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It Is hard to make decisions under uncertainty

Finance Energy




Problem setup with uncertain constraints

optimization
variable

/

minimize  f(x)|
subjectto g(u,x) <0

uncertain
parameter

We want to guarantee constraint satisfaction



Robust optimization

Recipe

1. Pick uncertainty set U/
2. Ensure constraint satisfaction Vu € U

minimize  f(x)
subjectto g(u,x) <0, VYuel

How do we pick the uncertainty set?



Picking the uncertainty set

Worst-case approach

support

U

D = {di}f\;

X Very conservative

Probabilistic approach
AN

X nobody knows P

Data-driven approach

“Probabilistic Guarantees in Robust Optimization”, D. Bertsimas, D. den Hertog, and J. Pauphilet (2019)

“Data-driven robust optimization”, D. Bertsimas, V. Gupta, and N. Kallus (2014)

“Learning-Based Robust Optlmlzatlon: Procedures and Statistical Guarantees”, L. Jeff Hong, Z. Huang, and H. Lam (2021)



Machine learning to make better decisions under uncertainty

How can we use data to build
tractable and high-performance
uncertainty sets?

Clustering Differentiable Optimization

Optimization Layer

y = argmin f(z, x)
zeC(x)

%}é%%?ﬁ

5L




Estimating true distribution from data

Data-Driven Distributionally Robust Optimization

Empirical Distribution Ambiguity Set

Data N 1 N5
p=fayy, T F Twxh

~ N
Pn = {Wp(P P) < 6}
™~ Wasserstein

S\
A A

Data-driven Wasserstein DRO. D. Kuhn, P. Mohajerin Esfahani, S. Shafieezadeh Abadeh, W. Wiesemann, and many more 7/
Optimal Transport. G. Monge, L. Kantorovic, L. Wasserstein, C. Villani, ...and many more




Robust vs Distributionally Robust Optimization

Robust optimization Distributionally Robust Optimization
(RO) (DRO)
° ° ¢ /11 ll/
° /\ &
v Tractable, expressive v Can be less conservative
X Can be conservative X Computationally expensive

Can we get the best of both worlds?



Probabilistic guarantees

E(g(u,z)) <0 un~ P
concave — (but we never know P!)
function
Data
D= {d’i}fé\il

Data-driven probabilistic guarantees
probability of

Product N . .
TR - P7 (E(g(u,2n)) <0)>1 - - constraint
Distribution T satisfaction
data-driven

solution 9



Machine Learning Clustering

Data
D — {d’b}iil J _
3 d1
o e A ®e
® o e © o — %o ¢ '3.
o o ® o &o
9 ‘. O CiQ
Goal
K
minimize  » ) ||d; — di|?
k=1ieC
e \ cluster

centers
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Mean Robust Optimization (MRO)

Uncertainty

Data Set Data—d_rlven
Z/{(K 6) solution
D g Machine Learning ’ gl Mean Robust Optimization )
N Clustering Problem > IUN
Jg\ o minimize  f(x)
/4 .
c O° subjectto g(u,xz) <0 Yu e U(K,e)
o o ©
o Lo _
%4 | |
constraint uncertainty

function set
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_ Clqster \ “B/.
Uncertainty set weights ,j\ .

</ I\ ‘2

Z/{(K7€){u(v17"°7vK) ZwkHUl@—CZkaSEP

b1
T cluster

centers

Examples
K =1 K=N,p=2




Mean Robust Optimization Problem

uncertainty set

K
{Zwkvk — di|” < Gp}
k=1 )

Uncertain variable lifting minimize  f(x)
u:(vlv“va) subject to §(u,az)§0 \V/UEZ/{(K,E)
constraint
function

K
Z UJkg(Uk, ZC)
k=1
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Solving the MRO problem

Dualize constraint g(u, x) < 0, Yu € U(K, ¢€)

minimize  f(x)

subjectto 3 wysy <0
9] (2k, @) — 2o + G2/ ATV + AP < s, =10 K
Az \

conjugate function of p > 1

function Cluster vy lasp—
centers o (p) B P e
P(1) =0

It can be very expensive when K is large (e.g., K = N)
14



MRO bridges between RO and DRO

Distributionally

Robust

Robust Optimization

Optimization

Number of Clusters

[KENSA19]

1 3 N
O - O dS dq
O 1 ® N ./‘ O ®
o » ®¢° o ©°© LI e ©°©
0.‘: ’ ‘s ° % o °
° A~ o“o
2

