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Most applications require fast and safe
decisions In presence of uncertainty
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Problem setup with uncertain constraints

optimization
variable

|

minimize  f(x)
subjectto g(x,u) <0

uncertain
parameter

How do we guarantee constraint satisfaction?



Robust optimization recipe

Recipe

1. Pick uncertainty set i/
2. Ensure constraint satisfaction Vu € U

minimize  f(x)
subjectto g(z,u) <0, VYuel

How do we pick the uncertainty set?



Picking the uncertainty set is difficult

Worst-case approach

support

U

X Very conservative

Probabilistic approach

VAN

U

X nobody knows P

Data-driven approach

Can we use data
to construct
uncertainty sets?



Learning for Decision-Making under Uncertainty

How can we use data to build
tractable and high-performance
uncertainty sets?

Clustering Differentiable Optimization

4 .. D
optimization layer

Y —» argmin f(xa y) — $((97 y)

subjectto  g(x,u,y) <0 YueclU(H)
N y




Finite sample probabilistic guarantees Iin expectation

E(g(x,u)) <0 u~ P
(but we never know P!)
Data
D = {di}fé\il

Data-driven probabilistic guarantees
probability of

Product N A .
e - P (E(g(zn,u) <0)>1—7 - constraint
Distribution [ satisfaction
data-driven

solution



The empirical distribution can help us

Data-Driven Distributionally Robust Optimization

Empirical Distribution Ambiguity Set

Data N 1 N5
p=fayy, T F Twxh

~ N
Pn = {Wp(P P) < 6}
™~ Wasserstein

JAN
A A

Data-driven Wasserstein DRO. D. Kuhn, P. Mohajerin Esfahani, S. Shafieezadeh Abadeh, W. Wiesemann, and many more 11
Optimal Transport. G. Monge, L. Kantorovic, L. Wasserstein, C. Villani, ...and many more




Robust vs Distributionally Robust Optimization

Computational | Distributionally Robust
effort Optimization (DRO)

=y
S\
VAN

LN

Robust optimization
(RO)

Q

Conservatism

Can we get the
best of both worlds?

12



Clustering reduces dimensionality and computation time

Data
N 7 _
D ={d;};24 @3 o Ui
o N /4
O ® ° |3‘
O O ° ® O —p ‘0. o
e O o "
® O ® ® .{ _
o ds
K
minimize Y ) |ld; — dy|’
b—1ic O \Cluster
centers
Main idea

Use cluster centers
instead of original data
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Our approach: Mean Robust Optimization (MRO)

Uncertainty

Data Set Data-driven
UK, €) solution
D N g Clustering W Mean Robust Optimization ’ QA7N
Problem
% 0 & minimize  f(x)
% ° e subjectto g(z,u) <0 VuecU(K,e)
"y | |
2
constraint uncertainty

function set
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cluster N ° .

Uncertainty set weights

order .‘%;
</ I\ 2

Z/{(K,E){U(Ul,...,’vK) ZwkHUk—CZkaSEP

b1
T cluster

centers
Examples e
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Back to the Mean Robust Optimization problem

uncertainty set

K
{Zwkvk — dp||” < €
k=1 )

Uncertain variable lifting minimize  f(x)
u=(v1,...,VK) subjectto g(z,u) <0 VYuelU(K,e€)
constraint
~ function

Z wkg(ma Uk’)
k=1

}
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Solving the MRO problem

dualize constraint
g(x,u) <0, Vu e U(K,e€)

It can be very expensive when K is large (e.g., K = N)

17



MRO bridges RO a

Robust

nd DRO

Optimization Number of Clusters

1 S
ds3
. I, e N
® > ©©
® o o
o %o
©

1. D Kuhn, P M Esfahani, V A Nguyen, and S Shafieezadeh-Abadeh, *
Optimization: Theory and Applications in Machine Learning”
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Wasserstein Distributionally Robust

Distributionally Robust

Optimization?
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Probabilistic guarantees in MRO

probability of
constraint
satisfaction

N A l light-tailed l
P~ (E(9(n,u) <0) 21 =F - U(N,en(P))

uncertainty set
radius

MRO clustering
UK, en(8) +nn(K))

DR _
<2 D lldi—di”

k=1d,;,ecCy

Quite conservative bounds... can we do better?

