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Most applications require fast and effective 
decisions in real-time



We use first-order methods…

✓cheap iterations


✓easy to warm-start

large-scale  
optimization

embedded  
optimization

benefits of first-order methods

<latexit sha1_base64="4rSMRWxbOT5LS55kaOZRcCJ9Wkc="></latexit>

zk+1 = ΠC(x)(z
k
− θ∇f(zk, x))

example  
projected gradient descent

projection
gradient step

4

decisions

parameters

<latexit sha1_base64="jm2XSSJ3rSdolFTT4NWdPgMCM08="></latexit>minimize f(z, x)

subject to z 2 C(x)

same problem with  
varying parameters

(unknown distribution)

<latexit sha1_base64="ExbOdIRAhhacBB+CoQvdw3FGLYM="></latexit>

x ⇠ P

many general-

purpose solvers 

available today

PDLP

OSQP
SCS

SDPNAL+, cuOPT, …



<latexit sha1_base64="gl1M3JkLEec/y6SFdgG0vk4ITgA="></latexit>

minimize kAz � xk2
2
+ �kzk1

subject to 0  z  1

…but we still do not fully understand their convergence!
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image deblurring problem 
emnist dataset

deblurred 
image

blurred 
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How can we compute 

tighter bounds?

Theoretical bounds from Performance Estimation Problem (PEP). Drori and Teboulle (2014), Taylor, Hendrickx, Gilneur (2017), and many others…



Algorithms as fixed-length computational graphs
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iterations
<latexit sha1_base64="uVoPKgalGHyXcMxOB5UWCM+Ols0="></latexit>

z
0

<latexit sha1_base64="HswKu4jppWwwWIfVna0I1466/RE="></latexit>

z
K

optimizer

<latexit sha1_base64="DQrrVv9BVkkdVKHt3EKQsqYMaR8="></latexit>

T✓

<latexit sha1_base64="DQrrVv9BVkkdVKHt3EKQsqYMaR8="></latexit>

T✓

warm start
<latexit sha1_base64="n+/HlElDaSeBbGI4TZdwoJ6Aufs="></latexit>

x

problem 
instance

<latexit sha1_base64="BUbQmK4eE18OMcgHCewFisnle+M="></latexit>

Zθ

<latexit sha1_base64="WAm9UqdyCP/vteE7OgmWs87epcc="></latexit>

zk+1 = Tθ(z
k, x)

<latexit sha1_base64="ibsKEEchOJN4yp4qzr5kdImeka8="></latexit>

z
1

<latexit sha1_base64="dg7IZ5PVvS4JTAQujHdNRyFaAts="></latexit>

z
K−1

<latexit sha1_base64="9NgmAWkY7i/2xOZabsqAgM4/pMY="></latexit>

z
0 = Zθ(x)

algorithm hyperparameters 
(e.g., step-sizes, accelerations, warm-starts…)

fixed-length

goal: find  
fixed-points     optimal solutions

<latexit sha1_base64="hN678fNy8fGEhhlqgQpOa+U2Ou4="></latexit>

z⋆ = T (z⋆, x)

<latexit sha1_base64="9fMKWbJ5oRISR1XNqVGUowRheU0="></latexit>

↔

performance metric

fixed-point residual 
(converges to 0)

<latexit sha1_base64="Ht7tuEloW6jMM/ZWPBsI6zZdIkE="></latexit>

r
K(x) = ‖T (zK−1)− z

K−1‖ = ‖zK − z
K−1‖



Verifying the algorithm performance after  iterationsK
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goal 
estimate norm of fixed-point residual

probabilistic

convergence 
tolerance

probability 
bound

problem  
instances

<latexit sha1_base64="NG0srT//8DV3YobhPdYrwB1v0Pc="></latexit>

P
(

r
K(x) > ϵ

)

≤ η

worst-case

problem  
instances convergence 

tolerance

<latexit sha1_base64="5LeTKDhv+BVnGW9e3Iyd6MU4T0c="></latexit>

max
x2X

r
K(x)  ✏

<latexit sha1_base64="95uNjDnlvWVDZLAz0YDuVgD06aU="></latexit>

r
K(x) = kzK � z

K�1k
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Worst-case algorithm verification
parametric  

quadratic optimization

problem  
instances

performance 
metric

<latexit sha1_base64="+eeyDRn83HrEwHM+iTdUlgSi3m4="></latexit>

minimize (1/2)zTPz + q(x)T z

subject to Az ≤ b(x)

algorithm 
(ADMM, PDHG,…)

<latexit sha1_base64="WAm9UqdyCP/vteE7OgmWs87epcc="></latexit>

zk+1 = Tθ(z
k, x)

verification problem
<latexit sha1_base64="bdi1aES20el8wtoZi2QpSkHA4+I="></latexit>

max
x∈X

rK(x) = maximize ‖zK − zK−1‖∞

subject to zk+1 = Tθ(z
k, x), k = 0, . . . ,K − 1

z0 = Zθ(x), x ∈ X

problem  
instances

NP-hard problem!