[KENSA19] D Kuhn, P M Esfahani, V A Nguyen, and S Shafieezadeh-Abadeh, “Wasserstein Distributionally Robust
Optimization: Theory and Applications in Machine Learning
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Satisfying the probabilistic guarantees

probability of

. uncertainty set
constraint y

satisfaction radius
N . l light-tailed l
P (Elg(u, 2n)) < 0) 21=0 - U(N,en(B))
MRO clustering ]
d
Z/{(K; GN(B) —|—77N(K)) 3\ ./‘
AN °
1 K B ‘oﬂ: o
N D > lldi—dil? *

k=1d;cCy

Quite conservative bounds... can we do better? 6



Bounding the conservatism Worst-case values

_N .. B
— maximize §(u,x
MRO constraint g~ () naxiz g(u,x)
q <
gluz) =0 Vu UK, g™ (z) = maximize §(u, )
ucl (K ,e)

Theorem Clustering d?,\ . d,
f —g is L-smooth in u, we have objective o O
L .1 _ o o ©
7" (@) < 3" (2) < gV (2) + FDE)—— min > > di —di ¢ Qe _
k=1d;eCy 2

When ¢ is affine in u (L = 0), clustering makes

no difference to the optimal value or optimal solution
17



Example MRO with linear constraints
p =00 (a 4+ Pu)' = <b - g(u,x) = (a+ Pu)'z — b

alxr—b ifze+Plae=0

x T T
— : — S — —l— P _|_ b — .
—9]" (2k, ) up 2, u — (@ u) @ {oo otherwise I

u

Convex reformulation

minimize  f(x) } Classical
subjectto  a”x — b+ (PTz)T S0 wrdy + €|PTz||. <0  Robust Optimization
T reformulation

(Clustering makes average

no difference) d '



Capital budgeting example

total
Problem net present value (NPV) NPV of project 7
maximize n(u)’ x — o %aSh
: T < ) bUdget oW
subjectto a'xz <b " constraint ; 1 +u3
r e {0,1) ™ discount
rate
9(% £z, T) — —U(U)Tx - T

MRO formulation
minimize 7
subjectto g(u,x,7) <0, YuelU(K,e)

alxz <b
r e {0,1}" 19



Capital budgeting results

n=20,N=120,T =5

gt — gV Time (s)
10° 3::::\ . —
\\_::::::::::: ..... A
-~--:::::::::::::::: . —o— ¢ = 0.00017
1 101 - e = 0.00126
1071+ § —+— ¢ = 0.00452 ]
f ] —¥— ¢ =0.01585 1 OOX Speedups'
_ . | —<— € = 3.54813
1002
10721 | | | | | | | | | | | | | VI
0 10 20 30 40 o0 60 0 20 40 60 80 100 120
K (number of clusters) K (number of clusters)
Objective value
—10.55 1
—o— K=1 . .
~10.60- K - 2 clusters give near-optimal
A K =60
—— K- 120 performance
—10.65 -
—1070 ! T T T
0.0 0.1 0.2 0.3 20

B (probability of constraint violation)



Mean Robust Optimization

Number of
Clusters

* Bridge between RO and DRO n

1 N K
| - g affine in u - zero clustering effect!
* Clustering effect - .
- g concave in u - performance bound

* Multiple orders of magnitude speedups

O https://github.com/stellatogrp/mro_experiments
arXiv https://arxiv.org/abs/2207.10820 -

g!, INFORMS Computing Society

Student Paper Award Winner
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Machine learning to make better decisions under uncertainty

How can we use data to build
tractable and high-performance
uncertainty sets?

Clustering Differentiable Optimization

Optimization Layer

® .
e O O y = argmin f(z, x)
O i‘l{ ze(C(x)




Simple newsvendor problem

Objective 1 o
order price / SEll price | A .
\ uncertain |
—p' min(y, u)- demand . i
/ / lOg u ~~ N(M, Z) “A newsboy selling math papers n
Qrders UCLA,” Dall-E

o Robust Reformulation
minimize 7

subjectto k'y + max{—ply, —p'u} <7, VucUle)

constraint
>0 !

g(x,u) <0
with z = (y, 7) how do we pick
| the uncertainty set? 23



Uncertainty sets for newsvendor

Standard uncertainty set
U™ (€) = {p+ 312w | fully < e} = {[|A%u + 52 < €}

/ /N

empirical 512 »—1/2;

mean and covariance

Reshaped uncertainty set
U™ (e) = {|A"u + 0|2 < €}

How do we pick the shape and size?
Can the reshaped set be better?

24



Grid search over size

Classic newsvendor * B
¢ = U(e) = glu,z*(¢))
Level sets p o
| 5
Standard uncertainty set /*" 0- e =054
e = 1.53 e = 1.0 \\'
30
20 . . . . . . . .
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

Probability of constraint violation

Reshaped uncertainty set 1/
_ hesfiaped uncertainty set Reshaped set does not capture

empirical distribution...