19



Bounding the conservatism Worst-case values

_N . _
— Maximize
MRO constraint g~ () weld (N g(z,u)
ucel (K ,e)

Theorem Clustering d?,\ . d,
f —g is L-smooth in u, we have objective o O
L .1 _ o o ©
7" (@) < 3" (2) < gV (2) + FDE)—— min > > di —di ¢ Qe _
k=1d;cC} 2

When ¢ is affine in u (L = 0), clustering makes

no difference to the optimal value or optimal solution
20



Computational speedups on sparse portfolio optimization

conditional
minimize CVaR(—u’ z,n) — value-at-risk
subjectto 1z =1, >0

card(z) < C' - cardinality

constraint

Time (s) Objective value
. — 0.04 —
I K=5
10° 0.03 a— K = 10 —
| e e near-optima
10! ; e = 0.00061 0.02 - < K =1000 performance
? —m— ¢ =0.00118 with 5 clusters
100- —h— ¢ =0.00228 -
§ —¥— ¢ = 0.00316 0.011 —
| —<— ¢ =0.00439
1071+ \ 4
L . . . . . 0.00 +— . . . .
0 200 400 600 00 1000 0.0 0.2 0.4 0.6 0.8 1.0

K (number of clusters) B (probability of constraint violation) 21



Mean Robust Optimization

Number of
» Bridge RO and DRO m Clusters m

1 N K
- g affine in u - zero clustering effect!
Clustering effect = .
9 - g concave in u - performance bound

 Multiple orders of magnitude speedups

E O https://github.com/stellatogrp/mro_experiments

l-| arX1V Mean Robust Optimization
|. Wang, C. Becker, B. Van Parys, and B. Stellato
arxiv.orqg: 2207.10820, 2023

INFORMS Computing Society
Student Paper Award 20


https://arxiv.org/abs/2207.10820
https://github.com/stellatogrp/mro_experiments

Learning for Decision-Making under Uncertainty

How can we use data to build
tractable and high-performance
uncertainty sets?

Clustering Differentiable Optimization

1
AN ‘/. . optimization layer )
oo argmin f(z,y)

®
® Cl: Lsubject to g(z,u,y) <0 Vuc Z/{(H)J
®




Newsvendor problem uncertain demand
sell log(u) ~ N (p, %)

prices objective | : :
1.1 0.6 —0.3
order po= , 2=

. » k' z — p' min{z, u 1.7 —03 0.1
prices

T T

order decisions

A uncertainty
minimiz
e «~ set

subjectto k'x — p! min{x,u} <t VYucU(0)
r > ( how do we pick the

uncertainty set?

24




Mean-variance vs reshaped uncertainty sets

parameters
0= (A,Db)

mean-variance set

U™ (60) = {u = fi+ 522 | |[z]2 < p} = (B + A™2 | |12]|2 < p)

empirical v

mean and covariance

reshaped uncertainty set
UT(0) = {u=0"+ A"z | |z|l2 < p}

can the reshaped set

do better?

25



Reshaped set perfogrms beﬂer

pareto curves
for varying size

o,

Objective value

——  Mean-Var set
—+—  Reshaped set

............. Reference 7’)}

0.15
(1)

mean-variance -

S

U™ (0) )

reshaped
U*(0) .

20

0.20

how can we find

the reshaped set?
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Data-driven methods for robust optimization

Hypothesis testing

. Wasserstein Deep Learning
D. Bertsimas, V. Gupta, Distributi Ilv Robust Optimizati _
P. M. Esfahani and D. Kuhn. (2018).

