )

0 ez =) <w < 2f(a”z + N
B w < Zie] ai(zi — 59) | ffé:g\o (20 — £,

w > Zz’EI ai(zi — ug) = 70 —u0 (20 —

example: ¢y (27 + z5)

conv(®) =< (z,w) € [2,2] X R
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Convex hull of soft-thresholding operator

conv(P)

convex hull
w=alz—\ Ci1,.ny > A
~ w=alz+ \ Ugy,..n) < —A example: ¢>\(Z]f + 215)
=< (z,w) € z,Z] xR e
w = 0 _)\Sé{l ..... n}gu{l ..... n}§>\
(z,w) € @ otherwise
alz—dA<w<alz+ ) /_/_/::’/
- ﬁjfi‘\(aTz—)\)gwg“j;i(aTz—k)\) /
w <Y pai(z— ) ,fé:g‘o (20 — £9), V(I,0) € I
w >3 rai(zi —ud) + EES (2o — ul), V(I,0) € 2T
v exponential number of inequalities
separation_prgblem can be T— — {([7 0) c 1l ny o {17 o ,n} ‘ ur < =\ < UrLfo), Wr £ 0}
solved in linear time n (1)
(bysorhng) Z :{(170)62 °°°°° X{].,...,TL}|€IU{O}<)\§€[, QUI#O}
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Computing initial radius

PEP
R* = maximize |[|2° — z*||3
subjectto z* =T(z*,x) «— fixed-points
r e X

e L upper-bounds
Verification ch))o—norm
R — maXimize HZO — Z*Hl /

subjectto 2* = T'(z*,z) «— fixed-points
r e X

example
linear convergence

N — Qﬁk_lR
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