Verification of First-Order Methods for Parametric Quadratic Optimization 
V. Ranjan and B. Stellato 

arXiv e-prints:2403.03331 (2025)

github.com/stellatogrp/sdp_algo_verify

http://github.com/stellatogrp/sdp_algo_verify


Algorithm steps as mixed-integer linear constraints
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Linear steps → Linear constraints 
e.g., gradient, momentum, restarts, anchors, prox of quadratic functions…

similar MIP constraints in 

neural network verification

Liu et al. (2021), Albarghouthi (2021),  

Ceccon et al. (2022),  Fischetti and Jo (2018),  

Tjeng et al. (2019)

<latexit sha1_base64="cctKzUGcJaTfeim7JmQEN7BrCzg="></latexit>

z
k

<latexit sha1_base64="+pkOCqzowSBWGrtvM/yujvAPYrk="></latexit>

z
k+1

Example: 
Nonnegative least squares

<latexit sha1_base64="bxVEA+7d9VG2fKNUBAOhx5thTyY="></latexit>

minimize (1/2)‖Dz − x‖2
2

subject to z ≥ 0

Projected Gradient Descent
<latexit sha1_base64="CUZ5HrF3ICL245/00rpYheOOqoM="></latexit>

wk+1 = (I − θDTD)zk + θDTx

zk+1 = max{wk+1, 0}

gradient 
step

projection 
step

<latexit sha1_base64="EH0aZ0fI7W3DvuL4tj6c80sEUIQ="></latexit>

Mz
k+1

= Az
k
+Bx

Soft-thresholding 
e.g., prox of 1-norm function

<latexit sha1_base64="cctKzUGcJaTfeim7JmQEN7BrCzg="></latexit>

z
k

<latexit sha1_base64="+pkOCqzowSBWGrtvM/yujvAPYrk="></latexit>

z
k+1

<latexit sha1_base64="WhONFbsjX12lw8o2/ehGtkUuhKc="></latexit>

λ
<latexit sha1_base64="rtT3o7k3bBlm4dW9o8hydErq+PU="></latexit>

−λ

<latexit sha1_base64="GIr+KymzZHeBIRKmd1nuS3nPq5o="></latexit>

z
k+1 = φλ(z

k) = max{zk,λ}−max{−z
k
,λ}

Saturated linear unit (SatLin) 
e.g., box projections

<latexit sha1_base64="cctKzUGcJaTfeim7JmQEN7BrCzg="></latexit>

z
k

<latexit sha1_base64="+pkOCqzowSBWGrtvM/yujvAPYrk="></latexit>

z
k+1

<latexit sha1_base64="cMdl6E/QLh6kEE/G9EVlKjhM15M="></latexit>

!

<latexit sha1_base64="V/ehZcZkfo539sY6qPRZt55iBbo="></latexit>

u<latexit sha1_base64="KrD7vMBq5DiV2PoUZoDeRKa3gJE="></latexit>

z
k+1 = S[!,u](z

k) = min{max{zk, !}, u}

Piecewise affine steps → Mixed-integer constraints

Elementwise maximum (ReLU) 
e.g., one-sided projections

<latexit sha1_base64="cctKzUGcJaTfeim7JmQEN7BrCzg="></latexit>

z
k

<latexit sha1_base64="+pkOCqzowSBWGrtvM/yujvAPYrk="></latexit>

z
k+1

<latexit sha1_base64="ZMjusTZeeS4fusckN/gBJwapzec="></latexit>

z
k+1 = (zk)+ = max{zk, 0}



Constructing strong MIP formulations

10

<latexit sha1_base64="IzZbLOVRA9su7+6qhD/rcSDe9ZE="></latexit>

z
k
1

z
k
2

w

piecewise affine steps 
soft-thresholding operator

convex hull

Inspired by: Anderson et al. (2020), Tjandraatmadja et 

al. (2020), Tsay et al. (2021), Hojny et al. (2024), 

Huchette et al. (2025)

<latexit sha1_base64="IzZbLOVRA9su7+6qhD/rcSDe9ZE="></latexit>

z
k
1

z
k
2

w

<latexit sha1_base64="d3cMNdUVDBmL9bFnnetLEzX5rqM="></latexit>

w = φγ(z
k

1
+ z

k

2
)

 ⚠ 

exponential 

number of 

inequalities!