...but it performs much better!
25




Parametric uncertainty sets

minimize  f(x)

subjectto g(u,z) <0, YuelU(d) - ey
parameters
max of/
concave
Example
Ellipsoidal set

Ueniip(0) = 1]|Au + bl[2 < 1}

Lo
0= (A,Db)
Linear constraint Robust counterpart
by + [lyll2 <0
Aty =2

glu,z) =u' 2 <0, Yu € Uepip(0)

20



Probabilistic guarantees

P(g(u,(6)) < 0) > 1 -1

Value-at-Risk
VaR (g(u, 2(0)),n) = inf{y | P(g(u,2(0)) <) > 1 n}

7]
Conditional Value-at-Risk A | .

CVaR (g(u, #(6)),n) = mt{E((1/n)(g(u, #(0)) — a) ) + o} LI

Work with CVaR

CVaR(g(u,z),n) <0 = VaR(g(u,z),n) <0 = Pglu,z)<0)=>1-n
27



From CVaR to data (heuristic)

CVaR(g(u,x),n) <0

Turn Into constraint
E (g(u,a:(@)) - CV)-I- | Oé) < ()
n

Data-driven approximation

constraint
satisfaction
condition N

h(z(0), o, n) . %Z { (g(afi’j(?) — )y I a} <0
training
data

[

28



Our approach to learn the uncertainty sets

Training problem

minimize

f(z(0))

subjectto A(z(0),n,a) =0 — tight at optimality

30

z(0) € ®(6)

Robust problem
argmin f(x)
subjectto g(u,x) <0 VYu € U(0)

i

Optimization
Layer

G

29



Stochastic Augmented Lagrangian Method

Augmented Lagrangian
L(2(0), c, A, 1) = f(2(0)) + Ma(2(0),n, @) + (1/2)R((0), 7, @)*

fork=1..... k. doO

quadratic penalty

Differentiate

: o .. Dxz(6 '
VoL,V ,L < implicit differentiation - () nner prc_)ble_m
k-1 Lo Lk \k KKT Optlmallty

9 A 0 T TV@L(Z‘ y Y 7)\ y U ) prima| COnditiOnS
z**t1 « solve inner robust problem given 0%t —yariables
o Tl of — rV L(2F, of \*, uF) update
)\k—l—l . )\kz 1 ,LLkh(ZUk_I_l,,uk,Oék_l_l)
Choose pftt > i~

“Differentiable Convex Optimization Layers”, A. Agrawal, B. Amos, S. Barratt, S. Boyd, S. Diamond, and J. Zico Kolter (2019) 30

“Differentiating Through a Conic Program”, A. Agrawal, S. Barratt, S. Boyd, E. Busseti, W. M. Moursi (2019)



Back to the newsvendor example

“A newsboy selling math papers in
UCLA,” Dall-E

6 -

Robust Reformulation
minimize 7 il
subjectto kly + max{—ply, —p'ul <7, VueclU) )
y 2 O .2_ ..'

0 -

: ' o ar
U 10 20 30) 31



Inventory Management

sales
transportation and ;- prices
holding costs seg?signngs sales
decisions
minimize T /
subjectto (¢t + h)Ts ZrTy(u) <7, VueU(h)
y(u) < s, Yu € U(0)
y(u) < d+ Qu, c U(0)
175 =C ‘%\demand
0<s<c

Two-stage adjustable
optimization

(linear decision rules for y(u))

“Pareto Efficiency in Robust Optimization” D. A. lancu, N. Trichakis (2014)



Inventory management results

CVaR reaches
target level Training Resizing comparison

\ (out-of-sample)
% 10%

Out-of-sample empirical CVaR E —— Standard set
<
| | -sample empirical CVaR Z —301- Reshaped set
J ------ Tarpet threshold: 0 %
O
N TN N . = —3.02- B
0 100 200 300 400 500 Reduction 0.00 001 002 003 004 005 0.06
[terations Empirical CVaR

IN constraint

x10! violation \xm
—3.000- Objective value ;:j o — Standard set
G; e Reshaped set
—3.025- " - S _3.02
1)
\/ O
0 100 200 300 400 500 0.000 0.005 0.010 0.015 0.020

[terations Probability of constraint violation

33



Learning Uncertainty sets in Robust Optimization

x

Optimize shape and size at the same time ¥&5 -

Bi-level optimization formulation f&
4  >

 Empirical CVaR as constraints
o Differentiable optimization to compute derivatives

T~

Improvements over standard uncertainty sets

arXiV Soon! Check out https://stellato.1o0

L5

Optimization
Layer

A >§
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Conclusions
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Conclusion

Machine Learning can help us
solving decision-making problems under uncertainty

We should rethink
building robust optimization models
as a training/validation procedure

Data Optimization

=
’ ~— 7

AAN

ams stellato.io W4 bstellato@princeton.edu Y @b_stellato

A\ /4
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