Differentiable Optimization

. - i D. Bertsimas, S. Shtern, B. Sturt (2022
Quantile estimation (2022) A. Chenreddy, E. Delage (2024)
L. Jeff Hong, Z. Huang, and H. Lam (2021) l. Wang, C. Becker, B. Van Parys, and B. Stellato (2023)
Issues

only size tuned

decoupling

Uncertainty Downstream
set construction optimization task

® o
-
o
o } E
27




Leveraging the solution to tune the uncertainty sets

family/context - . parametric
parameter optimization layer solution [ loss
Y . | argmin f(z,y) — z(0,y) — L(6)
subjectto g(x,u,y) <0 Yu e U(0) . )
\
V L(0)

Main idea

Use differentiable optimization

to automatically learn
shape and size

28



Decision-making with uncertain constraints

parametric robust optimization family/context

r(0,y) € argmin  f(x) parameter

subjectto g(x,u,y) <0 YuecU(H)

T AN uncertain
decisions parameter

Which probabilistic

guarantees can we ensure?

29



Probabilistic guarantees over distribution of instances

conditional probabilistic guarantees
P (uly) (g(ﬁ(eyy),%y) <0 ] y) >1—n - strong

condition

aggregate probabilistic guarantees Constraint satisfaction
over a distribution

P(u,y) (9(37(6’7 y), u,y) < O) > 1—n of problem instances

30



Enforcing probabilistic guarantees with CVaR

probabilistic guarantees

P(uay) (g(aj(@a y)7 u, y) S O) 2 1 — 1] Sdlmne as VaR(g( . ), 77) S 0
tractable approximation \
CVaR(g(x(0,y),u,y),n) <0 —
N 9
VaR CVaR

turn Into constraint threshold

By ((g(x(ﬁay),g,y) — )+ a) e’




Stochastic bilevel optimization to learn the uncertainty set

Loss

\ training problem

minimize E, f(z(0,y))
subjectto  E(, ) ((9(x(0,y),u,y) —a)y/n+a) <k

/

CVaR constraint

Inner robust problem we must
| reformulate the
r(6,y) € argmin f(x) infinite

sublect 0 g(ru.y) <0 vucu(n) |-

32



Uncertainty set parameters enter nicely in the reformulation

minimize  f(x)

. learned
subjectto g¢g(z,u,y) <0 Yu € U(0) harameters
Example: ellipsoidal set
UO) ={u=>b+ Az | ||z[]2 < 1}
v, i (A, D)
linear constraint robust counterpart

g(z,u,y) = (y+ Pu)' = <0, Yuelh) > y'x+b Pr+||A" P x|, <0

33



Learning using Stochastic Augmented Lagrangian Algorithm

minimize E, f(z(0,y)) F(0)
subjectto B, ((9(x(0,y),u,y) —a)1/n+a) <k
T H(o,0)

augmented Lagrangian e penaity

L(c, 0,5, A, p) = F(0) + A(H (o, 0) + 5 — K) A g\|H(Oé,9)+S—%H2

multiplier
differentiate through the
_ _ _ KK optimality conditions
stochastic gradient computation / ) .
VgL depends on jacobian ] (9) TR inner —2(0,y)
robust problem
" Y,
“Differentiable Convex Optimization Layers”, A. Agrawal, B. Amos, S. Barratt, S. Boyd, S. Diamond, and J. Zico Kolter (2019) 34

“Differentiating Through a Conic Program”, A. Agrawal, S. Barratt, S. Boyd, E. Busseti, W. M. Moursi (2019)



Finite-sample probabilistic guarantees via threshold

| | target dimension . ¢
optimality confidence of 7 number o

tolerance samples of u
\ L

threshold training constraint
CV&R(Q(ZE‘(@, y)7 U, y)? 77) <K Ingredients

* Tail bounds

mplies . CVaR > VaR

Finite-sample probabilistic guarantee
p (P (9@ u,y) <0)>1—n VeeX)>1-p0

= it holds also for z(6*, y)

35



LROPT software package (WIP)

It can be hard to dualize
robust optimization problems

1.