✓  

separation 

problem solvable 

in linear time



Using operator theory to tighten MIP formulations
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performance 
metric

<latexit sha1_base64="bdi1aES20el8wtoZi2QpSkHA4+I="></latexit>

max
x∈X

rK(x) = maximize ‖zK − zK−1‖∞

subject to zk+1 = Tθ(z
k, x), k = 0, . . . ,K − 1

z0 = Zθ(x), x ∈ X

previous iterate bounds 
(bound tightening, interval propagation, etc)

<latexit sha1_base64="HYHrW0ohCQgO7SnmQkz4BLEKn5I="></latexit>

z
K−1

≤ z
K−1

≤ z̄
K−1

e.g., linear convergence

rate

<latexit sha1_base64="C+3/9+fuJYaROfF4D+dOdsHkNYc="></latexit>

αK = Cτ
K

operator theory bound
<latexit sha1_base64="/BJh6eYUySycdbzyWveEfMP+J2c="></latexit>

‖zK − z
K−1‖∞ ≤ αK

bounds on latest iterate
combine <latexit sha1_base64="9S+sxp3/cy9GLAVztesWYQSz/bU="></latexit>

z
K−1

− αK1 ≤ z
K

≤ z̄
K−1

+ αK1

compute  
bounds

<latexit sha1_base64="heYb4iGwJ92CPccWSOlnVlfJkac="></latexit>

on z
K

compute  
bounds

<latexit sha1_base64="yyV31S28kjaqNSVG2Y4eARcDI9Y="></latexit>

on z
K−1

verify for 
<latexit sha1_base64="XlZixg+u7NR8VmQ/QTiQO56GMLU="></latexit>

K

verify for 
<latexit sha1_base64="NZzPz6hyl5lfgDvWq9om2BGD42s="></latexit>

K − 1

main idea
<latexit sha1_base64="RnLgCN225GBjesPYYY1cXsJtMwg="></latexit>solve verification problem for increasing K



Examples



Sparse coding for signal reconstruction
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noisy 
signal

known  
dictionary

reconstructed 
signal

Iterative Soft-Thresholding Algorithm  
(ISTA)

soft-thresholding 
operator

<latexit sha1_base64="XYHflaiczMx28jFIOPpIOIEEu0I="></latexit>

z
k+1 = φλθ

(

(I − θDT
D)zk + θDT

x
)

Fast Iterative Soft-Thresholding Algorithm  
(FISTA)

soft-thresholding 
operator

momentum

<latexit sha1_base64="1cy/iHKZ75VY4lxbNv6V8PjZan0="></latexit>

wk+1 = φλθ

(

(I − θDTD)zk + θDTx
)

zk+1 = wk+1 + (βk − 1)/βk+1(w
k+1

− wk)

<latexit sha1_base64="BQTIHOwxMJVxaLFy/zv9lKfmF/s="></latexit>

minimize (1/2)‖Dz − x‖2
2
+ λ‖z‖1
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Verification results for sparse coding example
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10x-100x reduction in  

worst-case fixed-point residual 

(exploiting parametric structure)

 exactly captures the 

ripples of the FISTA 

acceleration
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Sample Maximum Theory Bound (PEP SDP) Verification Problem



Optimal control
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initial  
state

linear  
dynamics

<latexit sha1_base64="b+rQs3VMfedfQOBvIrjFNCVNOKQ="></latexit>

wk+1 = S[l(x),u(x)](v
k)

Solve (P + σI + ρMTM)zk+1 = σzk − q(x) + ρMT (2wk+1
− vk)

vk+1 = vk +Mzk+1
− wk+1

OSQP ADMM splitting

saturated 
linear unit linear 

system

optimal sequence of  
states and controls

<latexit sha1_base64="29WjGIPITdD3QTkPsy0jmgoj7fU="></latexit>

minimize
T∑

t=0

sT
t
Qst + uT

t
Rut

subject to st+1 = Adynst +Bdynut, ∀t

smin ≤ st ≤ smax, ∀t

umin ≤ ut ≤ umax, ∀t

s0 = x

<latexit sha1_base64="FTHAABla46tzlJilIhmWQIlvZ+Y="></latexit>

maximize (1/2)zTPz + q(x)T z

subject to l(x) ≤ Mz ≤ u(x)

condensed formulation
<latexit sha1_base64="dQYnHk38iMCC9qkj/HBGrh9uRMg="></latexit>

z = (u1, . . . , uT )



Verification results for optimal control problem
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 exactly quantifies the 

iterations required

crucial in real-time 

applications!

can be used to  

design algorithms!

