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It Is hard to make decisions under uncertainty

Finance Energy




Problem setup with uncertain constraints

optimization
variable

/

minimize  f(x)|
subjectto g(u,x) <0

uncertain
parameter

We want to guarantee constraint satisfaction



Robust optimization recipe

1. Pick uncertainty set U/
2. Ensure constraint satisfaction Vu € U

minimize  f(x)
subjectto g(u,x) <0, VYuel

How do we pick the uncertainty set?



Picking the uncertainty set is difficult

Worst-case approach Probabilistic approach

support

U

D ={d;};_

X Very conservative

VAN

X nobody knows P

Can we use data?

“Probabilistic Guarantees in Robust Optimization”, D. Bertsimas, D. den Hertog, and J. Pauphilet (2019)
“Data-driven robust optimization”, D. Bertsimas, V Gupta, and N. Kallus (2014)
“Learning-Based Robust Optimization: Procedures and Statistical Guarantees”, L. Jeff Hong, Z. Huang, and H. Lam (2021)

“Data-driven Robust Optimization using Unsupervised Deep Learning”, M. Goerigk, and J. Kurtz (2023)



Estimating true distribution from data

Data-Driven Distributionally Robust Optimization

Empirical Distribution Ambiguity Set
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Data-driven Wasserstein DRO. D. Kuhn, P. Mohajerin Esfahani, S. Shafieezadeh Abadeh, W. Wiesemann, and many more 6
Optimal Transport. G. Monge, L. Kantorovic, L. Wasserstein, C. Villani, ...and many more




Robust vs Distributionally Robust Optimization

Computational | Distributionally Robust
effort Optimization (DRO)
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Robust optimization
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Conservatism

Can we get the
best of both worlds? 7



Clustering reduces dimensionality
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Main idea

Use cluster centers
instead of original data



Probabilistic guarantees

E(g(u,z)) <0 un~ P
concave — (but we never know P!)
function
Data
D= {d’i}fé\il

Data-driven probabilistic guarantees
probability of

Product N . .
TR - P7 (E(g(u,2n)) <0)>1 - - constraint
Distribution T satisfaction
data-driven

solution 9



Mean Robust Optimization



Mean Robust Optimization (MRO)

Uncertainty
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Mean Robust Optimization Problem

uncertainty set

K
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Uncertain variable lifting minimize  f(x)
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Solving the MRO problem

Dualize constraint g(u, x) < 0, Yu € U(K, ¢€)

minimize  f(x)

subjectto 3 wysy <0
9] (2k, @) — 2o + G2/ ATV + AP < s, =10 K
Az \

conjugate function of p > 1

function Cluster vy lasp—
centers o (p) B P e
P(1) =0

It can be very expensive when K is large (e.g., K = N)
14



MRO bridges RO a

Robust

Optimization
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(Guarantees




Satisfying the probabilistic guarantees

probability of

. uncertainty set
constraint y

satisfaction radius
N . l light-tailed l
P (Elg(u, 2n)) < 0) 21=0 - U(N,en(B))
MRO clustering ]
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Quite conservative bounds... can we do better? .7



Bounding the conservatism Worst-case values

_N .. B
— maximize §(u,x
MRO constraint g~ () naxiz g(u,x)
q <
gluz) =0 Vu UK, g™ (z) = maximize §(u, )
ucl (K ,e)

Theorem Clustering d?,\ . d,
f —g is L-smooth in u, we have objective o O
L .1 _ o o ©
7" (@) < 3" (2) < gV (2) + FDE)—— min > > di —di ¢ Qe _
k=1d;eCy 2

When ¢ is affine in u (L = 0), clustering makes

no difference to the optimal value or optimal solution
18



Example MRO with linear constraints
p =00 (a 4+ Pu)' = <b - g(u,x) = (a+ Pu)'z — b

alxr—b ifze+Plae=0
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Convex reformulation

minimize  f(x) } Classical
subjectto  a”x — b+ (PTz)T S0 wrdy + €|PTz||. <0  Robust Optimization
T reformulation

(Clustering makes average

no difference) d "



Numerical examples



cost of

opening facilities
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Facility location example
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energy distribution
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Capital budgeting example

total
Problem net present value (NPV) NPV of project 7
maximize n(u)’ x — o %aSh
: T < ) bUdget oW
subjectto a'xz <b " constraint ; 1 +u3
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MRO formulation
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alxz <b
r e {0,1}" 22



Capital budgeting results

n=20,N=120,T =5
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B (probability of constraint violation)



Conclusions




Mean Robust Optimization

“ Number of m
* Bridge RO and DRO Clusters

1 N K
- g affine in u - zero clustering effect!
e Clustering effect = .
J - g concave in u - performance bound

 Multiple orders of magnitude speedups
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