LROPT package

vl Pr +y'x
(a+Bu)tx<d, Yuecl

minimize
subject to

U= u=0b+Az] |zl < 1}

...not to mention finding
the right uncertainty set!

Easily formulate and dualize robust
optimization problems

thub. com/stellatogrp/Lropt . .
O SLER SRS AR, 2. Automatically tune uncertainty sets

(using cvxpylayers)

unc_set = lropt.Ellipsoidal(u_data)
u = Lropt.UncertainParameter(n,
uncertainty_set=unc_set)

X cp.Variable(n)
y cp.Parameter(n)
constraints = [(a + BQu) @ x <= d]
objective = cp.Minimize(cp.quad_form(P, xX) + y @ X)
problem = lropt.RobustProblem(objective,
constraints)
problem.tratin() 36


https://github.com/stellatogrp/lropt

u~ N(pu,X) -

0.3

0.3

0.3

uncertain
returns

, L=

0.5

—0.3

0.4

objective

-

Portfolio optimization with reference allocations

_— holdings

T ref

Investments decisions

robust problem

minimize
subject to

reformulation

t+ M|z — :L‘rele

—ulx <t YuelU(h)

11z =1,

r >0

reference " ~ Dir(«a)
a = (2.5,1)

uncertainty
«~ set

37



LRO outperforms original sets in larger portfolio example

n = 10 (dimension of u)

Method LRORQ LRO—TR0,0.0g LROMRO LRO‘TMRO,O.OS MV—ROQ_Qg W—DRO(),()Q,

ODbj. —0.816 —0.823 —0.819 —0.827 —(0.6606 —0.744
M) 0.02 0.0264 0.0199 0.0276 0.0264 0.0272
B 0 0.2 0 0 0.1 0
time 0.000598 0.000599 0.00219 0.00225 0.000602 0.110
n =10
—0.657 —— LRO-RO
> : -
2 070 LRO-MRO
Z —— Mean-Var RO
Z —0.75- —— Wass DRO
-,
A . U~ (P H = 0.03 :
= —0.80 faster computation
@) :
\ times than
—0.85 - | Wassertstein DRO

0.0 0.1 0.2 0.3
Prob. of constraint violation ()



LRO allocations with are less sensitive to target constraint violation

average
LRO-MRO Wass DRO returns
1.0 1.0 086
= 0.8
=
Z;D 0.6+ \ 0.77
2 0.4- \ 0.71
=02
-0.7
0.01 . . .
reshaped sets 0.0 0.1 0.2 0.3 .67
identify high-risk "l
high-return Mean-Var RO L 0.65
_ 1.0
0.8 = 0.87 -(0.59
5 g
0.6 = 0.6 057
Tg 0.4- N § 0.41
0.0 | | 0.0 1 05

0.0 0.1 0.2 0.3 0.0 0.1 0.2 0.3



Learning decision-focused uncertainty sets for robust optimization

* Optimize shape and size of uncertainty sets

* Bi-level optimization formulation /\\
 CVaR constraint ,

C\/iaR
* Differentiable optimization to compute derivatives

* Probabilistic guarantees

* Improvements over RO and DRO formulations

Y ——»

~

argmin

.

optimization laver

f(z,y)

— z(0,y)

subjectto g(xz,u,y) <0 Vu € U(H)

S

O https://github.com/stellatogrp/lropt_experiments

arxiv.org: 2305.19225, 2023

EII'Xiv Learning Decision-Focused Uncertainty Sets for Robust Optimization
|. Wang, C. Becker, B. Van Parys, and B. Stellato
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https://arxiv.org/abs/2305.19225
https://github.com/stellatogrp/lropt_experiments
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Conclusion

Machine Learning tools
can help us
formulate optimization problems

\4

We should think
building robust optimization models
as an (automated)
training/validation procedure

validate
certify

X @b_stellato

W% bstellato@princeton.edu

AAN

N stellato.10
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