Sample Maximum Theory Bound (PEP SDP) Verification Problem



Operator theory tightens bounds on the iterates
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strongly convex problems have 

the largest benefits 

(because of linear convergence)
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<latexit sha1_base64="t6U2paqOwLI5Xk5C5fq9EXyKjsk="></latexit>

minimize cT z

subject to Asz ≤ bs

Adz = x

0 ≤ z ≤ u

Network flow optimization

18

demandsarc-node matrices  
(supply and demand)

network flow

supplies

<latexit sha1_base64="JkyoBnWHHqLczzbfpz3YazW1aDk="></latexit>

zk+1 = S[0,u](z
k
− η(c+AT

s v
k
−AT

d w
k))

vk+1 = (vk + η(−bs +As(2z
k+1

− zk))+

wk+1 = wk + η(x−Ad(2z
k+1

− zk))

Primal-dual hybrid gradient  
(PDHG)

saturated 
linear unit

one-sided 
projection

Primal-dual hybrid gradient with momentum  
(mPDHG)

momentum
saturated 
linear unit

one-sided 
projection

<latexit sha1_base64="NVoAkDCR4UuADF73QSyAZlZMg7I="></latexit>

zk+1 = S[0,u](z
k
− η(c+AT

s v
k
−AT

d w
k))

z̃k+1 = zk + k/(k + 3)(zk+1
− zk)

vk+1 = (vk + η(−bs +As(2z̃
k+1

− zk))+

wk+1 = wk + η(x−Ad(2z̃
k+1

− zk))



Sample Maximum

Theory Bound (PEP SDP)

Verification Problem
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Verification results for network flow optimization example

19

can be faster than SDP 

for few iterations

directly quantify 

PDHG ripples

PDHG PDHG with momentum



Verification of First-order Methods via Mixed-Integer Linear Programming
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bstellato@princeton.edu@stellato.io stellato.io

Exact Verification of First-Order Methods via Mixed-Integer Linear Programming 
V. Ranjan, J. Park, S. Gualandi, A. Lodi, and B. Stellato 

arXiv e-prints:2412.11330 (2025)

github.com/stellatogrp/mip_algo_verify

Verification of First-Order Methods for Parametric Quadratic Optimization 
V. Ranjan and B. Stellato 

arXiv e-prints:2403.03331 (2025)

github.com/stellatogrp/sdp_algo_verify

2. MIP-based verification " operator theory

new view 

• task-specific


• tunable/trainable


• deployable anywhere

traditional view 

• general-purpose


• one-size-fits all

3. useful to design new algorithms

 
 


1. parametric structure matters

http://github.com/stellatogrp/sdp_algo_verify
http://github.com/stellatogrp/mip_algo_verify


Backup



Unconstrained QP
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parameters

gradient  
descent

<latexit sha1_base64="s4pZGYvRzR2HqYJ/0I+PG6n8Ve8="></latexit>

maximize kzK � zK�1k

subject to zk+1 = zk � ✓(Pzk + x), k = 0, . . . ,K � 1

z0 = Z✓(x), x 2 X
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PEP
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Z3

case I

<latexit sha1_base64="38RXp3CpN15eFqPfxp3MotWQb54="></latexit>

Z✓(x) = Z1, Z2, or Z3

x 2 X = {0}

Z1

Z2

Z3

PEP-SDP cannot distinguish warm-starts

warm-starts

2 4 6 8 10

K

10°2

10°1

100

W
o
rs
t
ca
se

fi
x
ed

p
o
in
t
re
si
d
u
a
l

P1

P2

PEP

case II

P1

P2

PEP-SDP cannot distinguish quadratic functions

<latexit sha1_base64="ceheeCfKOWhrE75jruMz1H3cSaA="></latexit>

Z✓(x) = {z | kz � 0.9 · 1k  0.1}

x 2 X = {0}

P1, P2 rotations of P

rotated functions

<latexit sha1_base64="Jul+zx/pBkmtqMRlH9olTlAxQUo="></latexit>

minimize (1/2)zTPz + xT z

verification problem



Objective of verification problem as MIP
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<latexit sha1_base64="rsjGBy54vrwMnbFkx+Pq3e5Raz0="></latexit>

‖sK − s
K−1‖∞ = ‖t‖∞ = δK

<latexit sha1_base64="3ZiAIL7Mt5DOmiviUW9cDG09t1Q="></latexit>

• lower bounds s
K−1

, s
K

• upper bounds, s̄K−1 and s̄
K

<latexit sha1_base64="/OY2guEXttTJ/Iuw67B9OoZbIek="></latexit>

• lower bound t = s
K
− s̄

K−1

• upper bound t̄ = s̄
K
− s

K−1

exact reformulation

<latexit sha1_base64="TbsMia8DshKCupVCl1k5exBaWqA="></latexit>

w ∈ {0, 1}n (absolute values of the components of t)
γ ∈ {0, 1}d (maximum inside the "∞-norm)

<latexit sha1_base64="gCFDl3Pw99A2uJNN8TLhhrjI+qo="></latexit>

t = t+ − t−, t+ ≤ t̄# w, t− ≤ −t# (1− w)

t+ + t− ≤ δK ≤ t+ + t− +max{t̄,−t}# (1− γ)

1
T γ = 1, t+ ≥ 0, t− ≥ 0



Soft-thresholding operator
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<latexit sha1_base64="IzZbLOVRA9su7+6qhD/rcSDe9ZE="></latexit>

z
k
1

z
k
2

w

example:
<latexit sha1_base64="EhY6reF/oERiiYVc6aZbVZswHYQ="></latexit>

φλ(z
k

1
+ z

k

2
)

<latexit sha1_base64="Xf6UGJ3iBJnxT/4/GYDM/xhEWCE="></latexit>

Φ = {(z, w) ∈ [z, z̄]×R | w = φλ(a
T
z)}

<latexit sha1_base64="deZmiBTNp0fJI82gpf9USSLHfNA="></latexit>

w = φλ(a
T
z) =











a
T
z − λ a

T
z > λ

0 |aT z| ≤ λ

a
T
z + λ a

T
z < −λ

region

<latexit sha1_base64="6K38Zik+LkMFov3lGpLdhkpdQ+o="></latexit>

!
0

i
=

{

z
i

ai ≥ 0

z̄i otherwise
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u
0

i
=

{

z̄i ai ≥ 0

z
i

otherwise

<latexit sha1_base64="xRkgC9GqiBlFb41+jOzUHYcuw3s="></latexit>

!I =

∑

i∈I

ai!
0

i +

∑

i/∈I

aiu
0

i
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uI =

∑

i∈I

aiu
0

i +

∑

i/∈I

ai!
0

i

lower and upper bounds 
(needed for convex hull)



Convex hull of soft-thresholding operator

25

<latexit sha1_base64="+/5BFplCKuyWnm8oQ0pIXMIrgC4="></latexit>

Q =























aT z − λ ≤ w ≤ aT z + λ

!J+λ

!J−λ
(aT z − λ) ≤ w ≤ uJ−λ

uJ+λ
(aT z + λ)

w ≤
∑

i∈I
ai(zi − "

0
i
) + !I−λ

u0
o
−!0

o

(zo − "
0
o
), ∀(I, o) ∈ I

+

w ≥
∑

i∈I
ai(zi − u0

i
) + uI+λ

!0
o
−u0

o

(zo − u0
o
), ∀(I, o) ∈ I

−























convex hull

separation problem can be 

solved in linear time 

(by sorting)
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I− = {(I, o) ∈ 2{1,...,n} × {1, . . . , n} | uI ≤ −λ < uI∪{o}, wI %= 0}
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I+ = {(I, o) ∈ 2{1,...,n} × {1, . . . , n} | !I∪{o} < λ ≤ !I , wI $= 0}

exponential number of inequalities
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z
k
1

z
k
2

w

example:
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conv(Φ) =

8

>

>

>

<

>

>

>

:

(z, w) ∈ [z, z̄]×R

�

�

�

�

�

�

�

�

�

8

>

>

>

<

>

>

>

:

w = aT z − λ "{1,...,n} > λ

w = aT z + λ u{1,...,n} < −λ

w = 0 −λ ≤ "{1,...,n} ≤ u{1,...,n} ≤ λ

(z, w) ∈ Q otherwise

9

>

>

>

=

>

>

>

;
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φλ(z
k

1
+ z

k

2
)



Computing initial radius

26

<latexit sha1_base64="h+ZfZgldrVOZdNNfzwCuuZqxI+w="></latexit>

R2 = maximize ‖z0 − z!‖2
2

subject to z! = T (z!, x)

x ∈ X

PEP

fixed-points

Verification
<latexit sha1_base64="6zkjPi20K7C24JyL5r8nwntpuVY="></latexit>

R = maximize ‖z0 − z!‖1

subject to z! = T (z!, x)

x ∈ X

fixed-points

upper-bounds  

-norm∞
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αK = 2βk−1
R

example 
linear convergence


